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Preface

The Kyoto University Critical Assembly (KUCA) was established by official
approval of the Japanese government in 1972 as one of the reactor facilities in the
Kyoto University Research Reactor Institute (KURRI) (currently, Institute for Inte-
grated Radiation and Nuclear Science, Kyoto University: KURNS). The KURNS is
one of the national joint-use research institutes and is open to researchers affiliated
with universities and research institutes in Japan. In addition, KURNS is expected
to play an important role as the research institute that provides many opportunities
in conducting basic research of various fields related to nuclear energy and radia-
tion applications, through the operation of large experimental facilities, including
the Kyoto University Research Reactor (KUR; approved in 1962) and KUCA.

KUCA has three reactors (two solid-moderated and solid-reflected cores: A and
B cores, and one light-water-moderated and light-water-reflected core: C core) in
one building, which has an operating system with the selection of one core among
multiple cores. At KUCA, basic research associated with reactor physics has been
conducted mainly in the three reactors: in the A core, the development of subcrit-
icality measurement methods and the feasibility of accelerator-driven system; in
the B core, neutronics characteristics of thorium-fueled cores; and, in the C core,
neutronics characteristics of tight-pitch-fueled cores and measurement method-
ologies of neutron spectrum. Through the experiments in the three cores, unique
research results have been successfully produced by many researchers in domestic
and overseas universities and research institutes.

In 1975, KUCA has launched an educational program called the Joint Reactor
Laboratory Experiments, in the C core, for graduate students in Japan. This program
was based on the “Laboratory Experiments” conducted at the Argonne National
Laboratory, U.S., in the late 1960s (Daavettila DA et al. (1965) A manual of reactor
laboratory experiments. ANL-6990, Argonne). Immediately after its start in 1975,
a simplified version of the textbook was prepared by faculty members of Tohoku
University, Tokyo Institute of Technology, Tokai University, Nagoya University,
Osaka University, and Kyoto University for graduate students majoring in reactor
physics and radiation detection. Basic experiments on reactor physics, including
approach-to-criticality and control rod calibration experiments and neutron flux
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vi Preface

measurements, were conducted for graduate students at the six universities. The
program has been established as an experimental education program jointly orga-
nized eleven universities in Japan, including Hokkaido University, Tohoku Univer-
sity, Nagaoka University of Technology, Tokyo Institute of Technology, Tokyo City
University, Tokai University, Nagoya University, Kyoto University, Osaka Univer-
sity, University of Fukui, and Kyushu University. The program offers intermediate
and advanced courses according to the undergraduate and graduate students’ level of
mastery of nuclear-related subjects. In the previous time, for undergraduate and grad-
uate students from Korea (2003 through 2016) and Sweden (2006 through 2010),
laboratory experiments had been conducted as nuclear human resource develop-
ment programs in both countries. Since 2017, for graduate students majoring in
reactor physics in Korea and China, the program has been offered at Seoul National
University, Kyung Hee University, Hanyang University, Korea Advanced Institute of
Science and Technology, Pohang University of Science and Technology, and Ulsan
National Institute of Science and Technology in Korea; and Tsinghua University in
China, as the Reactor Physics Asia Experiment Program (RPHA-XP: αXP).

The simplified textbook of the Joint Reactor Laboratory Experiments at KUCA
had covered experimental topics, including approach-to-criticality and control rod
calibration experiments, reaction rate measurement by activation foil method, and
subcriticality measurements by Feynman-α method and pulsed neutron source
method. After many revisions and modifications, the book was published in 2010
as Nuclear Reactor Physics Experiments (Misawa T, Unesaki H, Pyeon CH (2010)
KyotoUniversity Press, Japan; http://hdl.handle.net/2433/276400) andwas available
to all participants in both domestic and overseas.

This book is an educational textbook on reactor physics experiments jointly
written by Prof. Tomohiro Endo of Nagoya University, Prof. Kenichi Watanabe of
Kyushu University, Prof. Go Chiba of Hokkaido University, and the author. The
three professors, who are experts in reactor physics (Prof. Endo and Prof. Chiba)
and radiation detection (Prof. Watanabe), have devoted much time and effort to the
writing of this book. This book is based on a careful examination of the contents
and educational benefits obtained from the previously published Nuclear Reactor
Physics Experiments. Also, on the valuable lessons learned and deep reflections
gained in previous educational programs, and the significant revisions to the previ-
ously published version of the textbook,we have tried towrite a textbook that is easier
to understand than ever before. In addition, the textbook has been updated to reflect
the latest developments in radiation detection technology. Through digital processing
of response data from detectors employed in radiation detection techniques (“Neu-
tron Measurements,” in Chap. 9), we have attempted to improve the accuracy and
real-timemeasurement of reactor physics parameters. The latest findings and theories
of reactor physics and radiation detection are developed in this book. For example,
a part of Chap. 2, and all of Chaps. 4 and 5 of Nuclear Reactor Physics Experiments
are merged into a new chapter (Chap. 10) entitled “Subcriticality Measurements.”
The inclusion of Subcriticality Measurements is one of the major features of this
book. At KUCA, “Exponential Experiments with Natural Uranium and Measure-
ment of Uranium Enrichment” (Chaps. 7 and 8, respectively) have been conducted
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for some students. By adding these two experimental topics to this book, most of the
experimental topics required for reactor physics experiments are covered. Further-
more, the book includes comprehensive items on experiments using nuclear reactors,
involving basic and applied topics on radiation detection. This book is expected to
provide students participating in the experiments with an understanding of the basic
knowledge about reactor physics parameters required for the operation of nuclear
reactors through the reactor physics experiments.

This book iswritten for graduate studentswhohave already studied reactor physics
and radiation detection in their undergraduate courses. Readers who have not studied
reactor physics and radiation detection as undergraduates or who wish to review
them again should read the sister book, Introduction to Nuclear Reactor Exper-
iments (Wakabayashi G, Yamada T, Endo T, Pyeon CH (2023) Springer, Singa-
pore; Open Access, https://link.springer.com/book/10.1007/978-981-19-6589-0).
The sister book contains basic concepts and theories of reactor physics and radi-
ation detection and is a must-have for all readers majoring in nuclear engineering.
The authors hope that this book, together with Introduction to Reactor Experiments,
will provide a systematic understanding of reactor physics experiments.

This book consists of the following contents: Chap. 1 provides an overview of
the KUCA-C core. Chapter 2 presents fundamental theories of reactor physics,
and Chaps. 3 and 4 describe the basic and most important reactor physics exper-
iments: approach-to-criticality and control rod calibration experiments, respectively.
In Chaps. 5 and 6, detailed methodologies are described, involving the measure-
ment of reaction rate and determination of neutron flux using the activation foil
method, respectively. Chapters 7 and 8 indicate the contents of the exponential exper-
iments with natural uranium and the measurement of uranium enrichment, respec-
tively. Chapters 9 and 10 show the contents of digital processing of experimental
data and various measurement methods for subcriticality, respectively. The measure-
ment methods described in Chap. 9 are used to attain the subcriticality described in
Chap. 10, and the contents could be somewhat difficult to understand, but do not give
up and persevere in readers’ efforts to understand the contents.

We are grateful to Prof. Emeritus Ikuo Kanno of Kyoto University, Prof. Akihiro
Nohtomi of Kyushu University, and Dr. Hiroki Iwamoto of Japan Atomic Energy
Agency for reviewing the chapters in which they specialize and providing valuable
comments. We would like to take this opportunity to thank them.

The authors are thankful to Springer Nature for having the patience to complete
the manuscript and their responses throughout its preparation for about a year.

Finally, it should be noted that the textbook was published with the subsidy of the
project for “Establishment of Nuclear Education Platform Focusing on University
Research Reactors and Large-Sized Facilities” of “Global Nuclear Human Resource
Development Initiative 2024” in the Advanced Nuclear Education Consortium for
the Future Society (ANEC) founded by the Ministry of Education, Culture, Sports,
Science, and Technology (MEXT) in Japan.

Osaka, Japan
May 2024

Prof. Cheol Ho Pyeon

https://link.springer.com/book/10.1007/978-981-19-6589-0
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Chapter 1
Kyoto University Critical Assembly

Abstract TheKyotoUniversityCriticalAssembly (KUCA) has three types of cores:
two solid-moderated and solid-reflected cores (A and B cores), and one light-water-
moderated and light-water-reflected core (C core). The three cores are operated at
room temperature and very low power less than 1 W, as a normal operation mode,
and referred as zero-power reactors. Also, they have reactor components, including
the low-enriched uranium fuel with the uranium-235 enrichment less than 20 wt%,
moderators, reflectors, three control rods, three safety rods, six neutron detectors
(three fission chambers and three uncompensated ionization chambers). Of three
cores, in this chapter, essential parts of the C core are mainly introduced to make an
easy understanding of the reactor core itself, including core characteristics, utilization
purposes, functions of shutdown systems, and core components.

Keywords KUCA · Zero-power reactor · Low-enriched uranium fuel ·
Light-water moderator · Light-water reflector

1.1 Light-Water-Moderated and Light-Water-Reflected
Core

The Kyoto University Critical Assembly (KUCA; Fig. 1.1) was installed with the
main purpose of conducting basic research on neutronics characteristics associated
with reactor physics. It is used for verifying the accuracy of calculation codes and
nuclear data, and validating calculation models, as referred benchmark experiments.
Also, KUCA is used for conducting nuclear education and training for undergraduate
and graduate students in domestic and overseas universities through various reactor
physics experiments. KUCA is one of the few multi-table experimental facilities
in the world, and is located at the Institute for Integrated Radiation and Nuclear
Science, Kyoto University (KURNS; former Kyoto University Research Reactor
Institute, Kumatori-cho, Sennan-gun, Osaka, Japan). KUCA has three types of cores
including A [1, 2], B, and C cores [3–5], and the users can select the operating core
according to the purposes of the experiments. Of three cores, the A and B cores are
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Fig. 1.1 Photo of KUCA building. © KURNS. All rights reserved

termed the solid-moderated and solid-reflected cores that use polyethyleneor graphite
as moderator and reflector, and the C core is termed the light-water moderated and
light-water-reflected core that uses light water as moderator and reflector.

In the C core, silicide-dispersed fuel (low-enriched uranium: LEU) consisting of
less than 20 wt% enriched uranium (U), aluminum (Al), and silicon (Si): U3Si2-
Al is used, and coated with Al, and loaded into an Al fuel element support frame
(hereinafter termed fuel frame) to form the fuel assembly. Until 2020, U-Al alloy
consisting of 93 wt% enriched uranium (highly-enriched uranium: HEU) [3–5] and
Al was used as the fuel element.

The C core has a core tank made of aluminum with a diameter and depth of
2000 mm, and a stainless-steel lattice plate at the bottom of the tank. The core
is composed of several fuel assemblies loaded on the lattice plate. A single core
system can be assembled by loading several fuel assemblies, while a coupled core
can be assembled by dividing the lattice plate supporting the fuel assemblies into
two parts with arbitrary widths. In addition, control rods, safety rods, neutron source
insertion tube, and various detectors are set in the core tank. The light water that is
the moderator and reflector in the C core is supplied from the lower part of the core
tank.

Figure 1.2 shows a photo of a core assembled in the C core. The fuel assemblies
are loaded in the core tank, and the control rods, safety rods, and various detectors
are arranged around the fuel assemblies.
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Fig. 1.2 Photo of top view of C core © KURNS. All rights reserved

1.2 Characteristics

The maximum thermal power is 100 W, whereas the power during normal operation
of the reactor is on the order of mW, less than 1W, termed a zero-power reactor. Due
to the very low power of the reactor, KUCA, like most critical assemblies, has the
following characteristics:

(1) Since the fission product yield is roughly proportional to the reactor power, the
accumulation of fission products is very low.

(2) The reactor core is exposed and has no concrete biological shielding. Radiation
leakage from the core is shielded by the building walls.

(3) Fuel manipulation does not require remote control, and core reconfiguration is
then easy (due to above items (1) and (2)).

(4) The low power of the reactor means that there is no accumulation of xenon
and the reactor can be shut down at any time. Also, the reactor can be restarted
quickly.

Because the power of the reactor is very low and, consequently, the radiation expo-
sure is very low, researchers and experimenters tend to think that they can conduct
various experiments with a high degree of freedom at their discretion, as shown in the
above characteristics of the experiments carried out in criticality assemblies. When
conducting experiments, however, it is required by law that the reactor core be config-
ured in compliancewith various restrictions and that the reactor be operated safely. To
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Table 1.1 Reactor limits of light-water-moderated and light-water-reflected core at KUCA

Characteristic Detail Limits

Reactivity Excess reactivity Lower than 0.5 %�k/k

Total control rod worth More than 1.5 %�k/k which is
sum of maximum excess
reactivity and 1 %�k/k

Maximum control rod worth of
one rod

Lower than one-third (1/3) of
total reactivity (3 control rods
and 3 safety rods)

Reactivity of tank water More than 1 %�k/k

Reactivity coefficient Maximum differential reactivity Lower than 2 × 10–2

%�k/k · s−1

Temperature coefficient Lower than 2 × 10–2

%�k/k · ◦C−1 at a near critical
state

Thermal limit Temperature of moderators and
reflectors

Lower than 80 °C

Ratio of moderator to fuel Atomic number ratio of 1.1H/
235U*

Lower than 400

Thermal power 100 W (at most)

1.1H/235U*: hydrogen-1/uranium-235

carry out experiments, themain reactor limits specified for the light-water-moderated
and light-water-reflected core at KUCA are required, as shown in Table 1.1.

1.3 Utilization Purposes

KUCA, like most critical assemblies, has three main utilization purposes, which are
described in this section.

1.3.1 Mockup Experiments

Usually, when designing a new type of reactor, the core design is performed using
various calculation codes and nuclear data, but ultimately their validity should be
examined by using critical assemblies. In many cases, the same procedure is also
adopted when modifying the core. Experiments conducted to design such a new type
of reactor are called mockup experiments. Numerical calculations using calculation
codes and nuclear data do not always accurately determine integral parameters of the
target core system and include errors. Therefore, to finally evaluate the accuracy of
numerical calculations, it is effective to compare the results of numerical calculations
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with those of experiments obtained from critical assemblies, and the accuracy and
reliability of numerical calculations can be assured from the comparison between
experiments and calculations.

1.3.2 Benchmark Experiments

All physical quantities measured in critical assemblies are integral quantities. When
reactor parameters, including critical mass, control rod worth, neutron flux distribu-
tion, and temperature coefficient, are obtained by numerical calculations, the inte-
gral quantity is obtained using neutron cross sections and through various processes.
By comparing between the results of experiments and numerical calculations, the
validity of the nuclear data, calculation methods, or calculation models used in the
numerical calculations can be examined. Here, rather than the development of a new
reactor, experiments using critical assemblies are sometimes conducted primarily
for the purposes of examining the calculation methods or calculation models them-
selves. The experiments are called benchmark experiments, and are conducted using
relatively simple geometries and compositions. Benchmark experiments are said to
be the most suitable for the purposes of using critical assemblies because they are
mainly conducted with the core in cold and clean conditions (cold: no fuel burnup,
clean: no extra neutron-absorbing material in the core).

1.3.3 Experiments for Education

As described in Sect. 1.2, the characteristics of critical assemblies are that the amount
of fission product yield that accumulates in the fuel is small, the radiation contained
in the fuel and radiation leakage during operation is low, and the fuel can be directly
handled. Also, the characteristics could provide easy access to the reactor core.
KUCAcan provide undergraduate and graduate studentswith opportunities to experi-
ence nuclear reactor experiments [3, 6] throughmany experiments that can be carried
out in critical assemblies. Since 1975, nuclear education programs for undergrad-
uate and graduate students in domestic universities have been conducted at KUCA
as the Joint Reactor Laboratory Experiments, and educational programs for overseas
undergraduate and graduate students have been managed since 2003.
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1.4 Emergency Shutdown

1.4.1 Outline

In the light-water-moderated and light-water-reflected core, the procedure for imme-
diately shutting down an operating reactor in the event of an emergency is as
follows:

• Three control rods and three safety rods, which are suspended by the electromag-
netic power supply using a control rod drive mechanism, are inserted by discon-
necting the electromagnetic power supply (to increase the absorption effect of
neutrons in the core).

• Dump valves are opened and emergency water level processing equipment is
activated to drain tank water from the core (remove light-water moderator and
light-water reflector from the core).

We now turn to a description of the devices and functions described as follows:
KUCA has three control rods and three safety rods as neutron absorbers. Control

rods (C1, C2, and C3) are mainly used for control of criticality and power of the
reactor. Safety rods (S4, S5, and S6) are always withdrawn to the upper limit during
reactor operation (including loading of fuel assemblies), and in an emergency, all
control rods and safety rods are inserted into the reactor core by free fall to shut
down the reactor. The control rods and the safety rods are divided into an absorber
(Al pipe wrapped with cadmium: Cd plates) and a control rod drive mechanism,
both of which are connected by an electromagnet power supply. By turning off the
electromagnetic power supply, the control rods and the safety rods can be inserted
into the reactor core by natural fall due to gravity.

The emergency shutdown system of KUCA has two types: “scram” and “simul-
taneous insertion (auto run-down).” Here, simultaneous insertion occurs when the
requirements for activation are slightly less stringent than for a scram, and is said
to be a pre-scram before a scram event occurs. However, once the simultaneous
insertion is triggered, the scram occurs instantly afterward, so it is positioned as a
warning before the scram is triggered. The simultaneous insertion is said to be one
of the emergency shutdown functions unique to KUCA, which is rarely seen in other
reactors.

Although the origin of scram is not known, it is said that the world’s first nuclear
reactor (Chicago Pile No. 1: CP-1 [7]) was already equippedwith an emergency shut-
down function when it was built in the United States in December 1942. The function
at that time was called “Sudden Control Rod Activation Mechanism,” SCRAM. It
is also said that the term SCRAM is derived from slang in the U.S. In any case,
SCRAM has been established as a term for a function to shut down a nuclear reactor
in an emergency, and is still used today in test and research reactors, and boiling
water reactors.
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In the light-water-moderated and light-water-reflected core at KUCA, SCRAM
and simultaneous insertion are triggered and, in some cases, alarms are issued when
the following events occur in the reactor shown in Sect. 1.4.2.

1.4.2 Alarm Operation

At KUCA, an alarm is triggered when one of the following events occurs:

• When the stable period (see Chap. 3) is lower than 30 s.
• When the core temperature exceeds 80 °C.
• When the water level in the furnace chamber pit exceeds 20 cm.
• When fires occur.

1.4.3 Pre-SCRAM

The events that activate simultaneous insertion are as follows:

• When the indication in each range of the linear power meter exceeds 110%.
• When the stable period is lower than 15 s.

When one of the above events occurs, the following functions work inside the
reactor as a preliminary warning to immediately shut down the reactor: the three
control rods remain connected to the control rod drive mechanism and electromag-
netic power supply, and the control rods are automatically inserted at a constant speed
by motor drive.

1.4.4 SCRAM

The events that activate the SCRAM are as follows:

• When the indication in each range of the linear power meter exceeds 120%.
• When the indication of the safety power meter exceeds 120%.
• When the stable period is lower than 10 s.
• When a malfunction occurs in the high-voltage power supply for nuclear

instrumentation.
• When an error occurs in the power supply voltage in the control room.
• When the movable shielding door opens.
• When the track size door opens.
• When the overhead crane moves during the reactor operation.
• When the locking pins of the control rod drive mechanism fixing plate are

removed.
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• When there is an earthquake acceleration of more than 19.6 cm s−2.
• When the emergency alarm button is pressed.
• When the manual SCRAM button is pressed.

When one of the above events occurs, the following functions work inside the
reactor to immediately shut down the reactor:

• The electromagnetic power supplies for the control rods and the safety rods
are disconnected, and a total of three control rods and three safety rods are
immediately inserted into the core by natural fallout.

• By opening dump valves and activating the emergency water level lowering
device, the light-water moderator and the light-water reflector are drained into
the core tank and removed from the core.

1.5 Core Components

1.5.1 Fuel Plate

The fuel plate (Fig. 1.3) consists of U3Si2-Al (LEU) fuel meat (fuel material) in
0.5 mm thick coated with Al in 0.5 mm thick, with dimensions of 600 mm long,
62 mm wide, and 1.5 mm thick. The fuel meat contains less than 20 wt% enriched
uranium.

1.5.2 Fuel Frame

In the C core, the fuel plates shown in Sect. 1.5.1 are inserted into an Al fuel frame
to form the fuel assembly. The appearance of the fuel frame is shown in Fig. 1.4, the
cross-sectional view (axial direction) is shown in Fig. 1.5, and the dimension relating
to the loading of the fuel plates into the fuel frame is shown in Fig. 1.6 and Table 1.2.

As shown in Fig. 1.4, the fuel frame is 70 mm wide, 140 mm long, and 735
mm high (excluding the fixing legs). Three types of fuel frames are available for
the C core, namely C30, C35, and C45 (Fig. 1.5 and Table 1.2). The smallest unit
combining the fuel plate and the light water moderator region is called a unit cell
(Fig. 1.6), and there are three different fuel array pitches. The fact means that there
are three different lattices with a different atomic number ratio of 1H/235U contained
per unit volume of the core. The C core allows experiments in which the neutron
spectrum of the core is varied by selecting different lattices. Note that the number of
fuel plates that can be loaded per fuel frame depends on the fuel arrangement pitch of
that frame; therefore, in the C core, the number of fuel plates in a fuel frame can be
changed in units of one plate according to a certain procedure, and the arrangement of
fuel assemblies (core geometry) can also be changed. Furthermore, the water level
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Fig. 1.3 Fuel plate used in C core

of the moderator can be changed, allowing various experiments to be carried out
according to the purposes of the research or practical training.

Fuel frames are loaded into the core tank by standing on a grid plate. As shown in
Fig. 1.7, there is a gap of 2 mm on the long side (direction x) and 1 mm on the short
side (direction y) between adjacent fuel frames, which is also filled with light water
during the operation. Therefore, when the core is divided into fuel frame units, the
light-water gap should also be considered.When the core is considered as a repetition
of a certain unit, the repetition unit is called a unit cell. In terms of the C core, the
unit cell of fuel assembly is a combination of a fuel frame and a light-water gap per
fuel frame, and the dimensions of the unit cell are 71 × 142 mm (Fig. 1.7). The
various group constants used in criticality calculations should thus be obtained by
considering the light-water gap for the unit cell of fuel assembly.

1.5.3 Control Rod and Safety Rod

In theC core, cylindricalCdplates are used as neutron absorbers. The control rods and
the safety rods are connected to the control rod drivingmechanismby electromagnets.
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Fig. 1.4 External view of
fuel frame of C core
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In an emergency, the electromagnet current is cut off, causing the control rods and
the safety rods to drop by gravity and the reactor to stop safely. The structure of
control rods and safety rods is described in Chap. 4.

1.5.4 Neutron Source for Reactor Startup

The americium (Am)-beryllium (Be) neutron source (Am-Be: quantity 7.4 × 1010

Bq; neutron intensity 5× 106 s−1; and energy 4MeV) is used as the external neutron
source required to start up the reactor. In the Am-Be neutron source, the neutrons
are produced by 9Be (α, n)12C reactions using α particles emitted from 241Am. The
capsule containing Am-Be has a diameter of about 20 mm and a length of about 50
mm. In experiments, the Am-Be neutron source in the capsule is treated as a point
neutron source.



1.5 Core Components 11

50
Grid plate top (625 mm)

15 mm diam.

40 mm diam.

60

15

60

Frame base top (685 mm)

Fuel plate bottom (700 mm)

Fuel meat center (1000 mm)

Fuel plate top (1300 mm)

Fuel frame top (1360 mm)

Grid plate bottom (575 mm)

*(575 mm) : distance from tank bottom is 575 mm

Light water

Light water

Fuel meat top (1285 mm)
15

15
Fuel meat bottom (715 mm)

570

・ y

z

x

Fig. 1.5 Cross-sectional view of fuel frame of C core (direction z)

1.5.5 Neutron Detectors

There are six neutron measurement detectors on each of the KUCA cores, with three
fission chambers (FCs) and three uncompensated ionization chambers (UICs) as
neutron detectors. The FCs are called start-up systems and are mainly responsible
for low-power region measurements during reactor start-up. The output is displayed
as counting rates on a recorder at the front of the control desk, and can also be
displayed digitally by means of a scaler. In reactors with high power, the startup
system is used to monitor the power in the low-power region during reactor startup
and may stop working when the reactor power increases as the reactor reaches a
critical state. KUCA operates the startup system throughout all experiments because
the reactor power is very low.

The three detectors using the UICs receive a higher output range than the FC
and are called the logarithmic output system for stable period (UIC#4, Log-N), the
linear output system for reactor power (UIC#5, Lin-N), and the safe output system
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Fig. 1.6 Dimension of fuel frame of C core

Table 1.2 Detailed
dimension of fuel frame of C
core (see Fig. 1.6)

Frame C30 C35 C45

a: frame edge (mm) 1.07 1.095 1.05

b: groove width (mm) 1.70 1.70 1.70

c: separation width (mm) 1.26 1.79 2.84

p: fuel pitch (mm) 2.96 3.49 4.54

Max. plates/frame 47 40 31

(UIC#6), depending on their purposes. Their outputs are recorded on recorders in
front of the reactor console, and the outputs of the linear output system are displayed
on digital indicators in the center of the reactor console. At KUCA, the signal level
of the safety output system is extremely low because the reactor power is very low.
Therefore, data from the safety output system are not used in experiments.

At KUCA, five measurement detectors, FC#1, FC#2, FC#3, UIC#4 and UIC#5
described above, are used to obtain experimental data. Depending on the purposes,
several auxiliary detectors such as boron-trifluoride (BF3) and helium-3 (3He)
neutron detectors could be set around the core for the Approach-to-criticality and
control rod calibration experiments in Chaps. 3 and 4, respectively.
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Fig. 1.7 Outline of unit cell of fuel assembly

1.5.6 Core Tank and Grid Plate

Fuel assemblies, control rods, safety rods, guide tube of neutron source, and various
detectors are set on a stainless-steel grid plate at the bottom of the Al core tank.
The grid plate has holes drilled in it for placing the fuel assemblies and other core
components. The grid plate can also be divided into two parts of arbitrary width, and
experiments on so-called coupled reactors can be performed by making two cores.

After the fuel assemblies and other components are loaded and the core compo-
nents such as detectors are set, the reactor is finally ready to function when light
water is supplied from the bottom of the core tank.

Figure 1.8 shows the relationship between the height positions of the grid plate,
fuel assemblies (fuel frames and fuel plates), various detectors, and neutron source
in the core tank, corresponding to values of water-level gauge by the indicator. It
should be remembered that the value of water-level gauge, 1000 mm, corresponds
to the center of the fuel plate meat.
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Fig. 1.8 Relationship between core components and water level of C core

1.5.7 Name of Experimental Core

To constitute the reactor, the steps are to fix the control rods, safety rods, guide tube
of neutron source, and detectors on the grid plate in that order, insert fuel plates into
fuel frames to make fuel assemblies, and load the fuel assemblies on the grid plate.

An example of a core configuration is shown in Fig. 1.9. When directions x and y
are determined as shown in Fig. 1.9, in this example, 3 (direction x) × 5 (direction
y) = 15 fuel assemblies composed of C35 fuel frames are arranged. Also, it can be
confirmed that control rods, safety rods, neutron source insertion tube, and detectors
are set around fuel assemblies.

KUCA names the cores that are configured based on certain rules. For example,
in terms of C core, the core name is determined as follows:

C + lattice name + G + core gap(number of fuel assemblies in direction y)

In the case of the core shown in Fig. 1.9, the core is given as the name C35G0(5)
core because it has a 35 lattice, that is, 3.5 mm fuel arrangement pitch, G0 because
the core is a single core with no gap (zero gap), and 5 because the fuel assemblies
are arranged in five columns in the direction y.

There are three types of fuel lattices used in the experiments (C30, C35, and
C45), and the number of columns in the fuel assembly arrangement depends on the
purposes of the experiments. Special attention should be paid to the information on
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Fig. 1.9 Top view of configuration of C35G0(5) core (example with HEU fuel)

the configuration of the core, since the core configuration is an important parameter
in numerical calculations of the prediction of the critical mass of fuel plates.
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Chapter 2
Basics of Nuclear Reactor Physics

Abstract When we conduct various kinds of experiments with nuclear reactors and
interpret the obtained measurement results qualitatively and quantitatively, knowl-
edge of the theory of nuclear reactor physics is quite helpful and it enables us to better
understand the experiments. Phenomena occurring in nuclear reactors are generally
based on the interections between neutrons and nuclei, so the fundamental knowl-
edge on this interaction are described and several important physical quantities are
introduced. Then, the fission chain reactions are interpreted by a classical theory,
the six-factor formula. Based on the fundamental quantities in the nuclear reactor
physics such as the neutron flux and the reaction rate, the neutron diffusion equation
is derived, and the neutron non-leakage probabilities are quantified based on this
diffusion theory. Furthermore, the basics of the nuclear reactor kinetics theory are
discussed using the point kinetics equation.

Keywords Nuclear reactor physics · Interactions between neutron and nucleus ·
Reaction cross section · Neutron flux · Neutron diffusion equation · Nuclear
reactor kinetics

2.1 Interactions Between Neutron and Nucleus

Nuclear reactors are systems in which nuclear fission chain reactions induced
by neutrons sustainably occur under controls by mankind. This section describes
the interactions between neutron and material (or nucleus in material), which are
important to understand various physical processes occurring in nuclear reactors.

2.1.1 Scattering and Absorption Reactions

In this section, two main interaction types, scattering and absorption reactions, are
explained.

© The Author(s) 2025
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2.1.1.1 Scattering Reaction

Through the scattering reaction between neutron and nucleus, neutron is again
emitted after the interaction. In the laboratory system, the emitted neutron moves
with energy and direction which are different from those of the incident neutron.
Scattering reaction can be further categorized into the elastic scattering and the
inelastic scattering.

In the elastic scattering reaction, sums of kinetic energy andmomentumof neutron
and nucleus are preserved and the internal structure of the nucleus is unchanged
through the reaction. The incident neutron generally loses its kinetic energy by
transferring the fraction of its energy into the nucleus.

In the inelastic scattering, a fraction of the kinetic energy of the incident neutron is
consumed to increase the internal energy of the target nucleus (or to make the target
nucleus the excited state, or to change the internal structure of the target nucleus),
and thus the sums of kinetic energy and momentum of neutron and nucleus are not
preserved through the reaction.

While the number of emitted neutrons in these reactions is generally one, there
are several other reactions through which multiple neutrons are emitted, and these
reactions are also categorized into the scattering reaction. As an example, the (n, 2n)
reaction, in which two neutrons are emitted after the interaction between neutron and
nucleus, is well known.

2.1.1.2 Absorption Reaction

In the absorption reaction, neutron collides with and is absorbed by the nucleus, and
a compound nucleus is formed. This compound nucleus then emits radiations and
particles such as γ-ray and α-particle. Through this reaction, mass number of the
target nucleus is increased by one and this nucleus, the compound nucleus, becomes
in an excited state at first. The degree of the increase in the energy level is determined
by the kinetic energy of the incident neutron and the neutron binding energy. The
absorption reaction can be categorized into several reactions according to the types
of the emitted radiations or particles.

Through the radiative capture reaction, the compound nucleus changes its state
from the excited level to the ground level by emitting γ-ray. This reaction is denoted
to as (n, γ), and sometimes is simply referred to as the capture reaction.

Through the charged-particle emission reaction, the compound nucleus emits
charged-particles such as α-particle and proton. This reaction mainly occurs in light
nuclides, and when the incident neutron kinetic energy is high, probability of this
reaction becomes large in many nuclides. These reactions are denoted to as (n, α),
(n, p), and so on.

In the nuclear fission reaction, the compound nucleus is divided into two fractions
(fission fragments), and two or three neutrons on average are emitted at the same
time. This reaction occurs mainly in heavy nuclides such as uranium (U) and pluto-
nium (Pu). It is denoted to as (n, f). Neutrons emitted after this reaction can induce
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the next fission reactions, and thus nuclear fission reactions can sustainably occur
without providing any neutrons from the outside of the system if certain conditions
are satisfied. This is known as the fission chain reaction. The fission reaction has
significant importance when the physics of nuclear reactors is concerned, so it is
discussed in more detail in the following section.

2.1.2 Fission Reaction

In a nuclear reactor, there exist many neutrons with different energies in the range
of 20 MeV to 10–5 eV.

In the case of 235U, fission reaction can occur through the interaction with a
low-energy neutron which is in an equilibrium with the ambient temperature of
around several hundreds kelvin. Such a low-energy neutron is generally referred to
as a thermal neutron. The energy of the thermal neutron corresponding to the room
temperature of 293 K is 0.025 eV and its velocity is approximately 2200 m s−1.

Through one fission reaction of 235U induced by a thermal neutron, approximately
2.4 neutrons are emitted on average. Although the number of emitted neutrons is
dependent onfission fragments at eachfission reaction, its averagedvalue is important
generally in the nuclear reactor physics. The averaged number of emitted neutrons
per one fission reaction is known as the ν value. This value is significantly dependent
on a fissioning nuclide and the energy of the incident neutron.

The kinetic energy of neutrons newly generated byfission reactions ismuch higher
than that of thermal neutrons, and the kinetic energy distribution of fission neutrons
is dependent on a fissioning nuclide. This energy distribution is known as the fission
spectrum and is denoted to asχ(E). In the case of the fission reaction of 235U induced
by thermal neutrons, the averaged energy of fission neutrons is approximately 2MeV.

One fission reaction of 235U induced by a thermal neutron emits energy of approx-
imately 200 MeV, which is equivalent to 200 MeV × 1.602 × 10−13 J MeV−1 =
3.2 × 10−11 J. If 1 g of 235U, which corresponds to 6.02 × 1023/235 = 2.56 × 1021

atoms, fissions, the emitted energy is 8.21 × 1010 J, and this energy is equivalent to
approximately 22,800 kWh or 1 MWd.

The 238U, whose concentration in the natural uranium is around 99.3%, does
not fission with thermal neutrons, but it can fission with neutrons with high energy
above 1MeV. In addition to the fission reactions of 235U, those of 238U by high energy
neutrons occur in nuclear reactors.

In heavier nuclides than uranium, fission reactions can spontaneously occur
without any neutron interactions by the tunnel effect known in the quantum
mechanics. This fission reaction is known as the spontaneous fission. For example,
1 g of californium-252 can spontaneously fission approximately 6.2 × 1011 times
and can emit approximately 2.3 × 1012 neutrons per 1 s.
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2.2 Reaction Cross Sections

In this section, a physical quantity, the cross section, is introduced in order to quan-
titatively discuss the interactions between neutrons and nuclei in nuclear reactors.
This quantity can be interpreted as an occurrence probability of specific types of
interactions between neutrons and nuclei. Values of cross sections are dependent on
the target nuclide in the interaction and the kinetic energy of the incident neutron.

In the following, two physical quantities, the microscopic cross sections and the
macroscopic cross sections, are introduced. The former is defined for nuclides and
the latter is for the media or materials comprising nuclear reactors.

2.2.1 Microscopic Cross Sections

Let us consider a uniform streaming of neutrons moving to a certain direction with
a certain energy, and let the number of neutrons passing through a unit-area surface
per unit second I (# cm−2 s−1). As shown in Fig. 2.1, these neutrons pass through
a thin plate-like target vertically. The thickness of this target is assumed sufficiently
small; it is guaranteed that the number of neutrons is not decreased through passing
the target material. This target is composed of unique nuclide and number density of
this nuclide in the target is N (# cm−3). Now we assume that the number of times of
specific reaction (i.e., capture reaction) is R per unit volume and per unit time.

If the thickness of this target is dx, the number of reactions occurring in the
target having unit surface area and thickness of dx per unit second, Rdx, should be
proportional to I , N , and dx, and then the following equation can be defined with the
coefficient σ :

Rdx = σ INdx, and thusR = σ IN (2.1)

This equation can be rewritten as

Fig. 2.1 Neutrons passing through a thin plate-like target
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σ = R/N

I
. (2.2)

This suggests that the coefficient σ corresponds to the expected number of reac-
tions per one nucleus when one neutron passes through the material per unit second
and per unit area. This coefficient σ is known as the microscopic cross section. It
has a dimension of area, and the units such as cm2 are used. The other unit of barn
(denoted to as b) is also used and 1 b = 10–24 cm2.

The origin of the terminology “cross section” can be understood if Eq. (2.2) is
rewritten as

Nσ = R

I
. (2.3)

If all neutrons passing through thematerial contribute to the reactions, the number
of reactions should be equal to the number of the entering neutrons. The right-
hand side of Eq. (2.3) is a ratio of the number of neutrons causing reactions to the
total number of entering neutrons. In other words, an effective area of nuclei in the
material per unit surface area is R/I = Nσ . The target having unit surface area and
unit thickness should contain N nuclei. Now we consider a very thick material, so
overlap of nuclei against the neutron streaming can be neglected. Thus σ can be
interpreted as an effective area of one nucleus for the concerned reaction. It can be
also said that each nucleus has the effective area of σ (cm2), and a point-like neutron
causes the interaction when passing through this area.

2.2.2 Macroscopic Cross Sections

Let us consider that the mono-direction neutron beam is injected into a thick slab
as shown in Fig. 2.2 and the number of neutrons entering the slab surface per unit
second and per unit area is I (# cm−2 s−1). Now we are concerning a change in
the number of streaming neutrons within small width of dx at the depth of x (cm)
from the surface. It is assumed that only neutron capture reaction can occur in this
medium.

If the number of streaming neutrons at x is denoted to as I(x), the number of
neutron capture reactions occurring from x to x + dx is σ I(x)Ndx as discussed in
Sect. 2.2.1, and this should be equal to a decrease in the number of streamingneutrons,
−dI(x). Thus, the following equation should be preserved:

−dI(x) = σ I(x)Ndx. (2.4)

From the above equation, the following differential equation can be derived:

dI(x)

dx
= −σNI(x). (2.5)
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Fig. 2.2 Neutron streaming through a thick material plate

The solution to this differential equation can be written as

I(x) = I0 exp(−σNx), (2.6)

where I0 is the number of streaming neutrons at the material surface, x = 0. A
product Nx in this equation is known as the macroscopic cross section and is denoted
to as �. Its dimension is an inverse of length, and a unit of cm−1 is generally used.
The number of streaming neutrons in this material can be represented with � as

I(x) = I0 exp(−�dx). (2.7)

Equation (2.5) can be rewritten as follows by using the macroscopic cross section
�:

−dI(x)

I(x)
= �dx. (2.8)

This equation suggests that � corresponds to a decrease rate in the number of
streaming neutrons per unit length.

The macroscopic cross section � is defined as σN as described above, but this
is for medium consisting of the unique nuclide. If medium composed of several
different nuclides is concerned, the macroscopic cross section is defined as follows.
If we let the microscopic cross section and the number density of the nuclide i in
the medium σi and Ni, respectively, the macroscopic cross section of this medium is
defined as � = ∑

i Niσi.
Since themacroscopic cross sections are defined dependent on the reaction type, a

subscript for the reaction type is generally added to�. For example, the macroscopic
cross sections for the absorption reaction and the fission reaction are denoted to as
�a and �f, respectively. This rule on the subscript is commonlty adopted to the
microscopic cross sections.
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2.2.3 Energy Dependence of Cross Sections

As previously described, reaction cross section values are dependent on the target
nuclide with which a neutron interacts, the reaction type, and the energy of the
incident neutron. As an example, the cross sections for several reactions of 235U and
238U are shown in Fig. 2.3. These cross section data are taken from the evaluation
in the evaluated nuclear data library JENDL-5 [1]. Cross sections of other heavy
nuclides behave similarly with those of 235U and 238U.

In a low energy range below 1 eV, the cross sections are almost proportional to
1/v

(∝ √
1/E

)
. Above 1 eV, the cross sections are significantly dependent on the

incident neutron energy. Each peak observed in the cross section curves is known
as the resonance, and this cross section behavior can be explained by a fact that the
neutron-nucleus reaction can occur very easily when the incident neutron energy
matches with the excitation level of the compound nucleus (the target nucleus taking
in neutron). In the resonance energy range, peaks of the resonances become low
and the width of the resonances become narrow with the increase of the incident
neutron energy, and finally neighboring resonances overlap with each other. Above
approximately 1 keV, each resonance cannot be resolved, and finally the cross section
curves look smooth. In a high energy range above 1 MeV, the fission cross sections
increase and the capture cross sections decrease with the increase in the incident
neutron energy.

Behavior of the fission cross sections of 235U and 238U in a high energy range is
very different from each other. That of 238U shows very low values in a low energy
range, but it drastically increases with high incident neutron energy above 1 MeV
and finally it becomes comparable with those of 235U.

Fig. 2.3 Reaction cross sections of 235U (left) and 238U (right)
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2.3 Fission Chain Reaction: Neutron Multiplication Factor
and Six-Factor Formula

The nuclear fission reaction yields two or three new neutrons in most cases, and thus
if these neutrons can induce subsequent fission reactions, fission chain reactions can
be realized. Nuclear reactors are systems utilizing and realizing this fission chain
reaction.

In a critical state, the number of fission reactions occurring in a nuclear reactor
is almost constant with time without any neutron supply from outside of the system.
The number of fission reactions decreases with time in a subcritical state, and it
increases in a supercritical state. Let us consider how these critical, subcritical, and
supercritical states are attained in a certain condition.

In order to understand this, let us consider an entire life of one neutron in a
nuclear reactor, which is born by a fission reaction. Here thermal neutron reactors
are concerned. Neutrons generated by fission reactions have high energy of approx-
imately 2 MeV on average. They experience multiple collisions with nuclei, which
are mainly light nuclides such as hydrogen and oxygen, and lose their kinetic energy.
This process is known as the neutron slowing-down. Finally, they become thermal
neutrons having low energy of approximately 0.025 eV, are absorbed by nuclei in
nuclear fuels, and cause the fission reactions.

Let us preview a physical process that fast neutrons generated by the fission
reactions by the thermal neutrons cause the next fission reaction in Fig. 2.4. A small
fraction of fast neutrons generated by fission reactions cause new fission reactions
and yield new fast neutrons; the number of fast neutrons is slightly increased due
to this. Then, these fast neutrons become thermal neutrons and cause next fission
reactions when they satisfy the following conditions:

• During the slowing-down process of fast neutrons to become thermal neutrons,
they should not escape from a system and continue to stay.

• During the slowing-down process, neutrons should not be captured by heavy
nucleus; they should escape from the resonance captures of heavy nuclides such
as 238U.

• Thermalized neutrons should not escape from a system and continue to stay.
• Thermalized neutrons should not be absorbed by nucleus in non-fuel media such

as moderator and structural materials and should be absorbed by fuel media.
• When thermalized neutrons are absorbed by nucleus of fuel media, fission

reactions should selectively occur.

Neutrons satisfying the above conditions can cause the next fission reactions. Per
one fission reaction, ν fast neutrons are generated on average, and they experience the
above process. This physical process repeatedly occurs, and fission chain reactions
continue.

A terminology, generation, is defined as a time duration of the above one-cycle
process: from the birth of a fast neutron by a fission reaction to a next fission reaction
which thermalized neutron causes. A ratio of the number of neutrons existing in
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a reactor at a certain generation to that at the preceding generation is known as a
neutron multiplication factor k:

k = The number of neturons in a certain generation

The number of neutrons in a preceding generation
.

Let us assume that a certain number of neutrons is instantaneously introduced to
a system somehow and consider behavior of these neutrons with time according to
the value of neutron multiplication factor k.

• In the case of k = 1, the number of neutrons is constant at every generation, so the
number of neutrons initially introduced to a system is unchanged with generation;
after the introduction of neutrons, fission chain reactions sustain without any
further introduction of neutrons. This state is known as a critical state.

• In the case of k < 1, the number of neutrons decreases with the generation, and
thus the fission chain reaction is not sustainable if any neutrons are not introduced.
This state is known as a subcritical state.

• In the case of k > 1, the number of neutrons exponentially increases with
generation. This state is known as a supercritical state (Fig. 2.5).

As described above, behavior of the number of neutrons in a system is significantly
dependent on whether k is equal to/less than/larger than unity.

Next, let us consider several physical phenomena which one neutron experiences
during one generation and attempt to describe each of them in detail.

(1) Fast neutron fission factor ε

Neutrons generated by fission reactions are fast neutrons having 2 MeV on average.
Some of these fast neutrons are absorbed by nuclei in nuclear fuels without slowing-
down and induce the next fission reactions especially by 238U which can fission
only with fast neutrons. In thermal neutron reactors using natural or low-enriched
uranium, this 238U fission should be taken into account. Since more than one neutron
are generated by fission reactions with fast neutrons, the number of neutrons at

Fig. 2.5 Time behavior of
the number of neutrons
dependent on the neutron
multiplication factor



2.3 Fission Chain Reaction: Neutron Multiplication Factor and Six-Factor … 27

the initial stage of one generation is effectively increased, and this effect can be
considered by using the following fast neutron fission factor ε:

ε = The number of fission neturons by fast and thermal neutrons

The number of fission neutrons by thermal neutrons
.

(2) Fast neutron non-leakage probability PF

Some of fast neutrons generated by fission reactions leak from a system during the
slowing-down and do not contribute to the next fission reactions. This effect can be
considered by the fast neutron non-leakage probability PF.

(3) Resonance escape probability p

Fast neutrons generated byfission reactors lose their kinetic energy through the elastic
scattering with nucleus in the moderator, mainly hydrogen, and become thermal
neutrons. During this slowing-down process, some neutrons are lost from a system
by the resonance absorptions of heavy nuclei, mainly 238U. The probability that fast
neutrons escape from the resonance absorptions and are successfully thermalized is
defined as the resonance escape probability p.

(4) Thermal neutron non-leakage probability PT

Some of thermalized neutrons leak from a system and do not contribute to the next
fission reactions.This is accounted for by the thermal neutronnon-leakageprobability
PT.

(5) Thermal neutron utilization factor f

Lives of thermal neutrons which do not leak from a system are terminated by absorp-
tions of nuclei in fuelmaterials or non-fuelmaterials such asmoderator and structural
materials. The probability that thermal neutrons are absorbed by the fuel material is
defined as the thermal neutron utilization factor f .

(6) Neutron reproduction factor η

When thermal neutrons are absorbed by the fuel materials, sometimes neutrons are
just captured and fission reactions are not induced. In the nuclear reactor physics, the
neutron reproduction factor η is defined as the expected number of newly-generated
neutrons per one neutron absorption by the fuel material: a product of a probability
of fission reaction occurrence with thermal neutron absorptions by fuel material and
the expected number of neutrons generated by one fission reaction ν.

Using the above-defined six factors, we can find that one neutron generated by a
fission reaction induced by a thermal neutron yields εpf ηPFPT neutrons at the next
generation. Thus, neutron multiplication factor k can be represented as

k = εpf ηPFPT. (2.9)

In this equation, the neutron multiplication factor is expressed as a product of the
six factors, and thus this equation is known as the six-factor formula.
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If a system is infinite (or is expanded over an infinite space), there should not be
leakage of fast and thermal neutrons and both of PF and PT are unity. In such a situa-
tion, the neutron multiplication factor is represented as εpf η, and this multiplication
factor defined for an infinite system is known as the infinite multiplication factor k∞:

k∞ = εpf η. (2.10)

This equation is known as the four-factor formula for the infinite multiplication
factor.

On the other hand, the neutron multiplication factor k for a system in which
neutron leakage from a system exists is known as the effective multiplication factor
keff. On these two factors, keff and k∞, the following relation should hold:

keff = εpf ηPFPT = k∞PFPT. (2.11)

Based on the Fermi age theory and the neutron diffusion theory described in
Sect. 2.5.2, the neutron non-leakage probabilities PF and PT can be represented as

PF = e−B2τT , (2.12)

PT = �a

�a + DB2
= 1

1 + L2TB
2
, (2.13)

where τT is the Fermi age of thermal neutrons, whose dimension is a square of length,
and L2T is the diffusion area, a square of the diffusion length LT. The parameter B2

is the buckling which corresponds to the degree of the distortion in neutron flux
spatial distribution in a system, and is significantly relevant to neutron leakage from
a system. This will be discussed in Sect. 2.5.

Based on the above discussion, we can obtain the following equation:

keff = k∞e−B2τT

1 + L2TB
2
. (2.14)

2.4 Reaction Rate, Neutron Flux, and Neutron Balance
Equation

In this section, terminologies, the reaction rate and the neutron flux, are introduced
and briefly described. The reaction rate is to quantify the number of reactions between
neutrons and nuclei, and the neutron flux is a helpful quantity to define the reaction
rate. In addition, the balance equation on the reaction rate in a system is derived as
the neutron diffusion equation.
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2.4.1 Reaction Rate and Neutron Flux

Let us consider a neutron “group” moving to a certain direction with a velocity v
(cm s−1) in a system, and let the number of neutrons per unit volume, which is also
known as the neutron density, n (cm−3). Here let us consider the number of reactions
between these neutrons and nuclei existing in this system.

If we consider a unit-area surface vertical to the velocity of the neutron group, vn
neutrons should pass through the surface per unit time. A probability of the reaction
occurrence in a volume from the surface to the depth of small width dx is given as
�dx where � is a macroscopic cross section. Thus the number of reactions between
neutrons and nucleus in this volume having unit area surface and thickness of dx
per unit time can be represented as vn�dx. This is the reaction rate. If we consider
a volume having unit surface and unit thickness (or unit volume), the number of
reactions between neutrons and nucleus in this unit volume is vn�. A product vn
(cm−2 s−1) is known as the neutron flux, and is denoted to as

φ = vn(cm−2 s−1). (2.15)

Using the neutron flux, the reaction rate can be represented as�φ. This discussion
suggests that the neutron flux can be also interpreted as a mathematical quantity to
quantify the reaction rate.

In nuclear reactors, neutrons shouldmove to various directions and thus the depen-
dence of the neutrons on the moving direction should be taken into account. At a
certain spatial position, the neutron flux directing to small solid angle d	 along to
a direction 	 is known as the angular neutron flux. The unit of this quantity is cm−2

s−1 sr−1, and is denoted to as ψ in the following. The neutron flux described in
the preceding sections is formally known as the scalar neutron flux, and the scalar
neutron flux φ is defined from the angular neutron flux ψ as

φ(r,E) =
∫

4π

ψ(r,E,	)d	. (2.16)

Let us remember that we have discussed the neutron streaming in Sect. 2.2. Actu-
ally this corresponds to the angular neutron flux. When we consider streaming of
the neutron group, it is convenient if we can define a unique quantity summarizing
the angular neutron fluxes depending on the directions. If neutrons move randomly
to various directions and there is no specific direction to which most neutrons in the
group move at a certain spatial position, it can be said that there is no bias in the
streaming. The streaming of the neutron group can be defined as a vector quantity,
the neutron current, and is denoted to as J in the following. Rigorously, the neutron
current is defined from the angular neutron flux as
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Fig. 2.6 Angular neutron
flux and neutron current

J(r,E) =
∫

4π

	ψ(r,E,	)d	. (2.17)

Let us consider a surface with unit area perpendicular to the neutron current
direction at a spatial position r. Some of neutrons crossing this surface should move
to the same direction as the current (J · 	 > 0), and the others should move to
the opposite direction (J · 	 < 0). If the numbers of neutrons passing through this
surface per unit time are denoted to as J+ for the former and as J− for the latter,
the net number of neutrons passing through this surface directing to the vector J
can be represented as (J+ − J−). Actually, this corresponds to the length (or size)
of the neutron current vector J, |J|, whereas the rigorous derivation is omitted here.
The length of the neutron current is the net number of neutrons crossing a unit-area
surface perpendicular to the vector per a unit time.

Next, let us consider a unit-area surface independent on the direction of the neutron
current vector at a certain spatial location, and the normal vector to this surface is
represented as n as shown in Fig. 2.6. The net number of neutrons crossing this
surface per unit time is given as |J| if the directions of n and J are exactly same with
each other. If there is a difference in the directions between n and J, the net number
of the crossing neutrons is represented as the n-direction component of J, (n · J).
When a three-dimensional xyz-coordinate system is concerned, the neutron current
vector can be represented as

(
Jx, Jy, Jz

)
. In this case, the net number of neutrons

crossing the unit-area yz-plane per unit time is Jx, for example.

2.4.2 Balance Equation of Neutron Density and Neutron
Diffusion Equation

In this section, a balance of the neutron density in a small volume within a nuclear
reactor is discussed. Qualitatively speaking, a rate in the neutron density change,
dn/dt, is a difference between the generation rate and the loss rate by the leakage
and absorptions. When the generation rate and the loss rate balance with each other,
the neutron density is expected unchanged with time.

Firstly, let us consider the neutron loss rate by leakage. In the preceding section,
the net number of neutrons passing through a unit-area surface can be quantified by
the neutron current vector J. When we consider a small volume in a space, the net
number of neutrons leaking from this volume is quantified as the surface integral of
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the inner product n · J as follows:

∫

A

n · JdS, (2.18)

where A is a total surface area of this volume. The adoption of the divergent theorem
transforms the surface integral into the volume integral as

∫

A

n · JdS =
∫

V

divJdV , (2.19)

where V is a volume concerned. Furthermore, if Fick’s law is introduced between the
neutron current and the neutron flux, the neutron current vector can be represented
with the neutron flux as

J = −D gradφ, (2.20)

where D is a diffusion coefficient.
This equation suggests that the magnitude of the streaming of the neutron group is

proportional to the gradient of the neutron flux spatial distribution and the diffusion
coefficient. By substituting Eq. (2.20) into Eq. (2.19), the following equation can be
derived:

∫

V

div(−Dgradφ)dV = −
∫

V

Ddiv(gradφ)dV = −
∫

V

D∇2φdV . (2.21)

This is the number of neutrons lost through the leakage from the surface of the
concerned volume. If this quantity is negative, the neutron group inflows toward
inside of this volume.

The neutron generation rate in this small volume is represented as
∫
V SdV when

S neutrons are generated per unit volume and per unit time. The loss rate by the
neutron absorptions is similarly represented as

∫
V �aφdV .

Now we can derive the neutron balance equation based on the above discussion.
The rate of the change in the number of neutrons is represented as

(Change rate) = (Generation) − (Loss by absorption) − (Loss by leakage),
(2.22)

and after each term is replaced by the mathematical expression, the following
equation can be derived:
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∫

V

∂n

∂t
dV =

∫

V

SdV −
∫

V

�aφdV −
⎛

⎝−
∫

V

D∇2φdV

⎞

⎠. (2.23)

Now we are discussing an arbitrary small volume in a system, and thus the
following equation should be preserved at every spatial position in this system:

1

v

∂φ

∂t
= D∇2φ − �aφ + S. (2.24)

Note thatφ = vn is used. This equation is known as the neutron diffusion equation.
If neutrons are generated only by fission reactions, the generation term S can be
replaced by ν�fφ since the number of occurring fission reactions per unit time and
per unit volume is�fφ and the averaged number of neutrons generated by one fission
reaction is ν. Then, Eq. (2.24) is rewritten as.

1

υ

∂φ

∂t
= D∇2φ − �aφ + ν�fφ. (2.25)

If a reactor is in a critical state, the time derivative term in the left-hand side of
Eq. (2.25) is zero, and thus

−D∇2φ + �aφ = ν�fφ. (2.26)

This equation is fundamental and important for criticality calculations in the
following sections.

In the above derivation of the neutron diffusion equation, all neutrons are assumed
to have a unique energy and spatial dependence of the parameters such as D and �a

are ignored for simplicity. In actual, neutrons should have various energy and the
neutron flux is dependent on both the energy and the spatial position. Parameters
such as diffusion coefficients and reaction cross sections should also be dependent
on the neutron energy and the position.

Furthermore, the validity of the neutron diffusion approximation is sometimes
lost. In such cases, the neutron transport equation considering the energy, spatial
position, and moving direction should be treated.

2.5 Buckling and Neutron Non-leakage Probability

2.5.1 Physical Meaning of Buckling

This section provides a detailed explanation on the buckling B2 which has been
introduced in Sect. 2.3 to define the neutron non-leakage probabilities in the six-factor
formula.
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If the energy dependence of the neutron fluxes and the reaction cross sections is
ignored (or the one-energy group approximation is adopted) and the diffusion theory
is adopted, the neutron flux in a homogeneous thermal critical reactor satisfies the
following equation:

−D∇2φ + �aφ = ν�fφ. (2.27)

This equation is rewritten as

∇2φ + B2φ = 0, (2.28)

where

B2 = ν�f − �a

D
. (2.29)

The parameter B2 defined in Eq. (2.29) is known as the buckling. Since this
buckling is defined from the parameters D, �a, and ν�f which are relevant to the
material comprising the nuclear reactor, this is also known as the material buckling.
Since the numerator inEq. (2.29) is a difference of the fission production cross section
from the neutron absorption cross section, the material buckling can be interpreted
as the material performance-relevant parameter on the fission chain reactions. When
ν�f = �a, the material buckling is zero and the neutron diffusion equation becomes
−D∇2φ = 0. This means that if a nuclear reactor using the fuel whose material
buckling is zero reaches a critical state, the neutron leakage from this reactor should
be zero (or the size of this reactor should be infinite).

In the following, a rectangular parallelpiped reactor with which our experiment
is carried out, is discussed.

Let the extrapolated length of each side a, b, and c in a parallelpiped reactor.
Equation (2.28) for this system is written as

∂2φ

∂x2
+ ∂2φ

∂y2
+ ∂2φ

∂z2
+ B2φ = 0. (2.30)

If uniform boundary conditions are assumed on each surface of this reactor, the
neutron flux φ can be represented as φ(x, y, z) = X (x)Y (y)Z(z) using three inde-
pendent components. By substituting this to Eq. (2.30), the following equation can
be derived:

1

X

d2X

dx2
+ 1

Y

d2Y

dy2
+ 1

Z

d2Z

dz2
+ B2 = 0. (2.31)

The first three terms in the left-hand side of Eq. (2.31) are dependent only on x,
y, and z, respectively, and the sum of them is constant, −B2. This suggests that each
of these three terms should be constant. Thus,
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1

X

d2X

dx2
= −α2,

1

Y

d2Y

dx2
= −β2,

1

Z

d2Z

dx2
= −γ 2, (2.32)

where α2 + β2 + γ 2 = B2.
Now we have three independent equations for X (x), Y (y), and Z(z), and these

are solved by adopting the surface boundary conditions that the neutron flux at
the extrapolated position is zero. In the case of X (x), the general solution to the
corresponding differential Eq. (2.32) can be obtained as cosαx and sin αx. If we set
the origin of the coordinate system at a reactor central position, the surface boundary
condition gives αa/2 = (2k + 1)π/2 for cosαx, and αa/2 = kπ for sin αx where
k is an arbitral natural number. Thus, the following equations are obtained for X (x):

Xl(x) =
{
Al cos lπx

a , l = 1, 3, 5, . . .
Al sin lπx

a , l = 2, 4, 6, . . .
, (2.33)

where Al is a constant. On the functions Y (y) and Z(z), the same procedure leads

Ym(x) =
{
A′
m cos mπx

b ,m = 1, 3, 5, . . .
A′
m sin mπx

b ,m = 2, 4, 6, . . .
, (2.34)

Zn(x) =
{
A

′′
n cos

nπx
c , n = 1, 3, 5, . . .

A
′′
n sin

nπx
c , n = 2, 4, 6, . . .

. (2.35)

Now we know that

α =
(
lπ

a

)

, β =
(mπ

b

)
, γ =

(nπ

c

)
, (2.36)

and the corresponding B2 is obtained as

B2
lmn =

(
lπ

a

)2

+
(mπ

b

)2 +
(nπ

c

)2
. (2.37)

The fundamental mode is defined as the smallest one ofB2 in Eq. (2.37) where l =
m = n = 1, and other ones are known as the higher-order modes. The fundamental
mode solution is written as

φ111(x, y, z) ∝ cos
πx

a
cos

πy

b
cos

πz

c
. (2.38)

To better understand a difference between the fundamental and higher-ordermode
components, let us consider a supercritical reactor without an external neutron source
and this reactor is made in a critical state by the control rod manipulation. Before
this operation, the neutron flux level should increase with time with a specific spatial
distribution. If the control rod is inserted to this supercritical reactor, a neutron flux
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spatial distribution should initially include the fundamental mode and several higher-
order modes, but the higher-order modes decrease with time, and finally the neutron
flux spatial distribution should be converged to that of the fundamental mode.1

Now we are discussing the neutron flux spatial distribution in a critical state: the
fundamental mode. Thus, the buckling B2 should satisfy the specific relation with
the reactor size-relevant parameters a, b, and c as follows:

B2 =
(π

a

)2 +
(π

b

)2 +
(π

c

)2
. (2.39)

The buckling defined from the reactor size-relevant parameters is known as the
geometric buckling. As Eq. (2.39) clearly shows, the geometric buckling of a paral-
lelpiped reactor should decrease with the increase in the reactor size. This is general
in other reactors having different geometric specification. Since neutron leakage
should be decreased when the reactor size increases, the geometric buckling should
decrease when the neutron leakage from a reactor becomes small.

In the above discussion, the material-relevant parameters such as D, �a, and
ν�f are assumed known for a critical reactor. Thus the material buckling can be
obtained from these parameters with Eq. (2.29), and the size of this critical reactor
should satisfy Eq. (2.39). Oppositely, if a critical reactor with a certain size is given
in advance, the geometric buckling of this reactor can be obtained according to
Eq. (2.39). If this reactor is critical, the material buckling of this fuel should satisfy
Eq. (2.29).

As described above, we have known that the material buckling corresponds to a
parameter to quantify the fuel material performance about the fission chain reaction
and can take both positive andnegative values.Alsowehaveknown that the geometric
buckling corresponds to a parameter to quantify the degree of the neutron leakage
from a reactor and can take only non-negative values. If a reactor is in a critical state,
the material buckling of the loaded fuel and the geometric buckling of this reactor
should be identical to each other. If the geometric buckling is larger than the material
buckling, it means that the neutron leakage is superior to the fuel performance, and
thus the reactor should be in a subcritical state, and vice versa. The geometric buckling
is non-negative, so nuclear reactors loading the fuel material with negative material
buckling can never reach a critical state.

1 Rigorously speaking, the higher-order modes described here are different from those defined in
this section. More precisely, the higher-order modes defined in this section are not for a critical
reactor, but for a reactor in a certain-level supercritical state.
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2.5.2 Derivation of Neutron Non-leakage Probability
in Six-Factor Formula

In this section, Eqs. (2.12) and (2.13) for the neutron non-leakage probabilities in
the six-factor formula, PF and PT, are derived.

Let us consider the thermal neutron leakage firstly. When the thermal neutron flux
φT satisfies an equation similar to the one-group diffusion equation, the total amount
of the thermal neutron leakage from a system is represented as−D

∫
V ∇2φTdV . This

can be rewritten with the geometric buckling as

−D
∫

V

∇2φTdV = DB2
∫

V

φTdV . (2.40)

The total number of the thermal neutrons lost from a system by the absorptions is
equal to �a

∫
V φTdV . Since the thermal neutrons in a nuclear reactor should be lost

through the leakage or absorption, the thermal neutron non-leakage probability PT

should be represented as

PT = 1 − DB2
∫
V φTdV

�a
∫
V φTdV + DB

∫
V φTdV

= �a
∫
V φTdV

�a
∫
V φTdV + DB

∫
V φTdV

. (2.41)

The integral terms in the numerator and the denominator are dropped and the
thermal neutron diffusion area L2T = D/�a are introduced, and then

PT = �a

�a + DB2
= 1

1 + L2TB
2
. (2.42)

Next let us consider the leakage of neutrons during the slowing-down process
from the fission energy to the thermal energy. The total number of fast neutrons
generated in a nuclear reactor per unit time is represented as

ε

∫

V

ν�fφTdV = ε�a
�a,fuel

�a

ν�f

�a,fuel

∫

V

φTdV = ε�af η
∫

V

φTdV

= k∞
p

�a

∫

V

φTdV . (2.43)

Based on the Fermi age theory, the number of the thermalized neutrons per unit
second in an idealized system without any resonance absorption can be represented
with the neutron slowing-down density qT as

∫
V qTdV . By using a relation between

the slowing-down density and the thermal neutron flux [2],

qT (r) = k∞
p

�ae
−B2τTφT(r), (2.44)
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the number of the thermalized neutrons in a reactor per unit time is written as

k∞
p

�ae
−B2τT

∫

V

φTdV . (2.45)

The probability that fast neutrons are thermalized without any leakage from a
system PF should be defined as a ratio of the number of thermalized neutrons to the
number of the fast original neutrons generated by fission neutrons, and thus

PF =
k∞
p �ae−B2τT

∫
V φTdV

k∞
p �a

∫
V φTdV

= e−B2τT . (2.46)

2.6 Nuclear Reactor Kinetics

2.6.1 Reactivity

The reactivity is a parameter to quantify how far a nuclear reactor is from a critical
state, and is generally denoted to as ρ. The formal definition of the reactivity is

ρ = keff − 1

keff
. (2.47)

The reactivity ρ is dimensionless, but a unit of �k/k is practically used. Other
units of %�k/k for 10−2�k/k and pcm for 10−5�k/k are also used. A reactivity
normalized by the effective delayed neutron fraction βeff, which is explained later, is
also a reactivity with a unit of the dollar, and one cent is 1/100 of one dollar.

The reactivity corresponds to a state of a nuclear reactor. A difference between
two different reactor states is known as the reactivity worth, and its unit is �k/kkʹ.
Practically the terminology reactivity is used for both the reactivity and the reactivity
worth.

2.6.2 Prompt and Delayed Neutrons

Some of fission fragments and their daughter nuclei generated by fission reactions
can emit one neutron through the β decay. Neutrons generated through this mech-
anism are known as the delayed neutrons while neutrons generated simultaneously
by the fission reactions are known as the prompt neutrons. Nuclides which can
emit delayed neutrons through the β decay, such as 87Br, are known as the delayed
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Table 2.1 Delayed neutron data of 235U fission by thermal neutrons [3]

Precursor group Decay constant λi (sec−1) Relative abundance (ai = β i/β)

1 0.0124 ± 0.0003 0.033 ± 0.003

2 0.0305 ± 0.0010 0.219 ± 0.009

3 0.111 ± 0.004 0.196 ± 0.022

4 0.301 ± 0.011 0.395 ± 0.011

5 1.14 ± 0.15 0.115 ± 0.009

6 3.01 ± 0.29 0.042 ± 0.008

neutron precursors. Neutron emissions from the precursors occur according to their
decay half-lives. The number of the precursor nuclides is larger than 300, and these
precursors are categorized into several groups according to their half-lives when the
nuclear kinetics is discussed. The number of the precursor groups is generally six.
As an example, the six-group data of precursors generated by 235U fission reactions
with thermal neutrons are shown in Table 2.1, where the decay constants and the
relative abundances which are ratios of precursor group-wise precursor yields to the
total yield are provided.

An expected ratio of the number of delayed neutrons to that of total neutrons in
a fission reaction is known as the delayed neutron fraction, and is generally denoted
to as β. Energy of the delayed neutrons emitted from the precursors is generally
lower than that of the prompt neutrons, so the non-leakage probability of the delayed
neutrons during the slowing-down is relatively high. Thus, the possibility of the
delayed neutrons causing the next fission reaction is higher than that of the prompt
neutrons. By considering this effect, the effective delayed neutron fraction is intro-
duced and is denoted to as βeff. Values of βeff are dependent on the reactor core
configuration, fuel composition, neutron energy spectra, etc.

2.6.3 Prompt Neutron Lifetime and Neutron Generation
Time

Prompt neutrons generated by fission reactions are absorbed by nucleus in reactor
materials or leak from a reactor, and terminate their lives. Averaged time duration
from the prompt neutron generation to its end of life is known as the prompt neutron
lifetime and is denoted to as l. Values of the prompt neutron lifetime in several
different types of nuclear reactors are presented inTable 2.2. Those in thermal neutron
reactors range from 5 × 10–5 to 10–3 s, and those are dependent on the moderator
materials. The prompt neutron lifetime of fast reactors is shorter by orders of two to
five than those of thermal reactors.

In addition to the prompt neutron lifetime, the neutron generation time � is also
used. This parameter can be interpreted as an average time duration required for the
generation of one neutron and l = � × keff. When l and � are identical with each
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Table 2.2 Prompt neutron lifetime of various reactor types

Reactor type Moderator Reactor name Prompt neutron lifetime
(second)

Thermal reactors Graphite Calder hall 10–3

Heavy-water (CANDU) Douglas point-1
(Canada)

6.5 × 10–4

Heavy-water JRR-2 (JAEA) 2.1 × 10–4

Light-water KUR 6.7 × 10–5

Light-water KUCA C45G0 5.5 × 10–5

Fast reactors Enrico Fermi 1.4 × 10–7

EBR-2 8 × 10–8

YAYOI 2.9 × 10–8

other, one neutron is newly generated during the same time duration for which one
neutron ends its life, and this should correspond to keff = 1.0.

2.6.4 Derivation of Point Kinetics Equation

Let us consider a kinetics behavior of an infinite-sized nuclear reactor with the six-
delayed neutron precursor group model.

Let the number of the ith-group precursors per unit volume, that is the precursor
density, Ci(t) and its decay constant λi. Thus, the number of the precursors which
decay per unit time and per unit volume is represented as λiCi(t). The number of the
generated ith-group precursors can be represented as βeff,iν�fφ(t), so the following
balance equation on Ci(t) can be derived for each precursor group:

dCi(t)

dt
= −λiCi(t) + βeff,iν�fφ(t), (i = 1, 2, . . . , 6). (2.48)

The neutron balance equation with considering the delayed neutrons can be
represented as follows since an infinite-sized reactor is now concerned:

dn(t)

dt
= −�aφ(t) + (1 − βeff)ν�fφ(t) +

6∑

i=1

λiCi(t), (2.49)

where n(t) is a neutron density per unit volume. The left-hand side of Eq. (2.49)
is a temporal change in the neutron density; the first term of the right-hand side is
the number of neutrons disappearing by absorption; the second term is the number
of generated prompt neutrons; the third term is the number of generated delayed
neutrons by the decay of the precursors.
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By using the relation between n(t) and the scalar neutron flux φ(t), φ(t) = vn(t)
where v is the neutron speed, Eq. (2.49) is transformed to

dn(t)

dt
= v{−�a + (1 − βeff)ν�f}n(t) +

6∑

i=1

λiCi(t)

= v�a

{

(1 − βeff)
ν�f

�a
− 1

}

n(t) +
6∑

i=1

λiCi(t). (2.50)

By using the prompt neutron lifetime �, the neutron multiplication factor k, and
the reactivity ρ, which are defined as

l = 1

v�a
, (2.51)

k = ν�f

�a
, (2.52)

ρ = k − 1

k
, (2.53)

Equation (2.50) is further transformed into

dn(t)

dt
= (1 − βeff)k − 1

l
n(t) +

6∑

i=1

λiCi(t) = k
ρ − βeff

l
n(t) +

6∑

i=1

λiCi(t).

(2.54)

Similarly, Eq. (2.48) on the delayed neutron precursors becomes

dCi(t)

dt
= −λiCi(t) + βeff,iv�a

ν�f

�a
n(t) = −λiCi(t) + βeff,i

k

l
n(t). (2.55)

The simultaneous equations on n(t) andCi(t), Eqs. (2.54) and (2.55), are known as
the point kinetics equation. In the above discussions, an infinite-sized reactor has been
concerned. If afinite-sized reactor is concerned, the similar equation canbederivedby
assuming that the neutron flux spatial distribution is unchanged during the transient
and the magnitude (or level) of the neutron flux changes with time: the spatially-
and time-dependent neutron flux �(r, t) can be represented as �(r, t) = φ(t)f (r)
where φ(t) and f (r) are the time-dependent and spatially-dependent components of
the neutron flux, respectively.

By replacing the prompt neutron lifetime l by the neutron generation time�, Eqs.
(2.54) and (2.55) are transformed into the following equations, respectively, which
are also generally used as the point kinetics equation:
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dn

dt
= ρ − βeff

�
n +

6∑

i

λiCi, (2.56)

dCi

dt
= βi,eff

�
n − λiCi. (2.57)

Let us discuss each term of the point kinetics equation above. Equation (2.56)
is to present the change in the neutron density in a nuclear reactor; the term in the
left-hand side is for a change rate in the neutron density; the first term in the right-
hand side is for a change due to the loss by the absorption/leakage and the generation
of the prompt neutrons; the second term in the right-hand side is for a change due to
the delayed neutron generation by the precursor decay. Equation (2.57) is to present
the change in the precursor densities; the term in the left-hand side is a change rate
of the ith group precursor density; the first term in the right-hand side is for a change
due to generation by the fission reaction) the second term in the right-hand side is
for a change due to the loss by the precursor decay.

At the beginning of the present chapter, we have never considered the delayed
neutrons. This is because we discussed the behavior of the number of neutrons
in a stationary state in which no change is expected in the number of neutrons,
and the neutron generation rate and the loss rate balance with each other. On the
other hand, when we need to discuss the neutron kinetics problem in which the
number of neutrons changes with time, consideration of the delayed neutrons and
their precursors is mandatory.

By using Eq. (2.54), the importance of the delayed neutrons in reactor kinetics
problems can be easily demonstrated. If we assume that all neutrons generated by
fission reactions are prompt neutrons, the following equation can be derived since
βeff = 0 in Eq. (2.54):

dn(t)

dt
= k − 1

l
n(t). (2.58)

This equation can be easily solved with the initial condition of n(0) = n0 as

n(t) = n0 exp

(
k − 1

l
t

)

. (2.59)

Here, let us consider a case where the neutron multiplication factor k changes by
only+ 0.01% from a critical state (k = 1). This is almost equivalent to a perturbation
where a control rod is slightly moved. By assuming l ≈ 5 × 10–5 (s) as KUCA, we
can obtain

k − 1

l
t = 1.0001 − 1

5 × 10−5
t = 2t, (2.60)
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and n(t) = n0 exp(2t). This means that the neutron flux increases over 7 times
during only one second, and it is easily known that such reactors cannot be controlled
by humankinds. Actually, 0.7% of fission neutrons are delayed neutrons which are
generated with the time delay from fission reactions, so the control of the system
becomes possible if k is increased by about 0.01%.

In the case of 0 < ρ < βeff, the first term of the right-hand side in Eq. (2.56) is
negative, so the change in n(t) should be negative by the contribution of this term.
However, the second term is positive and this positively contributes to the change
in n(t). The contribution of the second term is mild, so change in n(t) is also mild
when n(t) increases with time. On the other hand, in the case of ρ > βeff, the change
in n(t) is quite rapid since the contribution of the first term relevant to the prompt
neutrons is dominant. The situation of ρ = βeff is called a prompt critical, and that
of ρ > βeff is called a prompt supercritical. The latter should be avoided in nuclear
reactor operations. Sometimes, the situation of ρ > βeff is also called a prompt
supercritical.

Generally, the situation of ρ = 0 is called a critical state, but it is also called as a
delayed critical to distinguish it from the prompt critical.

In the criticality accident occurring at the JCO Tokai branch in September, 1999,
through pouring uranyl-nitrate (UO2 (NO3)2) solution to a tank, the reactivity of this
neutron multiplicative system reached approximately 3 dollars (ρ = 3βeff), and the
rapid fission chain reaction was initiated. A word “criticality” in the terminology, the
criticality accident, is rigorously a prompt critical state. Generally, the terminology
“criticality accident” is used when reactivity of systems reaches larger values than
the delayed critical (ρ ≥ 0) in facilities in which a subcritical state (ρ < 0) should
be maintained at non-reactor facilities such as nuclear fuel fabrication facilities.

2.6.5 Solution to Point Kinetics Equation

When the reactivity ρ, the effective delayed neutron fractions βeff,i and the prompt
neutron lifetime l are constant with time, n(t) can be represented as

n(t) =
7∑

j=1

Aje
ωj t . (2.61)

By substituting Eq. (2.61) into the kinetics Eqs. (2.56) and (2.57), the following
equation which ωj should satisfy can be derived:

ρ = ωl

1 + ωl
+ ω

1 + ωl

6∑

i=1

βeff,i

ω + λi
. (2.62)
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Fig. 2.7 Relation between ρ and ω in the reactivity equation

This is known as the reactivity equation. Parametersωj in Eq. (2.61) correspond to
roots of the reactivity equation at the given reactivity ρ. Figure 2.7 shows an example
of the relation between ρ and ω in Eq. (2.62). The x-axis of this figure is log-scale
like: in the range of ω < 0, the parameter in the x-axis corresponds to −log(|ω|).

The parametersωj, the roots of Eq. (2.62) in the given reactivity ρ̂, are presented as
crossing points between the curves in this figure and a horizontal line of ρ = ρ̂. If the
roots are written as ω1, ω2, … with the descending order, the following observations
can be drawn from this figure:

• When a reactivity is larger than zero,ω1 is positive, and the otherωj s are negative.
• When a reactivity is zero (or a critical state is assumed),ω1 is zero and the otherωj

s are negative. The ω1 component in n(t) becomes e0t = 1, and thus n(t) should
contain a constant component.

• When a negative reactivity is inserted, all ωj s are negative.
• When a positive reactivity which is smaller than βeff is inserted, the absolute value

of ω7 becomes extremely large. On the other hand, when a positive reactivity over
βeff is inserted, the absolute value of ω7 becomes small, but that of ω1 becomes
extremely large.

Figure 2.8 is based on the same data as those for Fig. 2.7, but the ranges are
different; the reactivity is from 0 to 1 dollar and ω > 0. When the reactivity is 0.8
dollar, ω1 becomes around 1.0. In this case, the ω1 component in n(t) increases by e
times (2.7 times) during one second, and thus after 10 s, n(t) becomes 22,000 times.
This suggests that even though a positive reactivity less than 1 dollar is inserted to a
system, the number of neutrons (i.e., the reactor power) should significantly increase
during short time duration.

When the contribution of the delayed neutrons is ignored in the kinetics equation
for n(t) in Eq. (2.54), the following equation can be derived:

dn(t)

dt
= (1 − βeff)k − 1

l
n(t). (2.63)
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Fig. 2.8 Relation between ρ

and ω in the reactivity
equation with short range

The general solution to this equation is easily obtained as

n(t) = Cexp

(
(1 − βeff)k − 1

l
t

)

= Cexp(ŵt), (2.64)

where C is an unknown constant.
The parameter ŵ in this equation is a good approximation to the absolutely-largest

root of the reactivity equation. Figure 2.9 is the same as Fig. 2.7 with different ranges
of the reactivity and roots of the reactivity equation, and the curves of “Approx.” are
obtained from Eq. (2.64). It is well demonstrated that the parameter ŵ is a good
approximation to ω7 in ρ < βeff and that to ω1 in ρ > βeff.

The solution to Eqs. (2.56) and (2.57) is given as follows if a reactivity of ρ is
inserted to a reactor in a critical state with the number of neutrons of n0:

n(t) = n0

7∑

j=1

ρeωj t

{
ρ − ω2

j

∑6
i=1

βi,eff

(λi+ωj)2

} . (2.65)

Fig. 2.9 Relation between ρ and ω/ŵ in the reactivity equation
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Chapter 3
Approach-to-Criticality Experiment

Abstract In nuclear reactors, sustainable fission chain reactions by neutrons are
realized without any neutron supply from external sources. In other words, nuclear
reactors are systems to generate energy and to utilize radiation rays such as neutrons
throughproperly controlling sustainable fission chain reactions.Based on this consid-
eration, the first step to study nuclear reactors would be to know or understand which
conditions in geometry, composition, size, etc. are required to make reactors in a
critical state, how reactors can reach a critical state, and how reactors behave during
approaching to a critical state. For these objectives, the approach-to-criticality exper-
iment, in which a subcritical reactor is made approaching to a critical state, is carried
out. This experiment is fundamental and mandatory, and it is generally carried out
prior to other nuclear reactor experiments. In the approach-to-criticality experiment at
KUCA, fuel plates made of nuclear materials such as uranium are loaded in a reactor
core. Neutron flux level in the core is measured at several different subcritical states,
number of fuel plates to be added at the next state is determined according to the
measurement results obtained at the present state, and finally the reactor reaches
a critical state. This experiment is also carried out as preparation for the subse-
quent experiments such as the control rod calibration experiment. The critical state
in which the effective neutron multiplication factor keff of the core is unity can be
clearly defined in theory or numerical simulation. On the other hand, in actual reac-
tors, it is quite difficult to distinguish the critical state from the slightly subcritical or
supercritical state when the reactor power is low. If the reactor power is increased, a
deviation from the critical state can be clearly observed in the detector signal on the
reactor power. One of the purposes of this experiment is to deepen the understanding
of the critical state through the actual use of nuclear reactors.

Keywords Neutron multiplication · Inverse multiplication · Inverse count rate ·
Excess reactivity
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3.1 Principle

3.1.1 Neutron Multiplication in Subcritical Reactor Core

When a nuclear reactor is in a subcritical state without any external neutron sources,
the number of neutrons in the core decreases with time and finally becomes zero since
fission chain reaction is not sustainable. If neutrons are continuously supplied from
external sources, however, this subcritical reactor keeps constant power with time.
Here let us consider the multiplication of neutrons supplied from external sources
when a reactor is in a subcritical state. For simplicity, the concept of generation for
a neutron group is introduced to represent time sequence; the generation is defined
here as averaged time duration for which neutrons existing in a reactor are replaced
by other neutrons newly generated by fission reactions.

Let us assume that the number of neutrons supplied from external sources per
one generation is S. These S source neutrons introduced at the first generation are
multiplied by fission reactions, and the number of neutrons at the next generation
becomes Skeff. These Skeff neutrons are further multiplied and become Sk2eff neutrons
at the subsequent generation.After thengenerations, the number of neutrons becomes
Skneff.

Let us consider the total number of neutrons in a subcritical reactor core with
external neutron sources at a certain generation when long time passes after the
external neutron sources are introduced. Since S neutrons are supplied to the reactor
core from the external neutron sources per one generation, there are neutrons orig-
inating from the external sources introduced at the current generation, those of one
generation before, those of two generations before, etc., as shown in Fig. 3.1. The
total number of neutrons at the present generation can be calculated as a sum of them
and is represented as

S + Skeff + Sk2eff + Sk3eff + · · · = S

1 − keff
. (3.1)

In other words, S neutrons from the external source are multiplied to S
1−keff

by a system whose neutron multiplication factor is keff (< 1). The rate of this
multiplication,

M = 1

1 − keff
, (3.2)

is an important parameter in the approach-to-critical experiment. Based on the above
description, it becomes possible to know the neutron multiplication factor keff of the
system by measuring how much the source neutron is multiplied, or measuring M ,
after introducing the external source into a subcritical reactor.

In the above, the equation on the neutron multiplication has been qualitatively
derived. Rigorously speaking, the neutron multiplication should be discussed based
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Fig. 3.1 The total number
of neutrons at a certain
generation

on the theory for bare thermal neutron reactors, but finally the same equation M =
1/(1 − keff) is obtained.

3.1.2 Relation Between Inverse Multiplication and Amount
of Loaded Fuel

In the approach-to-criticality experiment, external neutron source is introduced to a
subcritical system in which keff is sufficiently smaller than unity at first. Then keff is
gradually approached to unity observing the change in M defined in Eq. (3.2), and
finally a state in which keff = 1 (or M → ∞) is realized. While there are various
ways to make keff close to unity (or make a subcritical reactor close to a critical state)
and these are dependent on a reactor type, a procedure to increase the amount of
nuclear fuels loaded to a reactor core is adopted in this experiment.1

The definition ofM tells us that it is not easy to handleM itself since this quantity
becomes infinity in a critical state, and thus the inverse ofM is treated instead in the
approach-to-criticality experiment. It is known as the inverse multiplication and is
defined as

1

M
= 1 − keff. (3.3)

Based on this definition, the inverse multiplication becomes unity when there is
no neutronmultiplication in a system (keff = 0) and zero when a system is in a critical
state (keff = 1).

Generally, keff increases with the increase of the amount of the loaded nuclear
fuels; if the inverse multiplication 1/M is plotted against the amount of loaded

1 IN commercial power reactors, the amount of the loaded nuclear fuels is determined through its
design, so the approach to criticality is attained by adjusting the boron concentration in coolant or
changing control rod insertion positions after the predetermined amount of nuclear fuels are loaded.
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Fig. 3.2 Inverse multiplication against the amount of loaded nuclear fuels

nuclear fuels, it should give a curve which crosses the y-axis at y = 1 and crosses the
x-axis at the amount of the loaded fuels with which a critical state can be achieved as
shown in Fig. 3.2. As a conclusion, estimation of the amount of loaded fuels required
to achieve the critical state is possible with the following procedure:

• keff is increased by increasing the amount of the loaded nuclear fuels,
• 1/M is measured,
• A curve for 1/M is plotted with the amount of the loaded fuels as the x-axis and

1/M as the y-axis, and,
• An x value where the 1/M curve crosses the x-axis is estimated by the

extrapolation.

3.1.3 Measurement of Inverse Multiplication Ratio

Whenwe rigorously follow the procedure described in the preceding section to obtain
the amount of the loaded nuclear fuels required to achieve the critical state based on
the quantity 1/M , we have to start the experiment with a state in which no nuclear
fuels are loaded in the core (i.e., keff = 0).

On the other hand, in the experiment at KUCA, certain amount of nuclear fuels
are loaded at the initial state. This initial core is called the reference core. In this case,
the procedure mentioned above cannot be used as is. In the following, we discuss
another quantity rather than the inverse multiplication.

Let the effective neutron multiplication factors at the reference core and at the
other core with the loaded state i, keff,0 and keff,i, respectively. Under the respective
states, neutron fluxes φ0 and φi are roughly represented as consequences of the
multiplication of the source neutrons S as
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φ0 ∝ S

1 − keff,0
, (3.4)

φi ∝ S

1 − keff,i
. (3.5)

When the amount of the loaded nuclear fuels is increased from the reference core
0 to the core with the state i, the ratio of neutron flux through this change φi/φo is
represented as

φi

φ0
=

S
1−keff,i

S
1−keff,0

= 1 − keff,0
1 − keff,i

. (3.6)

The reference core 0 is common for the arbitrary fuel-loaded state i, so 1 − keff,0
is constant, and thus the above equation is written as

φi

φ0
∝ 1

1 − keff,i
, (3.7)

and its inverse is written as

φ0

φi
∝ 1 − keff,i. (3.8)

These equations take the same form of M or 1/M ; If the neutron flux levels are
measured at the initial state and the fuel loaded state i, and the ratio of them φ0/φi can
be obtained, the same procedure for the inverse multiplication 1/M can be adopted
without any modifications.

In the actual experiments, neutron flux levels are measured by neutron detectors
such as fission chambers, BF3 detectors, 3He detectors, etc. These neutron detectors
measure the neutron flux level as reaction rates between neutrons and specific mate-
rials, and the count rates are obtained depending on the efficiency inherent to each
detector. In the approach-to-criticality experiment at KUCA, count rates measured
by the neutron detector A0 and Ai are assumed proportional to the neutron flux level
as

A0

Ai
∝ φ0

φi
∝ 1 − keff,i. (3.9)

The inverse of the ratio of the neutron count rates A0/Ai is known as the inverse
count rate.

As a conclusion, the approach-to-criticality experiment is carried out with the
following procedure to achieve the critical state:

• To prepare a reactor core with a loaded state i, nuclear fuel plates are added to a
reactor core with a preceding state and keff is increased.
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Fig. 3.3 Inverse count rate curve

• Count rates of the neutron detectors Ai are obtained through the measurement.
• As shown in Fig. 3.3, the curve of the inverse count rate is plotted on the figure

with the number of loaded fuel plates as the x-axis and the inverse count rates as
the y-axis.

• Through obtaining the cross point of the inverse count rate curve and the x-axis
by the extrapolation, the number of fuel plates required to achieve the criticality
is estimated and determined.

3.2 Experimental Methods

3.2.1 Measurement Procedure

General cautions during the experiments are described in the following:

• The loading of nuclear fuel plates into fuel frames is carried out in the fuel room.
This operation should be done carefully by considering the cautions to handle
with the nuclear fuel and radioactive materials.

• In the operation to change the reactor power such as insertion and withdrawal of
an external source, insertion and withdrawal of control and safety rods, flooding
and draining of the water in the reactor core tank, etc., it is important to take care
of the changes in the indications of neutron detection systems and to well grasp
the current core state.

• It is strongly recommended to confirm the relation in the spatial positions among
the neutron detectors used in the measurement, the reactor core, and the external
neutron source from documents provided by instructers and the core monitoring
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system in the control room. The fuel reloading operationwould be also a beneficial
occasion for this.

In the following description, nuclear fuel loading states in a core are represented
by the index i. The reference core is denoted as i = 0, and this index is increased as
i = 1, 2, · · · with the increase of the amount of the loaded fuels.

(1) Preparation of the reference core

To construct the reference core, the proper amount of nuclear fuels is loaded in a
core, and the neutron detectors are also properly located. This preparation is generally
carried out prior to the experiment, so when the experiment begins, the amount of
the nuclear fuels loaded in the core and the positions of the neutron detectors and the
external source should be checked in advance.

(2) Reactor start-up

The external neutron source is inserted into the core, the three safety rods (S4 to S6)
are withdrawn, and the reactor core tank is flooded with the water whose level is
1450 mm.

(3) Change of the control rod insertion pattern and neutron count measurement

In this experiment, neutron count rates or detector power level are measured at three
different control rod insertion patterns as shown in Table 3.1 at every fuel loading
state. The control rod insertion pattern is represented by the index j.

At each fuel loading state,measurement data of the neutron count rate are obtained
by each of the neutron detectors, and the measured count rates at the fuel loading
state i with the control rod insertion pattern j are represented as Aij. The following
should be noted:

• Neutron count measurement is carried out using the timer and scaler when the
fission chamber and the auxiliary detection systems are employed. The measure-
ment time is determined according to the count rates, and from the viewpoint
of the statistical uncertainties, it is recommended to set the timer to obtain the
neutron counts larger than 1000. When the reactor core is approaching a critical
state, the neutron count rates become large, and thus themeasurement time should
be changed to save the overall time for the experiment.

Table 3.1 Three patterns of control rod positions in the approach-to-criticality experiment

Pattern index Control rod

C1 C2 C3

j = 1 Full insertion (0 mm) Full insertion (0 mm) Full insertion (0 mm)

j = 2 Two: full withdrawal (650 mm), one: full insertion (0 mm)*

j = 3 Full withdrawal (650
mm)

Full withdrawal (650
mm)

Full withdrawal (650
mm)

*Which control rods are fully inserted/withdrawn are dependent on the reactor core in the experiment
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• The measurement error in the count rate at the reference core i = 0, A0j, affects
the values of the inverse multiplication at all states since A0j is used to calculate
the inverse multiplication.

Detailed procedures of the control rod insertion pattern modification and the
neutron count measurement are described in the following:

• j = 1: When a nuclear reactor is started up and the core tank is filled with water,
all three control rods are fully inserted. This reactor state is denoted to as j = 1.
After confirming the reactor power becomes stable, neutron count measurement
is started.

• j = 2: Preassigned two control rods are withdrawn, and the state of j = 2 in
which two control rods are fully withdrawn and the remaining control rod is fully
inserted, is attained. Observe the change in the reactor power carefully during the
control rod withdrawal. As well as the case at j = 1, neutron count measurement
is carried out after confirming that the reactor power becomes stable.

• j = 3:One fully-inserted control rod iswithdrawn and the state of j = 3 is attained.
Observe the change in the reactor power during the control rod withdrawal. If the
reactor is still in a subcritical state, neutron count measurement is started after
confirming that the reactor power is stable. At the final step in the approach-to-
criticality experiment, generally, a reactor becomes critical during the withdrawal
of the remaining control rod before attaining the state of j = 3. How to confirm
that the reactor becomes critical and how to obtain the measurement data will be
explained in the procedure (8).

(4) Preparation of the inverse count rate curve

After the neutron count measurement, the inverse count rate curve with the number
of the loaded fuel plates as the x-axis and the inverse count rate A0j/Aij as the y-axis
is prepared for each neutron detector and each control rod insertion pattern j = 1
to 3. Three different curves dependent on the control rod insertion pattern should be
obtained.

(5) Temporal stop of the reactor operation

When the neutron count measurement is terminated and it is confirmed that the
obtained measurement data are reasonable, the reactor core operation is temporarily
terminated by the withdrawal of the external source, insertion of three control rods,
and drain of the water in the reactor tank. Positions of the three safety rods are kept
at the top position. After this procedure, discharging and reloading of the nuclear
fuels become possible.

Also, during the water drain, it is possible to observe the change in the reactor
power by the linear powermonitor and to obtain themeasurement data for the exercise
raised in the Sect. 3.3.2. Water drain operation can be done by manipulating the
flooding/draining operation lever. The initial water level is 1450 mm. Spatial relation
between the water level and the fuel frame can be found in Fig. 1.8 in Chap. 1.

This measurement is carried out with the following way:
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• On the log data of the linear power monitor, water levels with a 10 mm difference
from the initial value of 1450 mm is marked such as 1450, 1440 mm, …

• When the water level reaches 1250 mm, the measurement is finished.
• After the experiment, a copy of the log data will be distributed. Using this, prepare

a graph of the power level as the y-axis with the water level of the x-axis.

(6) Determination of the number of added fuel plates

To proceed the next experimental step, the number of added fuel plates should be
determined. In this experiment, the number of the loaded fuel plates at the first
several steps is predetermined. At the steps where the number of added fuel plates is
not predetermined, the number of the fuel plates required to attain the criticality is
estimated through the extrapolation of the two latest values of the inverse count rate;
a cross point of the extrapolated line and the x-axis should be the number of the fuel
plates for the criticality achievement. This should be done by each of experimental
groups using the measurement results obtained with their preassigned detectors.

After estimating the number of fuel plates for the criticality achievement, share
the information on the results with the trend in the inverse count rate curve with each
of the experimental groups. Then, have a discussion among all the participants to
determine the number of the added nuclear fuel plates. In this discussion, report their
own results with their interpretations based on the spatial relation among the reactor
core, the detectors, and the external source, and the direction along which the fuel
plates are added. The number of actually added fuel plates should be smaller than
half of the difference in the number of fuel plates between at the current state and at
the predicted critical state until the strong confidence on the estimation is derived.
At the final step of the approach-to-criticality experiment, after confirming that the
reactivity increase by the next fuel reloading can be controlled (or compensated) by
one control rod, which is withdrawn at the control rod patten change from step j =
2 to 3, the fuels are reloaded to make the reactor a slight supercritical state, and a
critical state is attained by adjusting the control rod position.

Various trends such as a convex-upward shape, a convex-downward shape, and
a straight line can be observed in the inverse count rate curve dependent on the
concerned detector. Due to this, the predicted number of the fuel plates for the
criticality can be extremely different from the true value as shown in Fig. 3.4 if the
reactor is far from a critical state. When determining the number of added fuel plates
by all participants, all the information provided by all the experimental groups should
be considered.

(7) Loading of nuclear fuels to a reactor core

Loaded fuel frames containing fuel plates are discharged from a core, the fuel plates
with the determined number are added to the fuel frame in the fuel room, and the
fuel frames are reloaded to the core.

The above procedure from (2) to (7) is repeatedly carried out.
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Fig. 3.4 Prediction of the number of fuel plates to attain the criticality through extrapolation in the
inverse count rate curve

(8) Confirmation of the critical state and recording of the reactor status data at the
critical state

The critical state is confirmed by observing that the reactor power is constant with
time (or sustainable fission chain reactions are realized) without any external sources.
In other words, the external source is excluded from a core, control rod insertion
positions are adjusted, and it is confirmed that the linear range power monitor gives
the constant value with time. It can also be confirmed by observing the linear increase
in the reactor power when the external neutron source remains in the core. After
confirming that the reactor core reaches a critical state, the following state parameters
should be recorded:

• The number of the loaded fuel plates,
• Positions of the control rods and the safety rods,
• Water level in the core tank,
• Power level indicated by the linear-scale and log-scale monitors,
• Level of the γ -ray, and
• Temperature of the core tank.

(9) Measurement of the excess reactivity

When a nuclear reactor reaches a critical state with one control rod being partly
inserted, it can be said that this reactor is a supercritical system having a positive
reactivity which is equal to the reactivity by this control rod insertion. This reactivity
over the critical state is known as the excess reactivity. To calculate a minimum
critical mass of the reactor, the excess reactivity of the reactor is measured.

In this experiment, the stable period method is used to measure the excess reac-
tivity. The stable period T is defined as a time duration during which the reactor
power increases by e times and is calculated as T = Td/ln2 where Td is the doubling
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time during which the value of the linear power monitor becomes doubled. In this
method, firstly the reactor power is increased by the control rod withdrawn from a
critical reactor. The reactor power increases exponentially, and the excess reactivity
is quantified from the increasing rate of the reactor power. This is the fundamental
principle of the stable period method. In actual measurement, after the control rod is
withdrawn, the doubling time ismeasured by stopwatches or others, and this doubling
time is converted to the stable period and finally the excess reactivity is derived. The
theory of the stable period method and how to calculate the excess reactivity will be
described in Chap. 4 in detail.

(10) Derivation of the minimum number of fuel plates to achieve criticality

Let the excess reactivity obtained above ρex (�k/k). In order to derive the minimum
number of the fuel plates to achieve criticality, the number of the fuel plates corre-
sponding to the obtained excess reactivity is calculated and this is subtracted from
the number of fuel plates loaded in a reactor core when the criticality is achieved.
To do this, the value of the reactivity equivalent with the one fuel plate, or the reac-
tivity worth of one fuel plate, should be calculated. The reactivity of one fuel plate
is denoted to as αplate (�k/k・(plate)−1) here. When αplate is known, the number of
the fuel plates corresponding to the excess reactivity ρex, Nex, is represented as

Nex = ρex

αplate
, (3.10)

and the minimum number of the fuel plates to attain the criticality can be obtained
by subtracting this from the number of the fuel plates loaded in a reactor reaching a
critical state.

To derive αplate, themeasurement data obtained through the control rod calibration
experiment are also required in addition to those through the approach-to-criticality
experiment. In the control rod calibration experiment, the core excess reactivity is
increased by adding fuel plates to the reactor core constructed in the approach-to-
criticality experiment due to the reason of the experiment. This will be mentioned
in Chap. 4. When the number of the loaded fuel plates and the excess reactivity in
the control rod calibration experiment are written as Nrod and ρex,rod, and those in the
approach-to-criticality experiment are Ncrit and ρex,crit, αplate can be obtained from
the following equation:

αplate = ρex,rod − ρex,crit

Nrod − Ncrit
. (3.11)

As described above, the determination of the minimum number of fuel plates
to achieve the criticality is possible after carrying out the control rod calibration
experiment.
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3.3 Discussions

The report of this experiment should be clearly written and should be easy to under-
stand for readers who have possibility to use the measurement data obtained through
the experiment. It is desirable that the readers can reproduce the measurement results
with the same procedure and they can understand which conclusions can be drawn
from the results. Based on this consideration, the following should be summarized
as measurement results:

• Locations of the fuel frames, the control rods, the safety rods, the neutron
detectors, and the external neutron source in the reference core.

• Fuel loading information in the reference core and the other cores.
• Prediction of the number of the fuel plates to achieve the criticality at each

measurement step.
• Explanations of how to determine the number of the added fuel plates.
• Table of data of the neutron count rates measured by the experimental group

participants are belonging to.
• Figure of the inverse count rates for each neutron detector.
• Figure presenting the relation between the water level of the core tank and the

neutron count rate of the detector.
• Operation log when a critical state is attained.
• Measurement results of the excess reactivity.
• Minimum number of fuel plates to attain the criticality. After the control rod

calibration experiment, the reactivity worth of one fuel plate αplate is derived, and
the minimum number of fuel plates to achieve the criticality is calculated.

3.3.1 Inverse Count Rate

It is expected that various curves of the inverse count rates dependent on the detector
positions are obtained. Discuss this dependence of the shape of the curves on the
detector positions by considering the relation in spatial positions among a reactor
core, detectors, external source, and the direction of the fuel plate addition. It is also
beneficial to compare the curves with those obtained numerically in the preliminary
exercises described in Sect. 3.4.2.

3.3.2 Light Water Reflector Thickness Equivalent
to the Infinite Thickness

Let us remember the change in the neutron count rate when decreasing the water
level of the reactor tank from the fully-flooded state through the measurement in
Sect. 3.2.1 (5). This change in the neutron count rate is caused by the change in
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the thickness of the top reflectors; reduction of the reflector thickness reduces the
capability of neutron reflection of the water around the top of the reactor core.

Some of neutrons leaked from the reactor core are returned by the reflector and
again contribute to thefission chain reaction.When the reflector thickness is increased
from zero, this effect is expected to be enhanced. Qualitatively, if the reflector thick-
ness becomes a certain value, the probability of leaked neutrons to reach the reflector
with this thickness becomes negligible, and the neutron reflection capability would
be saturated. The reflector having this thickness can be regarded as the infinite-
thickness reflector. If such phenomena are observed during this experiment, estimate
the reflector thickness which is equivalent to the infinite thickness. Furthermore,
discusswhether the qualitative explanations on this are possible or not by considering
the spatial shapes of neutron flux obtained by the preliminary exercises.

3.3.3 The Number of Fuel Plates to Achieve Criticality

From the difference in the number of the fuel plates to attain the criticality between
the predicted value in the preliminary exercises and the actual value obtained through
the experiment �N , calculate the difference in the unit of reactivity �ρ. It can be
obtained as

�ρ = �N × αplate, (3.12)

where αplate is the reactivity worth of one fuel plate.
The number of the fuel plates to achieve the criticality predicted from the curves

of the inverse count rate is different among the control rod insertion patterns j = 1, 2,
and 3. This difference in the prediction comes from the difference in the control rod
insertion pattern. For example, the prediction at j = 2 is for the reactor core in which
one control rod is fully inserted and the other two are fully withdrawn, and that at
j = 3 is for the core in which all these three control rods are fully withdrawn. This
difference in the prediction can be explained by the difference in keff dependent on
the control rod insertion pattern. Convert the difference in the predicted number of
the fuel plates to achieve the criticality between j = 1 or 2 and j = 3 to the reactivity
by using αplate. Furthermore, compare these reactivities with those obtained through
the actual measurement in the control rod calibration experiment considering the
detector positions.

3.4 Preliminary Exercises

It is desirable to perform the following preliminary exercises prior to the actual
experiment:
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• Simulation of the approach-to-criticality experiment with the simple model, and
• Calculation of the amount of nuclear fuels required to make the reactor critical

(criticality calculations).

In this preliminary exercises, the amount of the nuclear fuels to make the reactor
critical is estimated. This result will be utilized in a comparisonwith the actual values
obtained through the experiment. Nowadays, comparisons between measurement
results and simulation results obtained with the high-fidelity advanced computer
codes are reflected to the evaluation of the nuclear data such as reaction cross sections
in order to improve the accuracy and the reliability of the nuclear data. For accurate
prediction of the amount to achieve the criticality, reliable nuclear data and accurate
numericalmethods basedon theneutron transport theory aremandatory, but relatively
simple calculation methods based on the neutron diffusion theory are also practical
and sufficient to grasp the neutronics property of the reactor core.

In this preliminary exercises, the inverse count rate curve is obtained by simple
numerical simulation based on the six-factor formula explained in Sect. 2.3. Then,
calculations of the fuel amount to attain the criticality and the neutron flux spatial
distribution based on the two-group diffusion theory are carried out.

3.4.1 Reactor Core Model Used in Simulation

To predict the fuel amount to achieve the criticality, the reactor core is simplified
into a parallelpiped model shown in Fig. 3.5. It is assumed that the reactor core
is surrounded by the light water reflector with the sufficiently large thickness. The
coordinate of this model is set as

• Direction of the fuel plate additions as an x-axis,
• Direction corresponding to the column of the fuel frame as the y-axis, and

Fig. 3.5 Numerical
simulation model and its
coordinates
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• Axial direction of the fuel plates as the z-axis.

In the approach-to-criticality experiment, the sizes of the reactor core along the
y direction (fuel frame column) and the z direction are fixed, so the length of the
x-axis in a critical state (keff = 1) is concerned. The length of the y direction, y0, is
dependent on the reactor core constructed in the actual experiment, and is given as
y0 = 7.1 cm × [the number of fuel frame columns]. On the length of the z-direction,
z0 = 57 cm, which is an axial length of the fuel meat part, is used by neglecting the
aluminum sheath located at the top and bottom of the fuel plates and other structural
materials and by assuming that the fuel meat part directly neighbors the light water
reflectors.

3.4.2 Simple Simulation of the Approach-to-Criticality
Experiment Using the Six-Factor Formula

Simple simulation is carried out for the approach-to-criticality experiment based on
the six-factor formula derived in Sect. 2.3:

keff = k∞e−B2τT

1 + L2TB
2
. (3.13)

An example of the constants used for this simulation is shown in Table 3.2. These
datawere obtained by adjusting the four-group constants generatedwith the computer
codes UGMG and THERMOS in order to keep the consistency from the physical
point of view of the six-factor formula. The values are dependent on the fuel frame
types used in the experiment: C30, C35, or C45. The variables k∞ and L2T are given
as

k∞ = ηεpf , (3.14)

L2T = D


a
. (3.15)

Next let us discuss the bucklingB2 in the leakage term. Since the six-factor formula
is derived for bare nuclear reactors, it is necessary to introduce the proper value of the
extrapolation length (or the reflector saving) δ to consider the reflector effect when
reactors with neutron reflectors are concerned as shown in Fig. 3.6. More precisely,
a reactor with an enhanced size is considered by adding 2δ to the actual dimensions
to reduce the neutron leakage rate.

Based on the theory for homogeneous bare thermal reactors, neutron flux spatial
distribution of a parallelpiped reactor along the x, y, and z directions are represented
as
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Table 3.2 An example of the constants used in the six-factor formula in the case of highly-enriched
uranium fuels

Core fuel type C30 C35 C45

τT(cm2) 64.1 56.2 48.4

ηf 1.81 1.75 1.67

p 0.848 0.881 0.915

ε 1.121 1.092 1.064


a (thermal averaged absorption cross section) (cm−1) 0.0930 0.0850 0.0724

D (thermal diffusion coefficient) (cm) 0.271 0.237 0.203

δ (reflector saving) (cm) 9.4 8.2 7.8

Fig. 3.6 Core size with considering the extrapolation length

φ(x, y, z) = A cos
(π

a
x
)
cos

(π

b
y
)
cos

(π

c
z
)
, (3.16)

where a, b, and c are sizes of this reactor along each direction, and the buckling is
given as

B2 =
(π

a

)2 +
(π

b

)2 +
(π

c

)2
. (3.17)

In the reactors of the present experiment, the length of the y and z directions are
predefined and fixed, and only that of the x direction is unknown. Thus the buckling
is a function dependent only on the variable x and is represented as B2(x). When
the length of each direction in the reactor with the consideration of the extrapolation
length δ is used, the buckling is written as
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B2(x) =
(

π

x + 2δ

)2

+
(

π

y0 + 2δ

)2

+
(

π

z0 + 2δ

)2

. (3.18)

Thus, the effective multiplication factor is also represented as a function on the
variable x as

keff(x) = k∞e−B2(x)τT

1 + L2TB
2(x)

. (3.19)

Based on the above discussions, the approach-to-criticality experiment is simply
simulated; starting with the reference core, the reactor size is enlarged by addition of
the nuclear fuel to the reactor core, the curve of the inverse count rate is produced,
and the trend of this curve is discussed. In the following simulation, the length along
the x direction in the reference core is assumed x0 = 15 cm.

(1) Starting x = x0, increase the variable x gradually and calculate keff(x) with the
six-factor formula. Then calculate the inverse count rate as A0

A(x) = 1−keff(x)
1−keff(x0)

, and
plot it. Note that the numerical results are used in the following item (2) also.
The magnitude of the increase in x is determined by observing the shape of the
inverse count rate curve.

• Describe the shape of the inverse count rate curve.
• Derive the size of the x direction when the criticality is achieved. In addition,

discuss the difference in the prediction by the extrapolation when using the
data at the states close to the criticality and those far from it.

(2) Neutron count rates by detectors should include the component of neutrons
multiplied in the reactor core and that directly from the external neutron source.
Here the former at the core whose size of the x-direction is x is denoted as
Acore(x) and the following relation holds:

1 − keff(x)

1 − keff(x0)
= Acore(x0)

Acore(x)
. (3.20)

If the constant component of the direct contribution from the external source is
represented as As, the inverse count rate is given as

Acore(x0) + As

Acore(x) + As
= 1 + As/Acore(x0)

Acore(x)/Acore(x0) + As/Acore(x0)

= 1 + f

Acore(x)/Acore(x0) + f
, (3.21)

where f = As/Acore(x0). Plot the inverse count rate curves with three or four different
values of f : a case of f = 0 in which no contribution from the external sources exist
is mandatory and the maximum of f can be five to ten.
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Fig. 3.7 An example of the spatial positions of the external neutron source and neutron detectors

• Observe dependence of the inverse count rate curves on f .
• Discuss this dependence qualitatively.
• If we consider an experimental system as shown in Fig. 3.7, guess the shape of

the inverse count rate curves obtained using the measurement data at the detectors
1, 2, and 3.

3.4.3 Prediction of the Reactor Size to Achieve Criticality
with the Two-Group Diffusion Theory

Although the six-factor formula is practical to quantitatively evaluate the neutron
multiplication in a nuclear reactor, some physical phenomena such as the neutron
leakage from a reactor and neutron slowing-down cannot be rigorously taken into
account. In the present section, based on the neutron diffusion theory, we discuss
the different behaviors of fast and thermal neutrons by treating them separately by
dividing the energy range into two with the energy boundary of around 1 eV; fast
energy range above the boundary and the thermal range below the boundary. The
theoretical details are described in the following Sect. 3.5, separately.

(1) On the given experimental system, derive the size in a critical state using the
procedure described in Sect. 3.5. Constants in the two-group diffusion equation
are given in Table 3.3.

(2) After the size in a critical state is obtained, calculate the mass of 235U (critical
mass) in the core volume of V = x0y0z0 (cm3) using the homogenized atomic
number densities shown in Table 3.4. Next, by dividing the obtained critical
mass by the weight of 235U in one fuel plate (in the case of the HEU fuel)
8.89 g, obtain the number of fuel plates in the critical state.

(3) Referring Sect. 3.5, calculate and plot the fast and thermal neutron flux spatial
distributions and a ratio of them. When plotting the neutron flux spatial distri-
butions, proper normalization conditions such as φ1c(x = 0) = 1 should be
adopted.
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Table 3.3 Example of the constants for two-group diffusion calculations in the case of highly-
enriched uranium fuels [unit: (cm) or (cm−1)]

The 1st group (fast group) The 2nd group (thermal group) ε δ

D1 
1a 
1→2 D2 
2a ν
2f *

C30 1.58 0.00320 0.0178 0.271 0.0930 0.168 1.121 9.4

C35 1.54 0.00286 0.0212 0.237 0.0850 0.149 1.092 8.2

C45 1.50 0.00237 0.0254 0.203 0.0724 0.121 1.064 7.8

Water
reflector

1.41 0.0 0.0476 0.117 0.0191 0.0 – –

*ν = 2.44

Table 3.4 Atomic number density of 235U averaged over the reactor core region in the case of the
highly-enriched uranium fuel

Fuel type in the core C30 C35 C45

Atomic number density of 235U (atoms cm −3)* 1.867 × 1020 1.589 × 1020 1.231 × 1020

* Averaged over the fuel meat part of 57 cm in the fuel plate

3.5 Application of Two-Group Neutron Diffusion Theory

3.5.1 Two-Group Neutron Diffusion Equation

Let us consider a two-region reactor consisting of a homogeneous parallelpiped core
surrounded by neutron reflectors made of light water. In the following, variables for
the core and reflector regions are distinguished by the subscripts c and r, and those
for the fast and thermal groups also by the subscripts 1 and 2.

Firstly, the neutron balance equation for the fast group in the reactor core region is
derived from the neutron diffusion equation in a critical state. Fast neutron production
rates at a certain spatial position can be written as εν
2fcφ2c where ν is the averaged
number of fast neutrons generated by one fission reaction, 
2fc is thermal-group
fission cross sections, and ε is the fast neutron fission factor. On the other hand,
the loss rates of fast-group neutrons can be calculated as a sum of the leakage term
−D1c∇2φ1c, the fast neutron absorption term 
1acφ1c, and the scattering term from
the fast group to the thermal group 
1→2cφ1c. If the reactor is in a critical state, the
neutron generation rates and the loss rates are balanced and the following equation
is preserved:

D1c∇2φ1c − (
1ac + 
1→2c)φ1c + εν
2fcφ2c = 0. (3.22)

If non-critical states are also considered, the above equation can be generalized
by introducing the effective multiplication factor keff as follows:
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D1c∇2φ1c − (
1ac + 
1→2c)φ1c + εν
2fcφ2c

keff
= 0. (3.23)

On the thermal-group neutrons in the core region, neutrons scattered from the fast
group to the thermal group are balanced with the neutrons lost through the leakage
and absorptions, and the following equation is preserved:

D2c∇2φ2c − 
2acφ2c + 
1→2cφ1c = 0. (3.24)

The fast neutron balance equation in the reflector region can be written as follows
without the fission neutron generation term:

D1r∇2φ1r − (
1ar + 
1→2r)φ1r = 0. (3.25)

The thermal neutron balance equation in the reflector region can be written as
follows like the one for the core region:

D2r∇2φ2r − 
2arφ2r + 
1→2rφ1r = 0. (3.26)

The above Eqs. (3.22), (3.24), (3.25), and (3.26) are the two-group neutron diffu-
sion equations for this two-region problem. At this moment, the neutron flux is a
parameter dependent on three variables x, y, and z.

3.5.2 Analytical Solution to the Two-Region, Two-Group
Neutron Diffusion Equation

In this section, the analytical solution to the two-group neutron diffusion equations
is derived when the reactor is in a critical state, keff = 1.

Generally, numerical methods such as the finite difference method are employed
to solve the simultaneous differential equations, but as described below, the analyt-
ical solutions can be obtained by reducing the number of spatial variables to one with
the reasonable approximation. In the following, it is assumed that the center position
of the reactor core is located at the origin of the coordinate system. Since the homo-
geneous parallelpiped reactor core is concerned, neutron flux spatial distributions
should be symmetric to the xy, yz, and xz planes which cross the origin.

Firstly, we assume that the neutron flux spatial distribution φ(x, y, z) can be repre-
sentedwith the variable-independent form asφ(x, y, z) = φ(x)φ(y)φ(z), and neutron
flux distribution along the y and z directions can be represented by the cosine function
as

φ(x, y, z) = φ(x) cos
(π

b
y
)
cos

(π

c
z
)
, (3.27)
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where b and c are the length of the y and z directions, respectively. Here we are
concernedwith the reflected reactor core, so the size of the reactor should be corrected
by the extrapolation length δ and the corrected length are defined as follows:

b = y0 + 2δ, (3.28)

c = z0 + 2δ. (3.29)

In this case, the term ∇2φ is represented by

∇2φ =
[
d2φ(x)

dx2
− π2

{
1

(yo + 2δ)2
+ 1

(zo + 2δ)2

}
φ(x)

]

cos

(
π

y0 + 2δ
y

)
cos

(
π

z0 + 2δ
z

)
. (3.30)

If the buckling along the horizontal directions (y and z directions) is defined as

B2
⊥ = π2

{
1

(y0 + 2δ)2
+ 1

(z0 + 2δ)2

}
, (3.31)

Equation (3.30) is rewritten as

∇2φ =
(
d2φ(x)

dx2
− B2

⊥φ(x)

)
cos

(
π

y0 + 2δ
y

)
cos

(
π

z0 + 2δ
z

)
. (3.32)

After substituting Eq. (3.32) into the two-group diffusion equation and removing
the cosine terms of the neutron flux for the y and z directions, the following equations
dependent only on the variable x are derived:

D1c
d2φ1c(x)

dx2
− (


1ac + 
1→2c + D1cB
2
⊥
)
φ1c(x) + εν
2fcφ2c(x) = 0, (3.33)

D2c
d2φ2c(x)

dx2
− (


2ac + D2cB
2
⊥
)
φ2c(x) + 
1→2cφ1c(x) = 0, (3.34)

D1r
d2φ1r(x)

dx2
− (


1ar + 
1→2r + D1rB
2
⊥
)
φ1r(x) = 0, (3.35)

D2r
d2φ2r(x)

dx2
− (


2ar + D2rB
2
⊥
)
φ2r(x) + 
1→2rφ1r(x) = 0. (3.36)
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These equations are different from the original two-group diffusion Eqs. (3.22),
(3.24), (3.25), and (3.26) for the three-dimensional space in that these are for a one-
dimensional problem dependent only on x. Furthermore, the term DB2

⊥ is added to
the second term in the left-hand side. This term represents the neutron leakage along
the y and z directions, and is regarded as the fictitious absorption. By introducing the
buckling perpendicular to the concerned direction, the x direction at present, neutron
leakage along the directions which are not explicitly considered is treated as neutron
losses by the absorption.

In the following, the simultaneous Eqs. (3.33) to (3.36) are solved in the core
region and the reflector region, respectively.

3.5.2.1 Neutron Flux in the Reactor Core Region

In order to simplify the equations, the following parameters are newly defined:


1c = 
1ac + 
1→2c + D1cB
2
⊥, (3.37)


2c = 
2ac + D2cB
2
⊥. (3.38)

The cross sections 
1c and 
2c are removal cross sections from the first and
second groups by the absorption, the scattering to the lower group, and the leakage.

Here we assume that the neutron flux distributions along the x direction,
φ1c(x) and φ2c(x), satisfy the following equations, respectively:

d2φ1c(x)

dx2
+ B2

xφ1c(x) = 0, (3.39)

d2φ2c(x)

dx2
+ B2

xφ2c(x) = 0. (3.40)

Using them, Eqs. (3.33) and (3.34) can be rewritten, respectively, as

−D1cB
2
xφ1c(x) − 
1cφ1c(x) + εν
2fcφ2c(x) = 0, (3.41)

−D2cB
2
xφ2c(x) − 
2cφ2c(x) + 
1→2cφ1c(x) = 0. (3.42)

These Eqs. (3.41) and (3.42) can be represented in a matrix form as

(−D1cB2
x − 
1c εν
2fc


1→2c −D2cB2
x − 
2c

)(
φ1c(x)
φ2c(x)

)
=

(
0
0

)
. (3.43)
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This simultaneous equation has the non-trivial solution (neutron flux is non-zero)
if the determinant of the matrix in the left-hand side is zero:

(−D1cB
2
x − 
1c

)(−D2cB
2
x − 
2c

) − εν
2fc
1→2c = 0. (3.44)

This equation leads to the following second-order polynomial equation on B2
x as

D1cD2c(B
2
x)

2 + (D1c
2c + D2c
1c)B
2
x + (
1c
2c − εν
2fc
1→2c) = 0. (3.45)

If the solutions of B2
x are written as μ2 and −λ2, we can obtain the following

equations from the formula of the solutions to the second-order polynomial equation:

μ2 = 1

2D1cD2c
[−(D1c
2c + D2c
1c) ,

+
√

(D1c
2c + D2c
1c)2 − 4D1cD2c(
1c
2c − εν
2fc
1→2c)
]

(3.46)

−λ2 = 1

2D1cD2c
[−(D1c
2c + D2c
1c)

−
√

(D1c
2c + D2c
1c)2 − 4D1cD2c(
1c
2c − εν
2fc
1→2c)
]
. (3.47)

Thus the general solutions of φ1c(x) and φ2c(x) can be represented as the linear
combination of X (x) and Y (x) which satisfy the following differential equations:

d2X (x)

dx2
+ μ2X (x) = 0, (3.48)

d2Y (x)

dx2
− λ2Y (x) = 0. (3.49)

By adopting the symmetric condition of X (x) and Y (x) with respect to x = 0, the
following equations are derived:

X (x) = cos(μx), (3.50)

Y (x) = cosh(λx). (3.51)

Regarding X (x), substitutions of φ1c(x) = AX (x) and φ2c(x) = A′X (x) to
Eq. (3.42), the following equation can be derived. Note that B2

x in Eq. (3.42) is
replaced by μ2:

S1 ≡ A′

A
= 
1→2c

D2cμ2 + 
2c
. (3.52)
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Similary, substitutions of φ1c(x) = CY (x) and φ2c(x) = C ′Y (x) to Eq. (3.42), the
following equation can be derived. In this case, B2

x is replaced by −λ2:

S2 ≡ C ′

C
= 
1→2c

−D2cλ2 + 
2c
. (3.53)

Based on the above discussions, the following equations can be obtained:

φ1c(x) = A cos(μx) + C cosh(λx), (3.54)

φ2c(x) = AS1 cos(μx) + CS2 cosh(λx). (3.55)

The parameters S1 and S2 defined above are called the coupling coefficients since
they represent the relations between the neutron fluxes of the first and second groups.

3.5.2.2 Neutron Flux in the Reflector Region

Next, we derive the neutron flux spatial distribution in the reflector region. With
the same procedure as the core region, the following parameters are introduced for
simplicity:


1r = 
1ar + 
1→2r + D1rB
2
⊥, (3.56)


2r = 
2ar + D2rB
2
⊥. (3.57)

The diffusion equation for the first group

D1r
d2φ1r(x)

dx2
− 
1rφ1r(x) = 0, (3.58)

is rewritten as

d2φ1r(x)

dx2
− κ2

1rφ1r(x) = 0, (3.59)

where κ2
1r = 
1r

D1r
. Among the solutions to Eq. (3.58), one which becomes zero in

x → ∞ is represented as

ϕ1r(x) = Fe−κ1r|x|, (3.60)

where F is an arbitrary constant.
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Similarly, the diffusion equation for the second group

D2r
d2φ2r(x)

dx2
− 
2rφ2r(x) + 
1→2rφ1r(x) = 0, (3.61)

is rewritten as

d2φ2r(x)

dx2
− κ2

2rφ2r(x) + 
1→2r

D2r
φ1r(x) = 0, (3.62)

where κ2
2r = 
2r

D2r
. By assuming that the solution to this equation can be represented

as

φ2r(x) = F̂e−κ1r|x| + Ge−κ2r|x|, (3.63)

and substituting this into Eq. (3.62), the following equation is derived:

(
κ2
1rF̂ − κ2

2rF̂ + 
1→2r

D2r
F

)
e−κ1r|x| = 0. (3.64)

This Eq. (3.64) is preserved with the arbitrary value of x if the following equation
is satisfied:

κ2
1rF̂ − κ2

2rF̂ + 
1→2r

D2r
F = 0. (3.65)

This leads to

S3 ≡ F̂

F
=


1→2r
D2r

κ2
2r − κ2

1r

. (3.66)

The parameter S3 is the third coupling coefficient and couples the first- and second-
group neutron fluxes with each other in the reflector region.

3.5.2.3 Matrix Equation for Criticality

As a conclusion, neutron flux spatial distributions in the core and reflector regions
are represented as follows:

φ1c(x) = A cos(μx) + C cosh(λx), (3.67)

φ2c(x) = S1A cos(μx) + S2C cosh(λx), (3.68)
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φ1r(x) = Fe−κ1r|x|, (3.69)

φ2r(x) = S3Fe
−κ1r|x| + Ge−κ2r|x|. (3.70)

Next let us consider the boundary conditions for Eqs. (3.67) to (3.70); the neutron
flux and the neutron current J = −Ddφ/dx of the first and second groups should be
continuous on the boundary between the core and reflector regions. For simplicity,
the core size in a critical state is assumed 2a and the first-order differential of the
neutron flux φ is represented as φ′. The boundary condition can bewritten as follows:

φ1c(a) = φ1r(a), (3.71)

−D1cφ
′
1c(a) = −D1rφ

′
1r(a), (3.72)

φ2c(a) = φ2r(a), (3.73)

−D2cφ
′
2c(a) = −D2rφ

′
2r(a). (3.74)

From the above equations, the following set of equations can be obtained:

A cos(μa) + C cosh(λa) = Fe−κ1ra, (3.75)

−AD1cμ sin(μa) + CD1cλ sinh(λa) = −FD1rκ1re
−κ1ra, (3.76)

S1A cos(μa) + S2C cosh(λa) = S3Fe
−κ1ra + Ge−κ2ra, (3.77)

− S1AD2cμ sin(μa) + S2CD2cλ sinh(λa)

= −S3FD2rκ1re
−κ1ra − GD2rκ2re

−κ2ra. (3.78)

Unknown parameters A, C, F , and G are treated as entries of a column vector,
and then Eqs. (3.75) to (3.78) is written in a matrix form as

⎛
⎜⎜⎝

cos(μa) cosh(λa) −e−κ1ra 0
−D1cμ sin(μa) D1cλ sinh(λa) D1rκ1re−κ1ra 0
S1 cos(μa) S2 cosh(λa) −S3e−κ1ra −e−κ2ra

−S1D2cμ sin(μa) S2D2cλ sinh(λa) S3D2rκ1re−κ1ra D2rκ2re−κ2ra

⎞
⎟⎟⎠

⎛
⎜⎜⎝

A
C
F
G

⎞
⎟⎟⎠ = 0

(3.79)

If non-trivial solution to Eq. (3.79) exists, the determinant of the matrix in the
left-hand side should be zero:
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∣∣∣∣∣∣∣∣

cos(μa) cosh(λa) −e−κ1ra 0
−D1cμ sin(μa) D1cλ sinh(λa) D1rκ1re−κ1ra 0
S1 cos(μa) S2 cosh(λa) −S3e−κ1ra −e−κ2ra

−S1D2cμ sin(μa) S2D2cλ sinh(λa) S3D2rκ1re−κ1ra D2rκ2re−κ2ra

∣∣∣∣∣∣∣∣
= 0 (3.80)

This equation is sometimes called thematrix equation for criticality. This equation
can be rewritten as

∣∣∣∣∣∣∣∣

1 1 1 0
−D1cμ tan(μa) D1cλ tanh(λa) −D1rκ1r 0
S1 S2 S3 1
−S1D2cμ tan(μa) S2D2cλ tanh(λa) −S3D2rκ1r −D2rκ2r

∣∣∣∣∣∣∣∣
= 0, (3.81)

and finally the following equation can be derived:

μ tan(μa)

= [−D1rD2cS2κ1r + D1cD2r{κ2r(S1 − S3) + κ1rS3}]λ tanh(λa) + D1rD2r(S1 − S2)κ1rκ2r
D1cD2c(S1 − S2)λ tanh(λa) + D1rD2cS1κ1r + D1cD2r{S3(κ2r − κ1r) − S2κ2r} .

(3.82)

Since an analytical value for a cannot be obtained from Eq. (3.82), numerical
calculations are generally employed to obtain a and the critical size 2a.

There is a more practical procedure to roughly estimate a. It can be easily found
that the value of λ is approximately 0.6 if the constants given in Table 3.3 are substi-
tuted to Eq. (3.47). In addition, if we use the half of the critical size obtained in the
item (1) of Sect. 3.4.2 with the simple model for the approach-to-criticality exper-
iment, we can find that the approximation of tanh(λa) ≈ 1 is reasonable. This can
be confirmed by actually substituting the values. Based on the above, Eq. (3.82) is
rewritten as

μ tan(μa)

= [−D1rD2cS2κ1r + D1cD2r{κ2r(S1 − S3) + κ1rS3}]λ + D1rD2r(S1 − S2)κ1rκ2r
D1cD2c(S1 − S2)λ + D1rD2cS1κ1r + D1cD2r{S3(κ2r − κ1r) − S2κ2r} ,

(3.83)

and an approximate for a can be represented as

a = 1

μ
arctan

(
1

μ

[−D1rD2cS2κ1r + D1cD2r{κ2r(S1 − S3) + κ1rS3}]λ + D1rD2r(S1 − S2)κ1rκ2r
D1cD2c(S1 − S2)λ + D1rD2cS1κ1r + D1cD2r{S3(κ2r − κ1r) − S2κ2r}

)
.

(3.84)

This approximate solution can be obtained without any complicated numer-
ical calculations, so this can be used as an initial guess when solving Eq. (3.82)
numerically.
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3.5.2.4 Neutron Flux Spatial Distribution

In order to obtain the spatial distribution of the fast and thermal neutron flux spatial
distributions, it is necessary to determine the values of the constants A to G in Eqs.
(3.67) to (3.70). When the reactor is in a critical state, however, the matrix equation
for the criticality is preserved, and Eqs. (3.75) to (3.78) are not independent of each
other, and the constants A to G cannot be uniquely determined. Thus, one of these
four constants is treated as unknown, and the other three constants are represented by
the unknown constant. Here, let the constant A unknown, and attempt to obtain the
other three constants. Using Eqs. (3.75) and (3.76), the constant F can be dropped
as

C = −A
D1rκ1r cos(μa) − D1cμ sin(μa)

D1rκ1r cosh(λa) + D1cλ sinh(λa)
. (3.85)

Through properly manipulating Eqs. (3.75) to (3.78), the constants F and G can
be also represented by the constant A.
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Chapter 4
Control Rod Calibration Experiment

Abstract To assure the safety of a nuclear reactor during operation, it is important
to know the control rod worth, which is an absolute value of negative reactivity
induced by a control rod insertion. The measurement for the control rod worth is
known as the control rod calibration. In addition to the safety viewpoints, the control
rod calibration is important also in conducting other reactor physics experiments
since various reactivity effects can be quantified from the known control rodworth. To
measure the control rod worth during this experimental program at KUCA, the stable
period method, the compensation method, and the rod drop method are employed.
Details of these methods are described in this chapter.

Keywords Control rod worth · Calibration · Stable period method · Rod drop
method · Compensation method · First-order perturbation theory

4.1 Objectives

In order to keep a critical state or to change a power of a nuclear reactor, fission chain
reaction should be controlled somehow, and one of these mechanisms equipped
in a nuclear reactor is a control rod. Control rods are generally made of neutron
absorbing materials, such as boron (B), cadmium (Cd), hafnium (Hf), etc. When
a control rod made of neutron absorbing materials is inserted into a reactor core,
fission chain reaction is restricted by neutron absorptions, and when it is withdrawn
from a core, fission chain reaction is enhanced.1 Control rods are used to change
the effective multiplication factor keff, and in the case of zero-power reactors like

1 IN some specific reactors such as an educational reactor ANG-201 K in Kyung Hee University,
Korea, using nuclear fuel itself as a control rod, positive reactivity is added when control rods are
inserted. There are other mechanisms to control the fission chain reaction than uses of control rods.
In some reactors including KUCA, especially critical assemblies, a reactivity control method not
of using any neutron absorbing materials but of adjusting the neutron leakage rate from a reactor
core through changing the amount of moderator material is sometimes adopted. In PWRs, reactivity
control is performed also by changing the density of boric acid (H3BO3) in moderator in addition
to the control rods.

© The Author(s) 2025
C. H. Pyeon et al., Reactor Laboratory Experiments at Kyoto University
Critical Assembly, https://doi.org/10.1007/978-981-97-8070-9_4
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KUCA, a control rod position in a critical state (keff = 1) is unchanged since there is
no reactivity feedback due to the temperature changes.2

To assure the safety of a nuclear reactor during operation, it is important to know
the control rod reactivity worth and reactivity insertion rate per unit time. The former
is an absolute value of negative reactivity induced by a control rod full insertion from
a fully-withdrawn state. In addition, to assure the safety of a reactor in a shutdown
state, it is also important to grasp the shutdown margin, which is an absolute value of
negative reactivity induced by full insertions of all control and safety rods. From the
safety point of view, reactor restrictions are given to these parameters according to
a reactor type, and it is required to be confirmed during an inspection at termination
of a reactor commission and regular inspections that these reactor restrictions are
satisfied. The measurement for these safety parameters relevant to control rods is
known as the control rod calibration. The control rod calibration is generally carried
out after a reactor core is set up through the approach-to-criticality experiment.

In addition to these safety viewpoints, the control rod calibration is important also
in conducting other reactor physics experiments. For example,when reactivity effects
such as temperature effects,moderator density (or voiding) effects, neutron absorbing
material insertion effects, etc. are measured in a critical state, these reactivity effects
are compensated by the control rod movement so as to maintain the critical state. By
doing this, the target reactivity being measured can be quantified from the known
control rod reactivity. If the reactivity effect induced by the control rod movement
is measured in advance as a scaler of the reactivity effect, various reactivity effects
other than the control rod worth can be quantified through the measurements.

The reactivity effect induced by the control rod movement mentioned above can
be called the integral reactivity worth, and it is defined as a reactivity induced by
the control rod movement from a certain position to another position. Thus, the total
reactivity worth due to the control rod insertion from a fully-withdrawn state to a
fully-inserted state is interpreted as an integral reactivity from a fully-withdrawn
position to a fully-inserted position. On the other hand, it is convenient to quantify
the reactivity inserted by the slight movement of control rod at every position. This
reactivity is called the differential reactivityworth and is defined as reactivity induced
by control rod movement of unit length. As indicated by their names, differentiating
an integral reactivity at a certain position gives a differential reactivity at this position,
and integrating a differential reactivity in a certain range gives an integral reactivity
in this range. If these integral (differential) reactivities are plotted in a figure with
x-axis of the control rod insertion position, these are called a integral (differential)
reactivity curve.

2 Let us consider that a positive reactivity is inserted to a power reactor core. The reactor power and
heat energy should increase, and finally boiling of coolant starts. In general nuclear reactors, this
results in the negative reactivity insertion and the reactor power increase is terminated. Like this
example, reactivity change due to the status change caused by the other reactivity change is known
as the reactivity feedback. Usual nuclear reactors are designed so as to have the negative reactivity
feedback mechanism.
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The following methods can be used to measure the control rod worth:

(1) the stable period method,
(2) the compensation method (or the standard reactivity method),
(3) the rod drop method,
(4) the subcriticality methods such as the neutron source multiplication method and

the pulsed neutron source method, and
(5) the inverse kinetics method.

In the experiment at KUCA, the stable period method and the compensation
method which can be foundation of the measurement of various types of reactivity,
and the rod drop method, which is used to measure the relatively large negative
reactivity, are employed.

4.2 Principle

4.2.1 Stable Period Method

Based on the six-group delayed neutron precursor model and the point kinetics equa-
tion, a change in a reactor power with time is described as a linear combination of
seven exponential functions having the exponent ωj t as described in Sect. 2.6.5.
When a step-type positive reactivity (0 < ρ < 1 dollar) is inserted to a critical
reactor, only one among ωj takes a positive value. If it is denoted to as ω1, the other
ωj s are negative, so the reactor power finally increases with time according to

n(t) ∼ eω1t . (4.1)

On the other hand, if a step-type negative reactivity is inserted to a reactor core,
all of ωj s become negative as described in Sect. 2.6.5. In this case, since the term
corresponding to ω1, which is the absolutely smallest one among ωj s, decreases
more slowly than the others, a reactor power finally decreases with time according to
Eq. (4.1) like a positive reactivity insertion. The inverse ofω1 in the above discussion

T = 1

ω1
(4.2)

is known as the stable period, and is defined as a duration for which a reactor power
becomes by e times or 1/e times.

By substituting Eq. (4.2) into Eq. (2.62), the following equation relating the
reactivity inserted to a reactor core ρ to a stable period T is derived:

ρ = �

T + �
+ T

T + �

6∑

i=1

βeff,i

1 + λiT
. (4.3)
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This suggests that when a step-type reactivity ρ is inserted to a reactor core, this
reactivity can be quantified with Eq. (4.3) from a measurement result of a stable
period T . A method of quantifying an inserted reactivity from a measured reactor
period T is known as the stable period method. In experiments at KUCA, magnitude
of an inserted reactivity is determined so as to make a stable period roughly from 30
to 100 s to consider the safety issues and to ease the measurement. At KUCA, an
alarm is activated when a period becomes 30 s; all control rods are simultaneously
inserted (or a reactor is auto run-down) when a period becomes 15 s; a scrum signal
occurs when a period becomes 10 s.

The prompt neutron lifetime l which can be found in Eq. (4.3) is shorter than 10–3

s in every type of reactors as shown in Sect. 2.6.3. Thus, if the measurement is carried
out with a period of longer than 10 s, the first term of the right-hand side in Eq. (4.3)
becomes smaller than 10–4 except heavy water- or graphite-moderated reactors. On
the other hand, we can roughly estimate the second term of i = 4 as 7 × 10–4 when
we use the values β4 = 2.57× 10–3, βeff,4 = β4 × 1.10, and λ4 = 0.301 s−1 according
to Ref. [1]. The second term is determined as a sum of all these terms on the group
i, and we can estimate the second term as approximately 10–3. Thus, we can assume
that the first term in Eq. (4.3) is negligibly smaller than the second term, and then
the reactivity can be simply calculated with the following equation:

ρ =
6∑

i=1

βeff,i

1 + λiT
. (4.4)

Values of delayed neutron precursor-wise effective delayed neutron fractions βeff,i

are dependent on nuclide composition of the fuel, core size and structure, neutron
energy spectra, etc., even though the same fissile uranium-235 (235U) is used as
a fuel. Generally numerical simulation is required to obtain them whereas several
experimental methods to obtain βeff have been proposed so far. Due to this, when a
stable period is measured in a given reactor core, it may happen that the values of
βeff,i for this reactor core are not yet determined. Even in such cases, it is desired
that the reactivity is deduced from the stable period somehow. Precursor group-
wise delayed neutron fraction βeff,i can be represented using the precursor group-
dependent constant γi as

βeff,i = γiβi, (4.5)

and this is approximated as follows using the precursor group-independent constant
γ [2]:

βeff,i = γβi. (4.6)

With this equation, the following equation can be derived with the total delayed
neutron fraction β:
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Table 4.1 Calculation example of βeff and l in the case of highly-enriched uranium fuel

Core name Prompt neutron lifetime l (second) Effective delayed neutron fraction
βeff

γ

C45G0 5.52 × 10–5 7.537 × 10–3 1.178

C35G0 4.92 × 10–5 7.611 × 10–3 1.189

C30G0 4.79 × 10–5 7.673 × 10–3 1.199

βeff ≡
∑

i

βeff,i = γ
∑

i

βi = γβ. (4.7)

Furthermore, if Eq. (4.6) is divided by Eq. (4.7) side by side, βeff,i/βeff can be
approximated with the constant βi/β which is independent of the reactor core [2]:

βeff,i

βeff
= βi

β
= ai. (4.8)

Then, the following equation is derived by transforming Eq. (4.4):

ρ

βeff
=

6∑

i=1

ai
1 + λiT

. (4.9)

As described above, the left-hand side of Eq. (4.9) is a reactivity in the dollar
unit, so now we can find that the reactivity in the dollar unit can be quantified from
the measured stable period T and the known physical parameters ai and λi. Values
for these parameters in 235U fission by thermal neutrons can be cited from Table 2.
1. An example of βeff and the prompt neutron lifetime l of the KUCA-C core with
highly-enriched uranium fuels is shown in Table 4.1.

4.2.2 Rod Drop Method

The reactor shutdown margin is defined as how deeply a reactor is in a subcrit-
ical state when all control rods are fully inserted. This shutdown margin should be
significantly large in comparison with reactivities which are treated in experiments
with the conventional stable period method to assure the reactor safety. Further-
more, negative reactivity worth induced by a full insertion of each of control rods
is also important to assure the reactor safety during the normal operation. These
large negative reactivities can be measured by the rod drop method easily. When the
subcriticality is shallow (absolute value of negative reactivity is small), the neutron
source multiplication method using the external source is often used. Please refer to
Sect. 10.1.
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There are two data processing methods for the rod drop method: the extrapolation
method and the integral method. In the following, each of them is described.

4.2.2.1 Extrapolation Method

Let us consider the point kinetics Eqs. (2.54) and (2.55). If we assume that a reactor
power in a critical state is kept constant for longer time than the lifetime of delayed
neutron precursors, a precursor densityCi0 should satisfy

dCi0
dt = 0, and the following

equation can be derived:

∑

i

λiCi0 =
∑

i

βi,eff

�
n0 = βeff

�
n0, (4.10)

where n0 is the neutron density in this stationary state.
Let us assume that a reactivity is changed fromzero toρ by a control rod immediate

insertion into a critical reactor. Just after the control rod insertion, the delayed neutron
precursor densities are unchanged from those in the critical state since the precursor
density should be significantly larger than the neutron density in the state before the
control rod insertion and the change in the precursor density after the control rod
insertion should be negligible. Thus, Eq. (2.54) can be written as follows:

dn(t)

dt
= ρ − βeff

�
n(t) + βeff

�
n0. (4.11)

The solution to this differential equation can be obtained as follows using the
initial condition n(0) = n0:

n(t) = βeffn0
βeff − ρ

− ρn0
βeff − ρ

e− βeff−ρ

�
t (4.12)

Since the second term in the right-hand side immediately decreaseswith the period
of �/(βeff + |ρ|) when ρ < 0, the reactor power also immediately becomes

n1 = βeff

βeff − ρ
n0. (4.13)

Thus, from the reactor power levels before and after the control rod insertion, n0
and n1, respectively, the reactivity can be obtained as

ρ = n1 − n0
n1

βeff. (4.14)

Different from Eq. (4.9) in the stable period method, Eq. (4.14) does not include
the physical constants ai and λi, so reactivity in the dollar unit can be deduced with
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Fig. 4.1 Power change after
the rod drop

this method even though these physical constants are unknown. Actually, there are
decay reactions of the precursors, so the reactor power is not constant and decreases
with time as shown in Fig. 4.1. To consider this, it is necessary to obtain n1 by
extrapolating the power curve to the time when the control rod is inserted. Thus, this
method is called the extrapolation method.

If the point kinetics equation with the one-precursor group model is solved, the
following solution can be obtained:

n(t) = n0

(
βeff

βeff − ρ
e

ρλ

βeff−ρ
t − ρ

βeff − ρ
e− βeff−ρ

�
t

)
, (4.15)

where λ is an averaged decay constant of delayed neutron precursors in the one-
precursor group approximation.

4.2.2.2 Integral Method

In the extrapolation method described above, the error induced by the extrapolation
is inevitable even if measurement is precisely carried out such as setting of fine
measurement point around t = 0. To avoid this, the integral method is also used. By
adopting the Laplace transformation to Eqs. (2.54) and (2.55), the following equation
is derived:

n(s) = n0
� + ∑

i
βeff,i

s+λi

s� + s
∑

i
βeff,i

s+λi
− ρ

. (4.16)

Using
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lim
s→0

n(s) = lim
s→0

∞∫

0

e−stn(t)dt =
∞∫

0

n(t)dt, (4.17)

the following equation can be derived by taking a limit of s → 0 in Eq. (4.16):

n0
� + ∑

i
βi,eff

λi

−ρ
= n0

� + βeff
∑

i
ai
λi

−ρ
=

∞∫

0

n(t)dt. (4.18)

Generally, � is much smaller than βeff
∑
i

ai
λi
, so the reactivity in the dollar units

can be obtained from the following equation:

− ρ

βeff
= n0

∑
i
ai
λi∫ ∞

0 n(t)dt
= 13.04 × n0∫ ∞

0 n(t)dt
. (4.19)

The factor 13.04 in Eq. (4.19) is derived based on the data about 235U fission
induced by thermal neutrons evaluated by Keepin. This is replaced by 12.75 for
fission reactions with fast neutrons [2].

4.2.3 Compensation Method

In the stable period method, a positive reactivity is inserted by withdrawing a control
rod (C1 here), and the reactivity is quantified from the measured stable period. In
usual procedure, another control rod (C2 here) is inserted to make a reactor core in
a critical state again as described in the preceding sections. The absolute value of
the negative reactivity added by C2 in the second step should be equal to that of
the positive reactivity added by C1. This suggests that the calibrations of C1 used
to add the positive reactivity and C2 for the negative reactivity can be carried out
simulataneously. The control rod calibration method for C2 in this example is known
as the compensation method.

If the control rod worths of C1 and C2 are identical with each other and the
positions of C1 and C2 are fully-inserted and fully-withdrawn in an initial critical
state, C2 can be calibrated over an entire stroke through the calibration for C1 with
the stable period method. Usually, however, worths of two control rods are different
from each other, so the other methods such as the rod drop method should be also
employed to terminate the C2 calibration over the entire stroke.
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4.3 Experiment Procedures

4.3.1 Reactor Core Specification

Three control rods and three safety rods in the KUCA-C core are made of the same
material and the geometric specification of them is common. An aluminum cylinder
with diameter of approximately 44 mm is surrounded by a cadmium thin foil with
thickness of 0.7 mm. The control rods C1, C2, and C3 are used to adjust the core
reactivity while the safety rods S4, S5, and S6 are stand-by in a fully-withdrawn
state during operation, and are made automatically dropped in the case of accident.
Both of them can be categorized as the control rods, but their roles are different from
each other.3 Figure 4.2 shows an example of core layout at the KUCA-C core. In this
layout, a set of control rods and a set of safety rods are located symmetric to each
other, so the safety rods can be indirectly calibrated by the calibration of the control
rods. Figure 4.3 shows detailed axial geometric specifications of the control rod and
the fuel element.

In the stable period method, a positive reactivity is inserted to a critical core
several times, and the sum of the inserted positive reactivity is lower than the core
excess reactivity. To appropriately carry out the control rod worth calibration over
an entire stroke, nuclear fuels should be added to a reactor core constructed in the
approach-to-criticality experiment to increase the excess reactivity when the excess
reactivity is insufficient.

Three uncompensated ionization chambers (UIC) and three fission chambers (FC)
are also equipped in a core constructed through the approach-to-criticality exper-
iment, and these are used in the control rod calibration experiment. Sometimes,
auxiliary detectors such as BF3 are also employed.

4.3.2 Measurement with the Stable Period Method

In the experiment with the stable period method, measurement of a doubling time Td,
which is a duration for which a value in the linear power monitor becomes double,
with stopwatches is fundamental. In this measurement, Td should be determined
accurately even though there should be fluctuation. From a measured doubling time
Td, a stable period T is derived with T = Td/ln2. In the measurement, the following
should be cautioned:

(a) To confirm that the linearity of the neutron detector systems is preserved.

3 Definition of the term “control rod” is dependent on reactor types such as critical assemblies,
research reactors, and power reactors, but in the broad definitions, the term control rod is used
for every neutron absorbing material located in reactor cores. In small-sized fast reactors where
neutron absorbing performance is poor, nuclear fuels or neutron reflector materials are sometimes
used as control rods. Control rods can be further categorized as safety rods, control rods in narrow
definition, coarse adjusting rods, fine adjusting rods, etc. according to their purposes and roles.
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Fig. 4.2 An example of core layout in the case of highly-enriched uranium fuels

(b) To conduct the measurement with sufficiently high power level in which
statistical fluctuations do not significantly affect the measurement results.

(c) To start the measurement of Td after sufficiently long time from the reactivity
insertion to avoid the contamination due to the effect of the higher-order modes,
the terms from eω2t to eω7t in Eq. (2.61). Figure 4.4 shows the relative difference
of the time-dependent reactor period from the stable periodwith several different
values of Td. This figure is prepared through numerical calculations using the
physical quantities shown in Tables 2.1 and 4.1. Ragarding the prompt neutron
lifetime and the effective delayed neutron fraction, the values of the C35G0 core
are used. If a 5% precision is required in the measurement of the stable period,
a waiting time which is longer than approximately 30 s is desired in the case of
Td = 30 seconds.

If the measurement is carried out in a reactor core containing nuclides causing
spontaneous fission reactions such as 240Pu, higher core power is required to exclude
the effect of the spontaneous fission reactions. If the core power is too high, however,
the temperature feedback effect causes other problems. These are not the cases at
KUCA.

The following describes the procedure of the control rod calibrationwith the stable
period method:

(1) Let us assume that the control rod C2 is a target of the calibration, and that C2
is fully inserted, C3 is fully withdrawn, and a reactor core is made in a critical
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Fig. 4.3 Axial geometric specification of the control rod and the fuel plate in the KUCA-C core
(unit: mm)

state with low power by adjusting the C1 position. The critical state is confirmed
by observing the value in the linear power monitor on the control panel. Here
it is also assumed that the core criticality is achieved in approximately 60% of
the 0.01 W range of the linear power monitor.4

4 Please be careful that the value indicated by the power monitor is just a rough estimation and is
different from the actual power. In nuclear reactors in which core layout is easily modified such as
critical assemblies, positions of neutron detectors providing the measurement data to the control
panel, the UIC#5 in the KUCA-C core, can be also easily modified, so the detector efficiency is not
fixed. Thus, the values in the linear power monitor are just an estimation. If it is required to obtain
accurate reactor power from the linear power monitor, calibration of the linear power monitor is
necessary. Please see Chap. 6.
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Fig. 4.4 Relative
differences of the
time-dependent reactor
period from the stable period

(2) After confirming the criticality achievement, the range of the power range
monitor is increased by two, the 0.1 W range in this case. This is to wait for
sufficiently long time to observe the power increase with the stable period with
high neutron count rates after the positive reactivity insertion in the next step.

(3) The C2 control rod is withdrawn to insert a positive reactivity which gives
several tens to 100 s of the stable period.

(4) The reactor power begins to increase by the positive reactivity insertion, and
the duration required for the power changes, 30 → 60%, 35 → 70%, and 40
→ 80%, is measured with stopwatches by observing the linear power monitor
with the 0.1 W range. The measured duration is the doubling time of the reactor
power Td, and thus the stable period can be easily derived from the average of
the doubling time with T = Td/ln2, and the reactivity can be determined from
Eq. (4.4) or (4.9).

(5) If the reactor power reaches 110% of the present range, the control rods are
automatically inserted (auto-run down). To avoid this, when the measurement
of Td is terminated below 80% of the power range, let reactor operators know
that. The reactor operators at the control desk increases the range of the linear
power monitor by one (0.3 W in this case) and inserts the C3 control rod to
make the reactor core in a subcritical state. The reactor power should decrease.

(6) By adjusting the C3 control rod position, the reactor core becomes a critical
state with low power, approximately 60% of the 0.01W range. This state is the
same as the initial condition.

(7) After confirming the criticality achievement by adjusting the C3 position, C2 is
withdrawn by a certain stroke to insert positive reactivity, the stable period is
measured, and the reactor core is made in a critical state again by adjusting the
C3 position.

(8) These operations are iterated until C2 is fully withdrawn. Doing them, C2 can
be calibrated over an entire stroke with the stable period method.
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At the same time, C3 is inserted from the fully-withdrawn position and the reac-
tivity induced by this insertion is equivalent to the C2 reactivity worth. In this exper-
iment, the reactivity of C2 measured by the stable period method is treated as the
standard, and the C3 control rod is calibrated partly with the compensation method.
As described above, the C3 reactivity worth is usually different from the C2 reactivity
worth, so the C3 control rod cannot be calibrated over an entire stroke, and the C3
reactivity at the bottom region is still unknown in such a case. This will be concerned
in the discussion (6) in Sect. 4.4.

4.3.3 Measurement with the Rod Drop Method

In this experiment, the auxiliary measurement systems such as the start-up range
monitor (FC) or BF3 and a combination of a scaler and a timer are used. Since this
experiment is essentially based on the point kinetics theory, neutron detectors should
be located at the spatial position where change in the neutron flux is insignificant by
the control rod insertion.

(1) A reactor core should be in a critical state just after the measurement with the
positive period method is terminated. As an example, let us assume that C1 is
partly inserted, C2 is fully withdrawn, C3 is fully inserted, and the C2 reactivity
over an entire stroke is measured with the rod drop method.

(2) Reactor power is adjusted to the level in which the deadtime5 of the neutron
measurement system is negligible: several thousand cps.

(3) After keeping a constant power for sufficiently long time, activate the scaler,
and measure the neutron count rate n0 under the present power level.

(4) By disconnecting the electric power for electrical magnets, C2 is dropped by
a gravity force and is fully inserted. It is regulated at KUCA that the duration
from disconnection of the electrical magnet to the initiation of rod drop (engage
off) is shorter than 0.1 s and that the duration to the control rod full insertion
(the seat ramp on) is shorter than 1.0 s. Generally, the rod drop is terminated for
approximately 0.5 s.

(5) After waiting for sufficiently long time and confirming that the reactor power
reaches the background level, the measurement is terminated.

(6) The same procedure is adopted to the other control rods to calibrate each rod.

5 The dead time is the minimum time duration for which two subsequent events can be detected
as two independent pulses by a neutron detector. Events such as fission reactions occurring in a
detector during the dead time are not detected. The dead time is caused by both of the detection
process of the detector itself and the electric circuits connecting with the detectors. The behavior of
the dead time can be classified into two types of the paralyzable behavior and the non-paralyzable
behavior. In the latter, true count rate n0 can be estimated from n0 = n

1−nτ where n is measured
count rate and τ is the deadtime, and thus the contribution of the neutron detection during the dead
time can be corrected.
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In the case of the extrapolationmethod, n1 is determined through the extrapolation
based on the measurement results, and the reactivity is derived with Eq. (4.14).

In the integral method, the neutron count rate n0 is measured with the scaler with
the appropriate measurement time at first. Then the neutron count measurement is
started with the scaler with the free preset time at the same time when the electric
power is disconnected with the electrical magnet. The neutron count should decrease
with time, so the neutron count measurement is finished when the neutron count rate
reaches the background level. The measurement result obtained with this step is
used as the denominator of Eq. (4.19). Note that the correction of the background
does not affect the final results since these measurements are started under relatively
high-neutron flux level conditions.

4.4 Discussions

Items for the exercise are as follows:

(1) In the measurement of the stable period method, derive the reactivity ρ by
hands from the stable period T measured with stopwatches and Eq. (4.3), and
summarize the resultswith the table inwhich the contributions of the group-wise
delayed neutrons to the reactivity are clearly described. Please ask instructors
which measurement is concerned.

(2) Obtain the control rod reactivity worth from the measurement results with the
stable period method and the rod drop method (the extrapolation method and
the integral method).

(3) Obtain the integral and differential reactivity curves for the control rod to which
the measurement is carried out with the stable period method.

(4) Derive the shutdown margin.
(5) Derive the excess reactivity.
(6) Derive the reactivity worth per one fuel plate from the result in the exercise

(5) and the excess reactivity of the reactor core in the approach-to-criticality
experiment.

The items for discussions are as follows:

(1) Based on the results of the exercise (2), discuss the difference in the reactivity
worth among different control rods qualitatively and quantitatively. The control
rod reactivity worth derived from the assumption of the cosine-shaped neutron
flux distribution discussed in Sect. 4.6 would be useful if it is applied to the
radial x–y plane of the core.

(2) Compare the reactivity worth deduced from the stable period method with that
from the rod drop method. If there is a difference, discuss its reason.

(3) Compare the reactivity worth deduced from the integral method with that from
the extrapolation method. If there is a difference, discuss its reason.
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(4) Let ρ(H ) be the control rod worth deduced from the stable period method
and plot a semi-analytical control rod (integral) worth curve using Eq. (4.20)
in Sect. 4.5 with the measurement-based results obtained in the exercise (3).
Please be careful that the measurement results are on the “withdrawal length”
and the results with Eq. (4.20) are on the “insertion length”.

(5) Compare the two curves obtained in the item (4) with each other, and if there is
a difference, discuss the reason. Please be careful on the following; Eq. (4.20) is
derived for a bare reactor in which neutron flux spatial distribution is approxi-
mated by the sine/cosine function, so the parametersH and x should be carefully
examined. Results obtained with the experiment for the neutron flux spatial
distribution would be also useful. The axial geometric configurations of the
control rod and the fuel plate in the KUCA-C core can be found in Fig. 4.3.

(6) Let us assume that the C2 control rod is calibrated by the stable period method
and the C3 control rod is used for the reactivity compensation. When the C2
reactivity worth is slightly larger than the C3 reactivity worth, the reactor core
does not reach a critical statewhenC2 is fullywithdrawn andC3 is fully inserted.
Describe how to terminate the C3 calibration over an entire stroke in such a case.

(7) Control rod calibration is generally performed with the positive stable period,
and the negative stable period is generally not used. Discuss the reason.

4.5 Preliminary Exercises

Before the experiment, it is desired that the following exercises are tackled.

(1) As shown in Fig. 4.5, let us assume that C2 is fully inserted, C3 is fully with-
drawn, and the reactor core is in a critical state by adjusting the C1 position.
C2 and C3 are calibrated with the stable period method and the compensation
method, respectively. When we assume to calibrate C2 with three withdrawal
actions, prepare a conceptual figure showing the measurement procedure with
control rod movement as Fig. 4.5. The C2 and C3 worth are assumed identical
with each other.

(2) Based on the one-group first-order perturbation theory, reactivity induced by
control rod insertion of a length x from the top position can be represented as
follows [1]:

ρ(x) = ρ(H )

(
x

H
− 1

2π
sin

(
2πx

H

))
, (4.20)

where ρ(H ) is a reactivity induced by the full insertion from the top posi-
tion. The derivation of this equation is described in Sect. 4.6. Plot ρ(x) using
Eq. (4.20) with H=650.0 and ρ(H )=1. Note that the full stroke length of the
control rod drive mechanism of the KUCA-C core is 650.0 mm. Summarize the
assumptions introduced to derive Eq. (4.20) also.
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Fig. 4.5 Conceptual figure on control rod insertion position and control rod manipulation (Side
view of reactor core with three control rods, C1, C2, and C3)

(3) The step (3) in Sect. 4.3.2 describes that the C2 control rod is withdrawn to
insert a positive reactivity with a stable period of several tens to 100 s. The
length of the control rod stroke satisfying this condition is dependent on a
control rod insertion position and is not constant over an entire stroke. Based on
the results of the above item (2), estimate the stroke length per one control rod
withdrawal assuming the control rod reactivity worth, ρ(H )=0.4 × 10–2 �k/
k. Also, determine how many withdrawal actions are required to calibrate this
control rod.

(4) A stable period T after a reactivity insertion is given in Eq. (4.2), and this
is also applicable to the case of the negative large reactivity insertion in the
rod drop method. In such a case, since ω1 becomes close to −λ1, the period
T = 1/ω1 becomes −1/λ1 ~−80 s [1]. In the rod drop method with the integral
method, neutron count measurement is carried out for a finite measurement time
after the control rod insertion, and this means the range of the time integral in
the denominator of Eq. (4.19) is limited. Calculate and compare the integrated
neutron counts from 300 to 600 s, from 600 to 900 s, and from 900 to infinite
seconds using T ≈ −80 seconds, and discuss the error induced by the finite
measurement time.

4.6 The First-Order Perturbation Theory and Control Rod
Calibration Curve

When we calculate a change in the effective multiplication factor keff (simply k in
the following) induced by a slight change in a core size and/or composition, the
perturbation method can be applied instead of the criticality calculations with the
iterative methods if the change is sufficiently small.
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First, let us consider the following equation governing neutron transport and
multiplication:

Mφ = 1

k
Fφ, (4.21)

whereM is the neutron disappearance/scattering operator andF is the neutron gener-
ation operator. In the case of the one-group diffusion equation, these operators are
represented as

M = −∇D(r)∇ + 
a(r),F = ν
f(r). (4.22)

Let us consider that a neutron absorber is locally introduced to this reactor and
the macroscopic absorption cross section is changed to 
′

a as


′
a(r) = 
a(r) + δ
a(r). (4.23)

Due to this, neutron flux φ and the effective multiplication factor k should be
changed, and the following another equation is satisfied:

M ′φ′ = 1

k ′Fφ′, (4.24)

M ′ = M + δ
a. (4.25)

Let us introduce the adjoint neutron flux φ+ and the adjoint operators M+ and
F+. These satisfy the following equations:

M+φ+ = 1

k
F+φ+, (4.26)

〈
M+f , g

〉 = 〈f ,Mg〉, (4.27)

where the brackets < > are for the integration over an entire volume. By calculating
the inner product between each term in Eq. (4.24) and φ+ and using Eq. (4.25), the
following equation can be derived:

〈
φ+,Mφ′〉 + 〈

φ+, δ
aφ
′〉 = 1

k ′
〈
φ+,Fφ′〉. (4.28)

Using the equation defining the adjoint operators (4.27), the first term in the
left-hand side of Eq. (4.28) can be transformed into

〈
φ+,Mφ′〉 = 〈

M+φ+, φ′〉 = 1

k

〈
F+φ+, φ′〉 = 1

k

〈
φ+,Fφ′.

〉
(4.29)
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By subtracting Eq. (4.28) fromEq. (4.29), the following equation for the reactivity
change �ρ can be derived:

�ρ = 1

k
− 1

k ′ = −
〈
φ+, δ
aφ

′〉

〈φ+,Fφ′〉 . (4.30)

No approximations have been introduced to derive Eq. (4.30). If we assume that
the changes in both the neutron flux and the cross sections are small, δ
aφ

′ ≈ δ
aφ

and
〈
φ+,Fφ′〉 ≈ 〈

φ+,Fφ
〉
, the reactivity change �ρ can be obtained as

�ρ = −
〈
φ+, δ
aφ

〉

〈φ+,Fφ〉 . (4.31)

This equation includes only the neutron flux, the adjoint flux, and the operators
before the cross section change and does not require information after the cross
section change. This is known as the first-order perturbation approximation.

Furthermore, in the case of the one-group approximation, the adjoint operators
such asM+ are identical to the normal operators and the neutron flux is also identical
to the adjoint neutron flux.

Thus, Eq. (4.31) can be explicitly represented as

�ρ = −
∫
V φ(r)δ
a(r)φ(r)dV∫
V φ(r)ν
f(r)φ(r)dV

. (4.32)

The numerator in this equation is an integral over regions where the macroscopic
absorption cross sections are changed. When absorbers are added to a homogeneous
volume �V, the reactivity is calculated as

�ρ = − δ
a

ν
f
∫
V (φ(r))2dV

∫

�V

(φ(r))2dV . (4.33)

The above first-order perturbation theory is often used to calculate reactivity effect
inducedby introduction ofmaterials into a reactor core.As an example, let us consider
a reactivity calibration curveof a control rod. For simplicity, a homogeneous (constant
cross section over an entire volume) infinite slab reactor core with a thickness of H
without any neutron reflectors is considered, and reactivity induced by the control
rod insertion in the spatial position of 0 ≤ x ≤ H is calculated by the one-group
first-order perturbation theory. In this model, the neutron flux spatial distribution can
be represented as

φ(x) = A sin
πx

H
, (4.34)
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where A is a constant. As shown in this equation, neutron fluxes at x = 0 and x = H
are zero. Small change in the macroscopic absorption cross section in Eq. (4.25) is
represented as

δ
a(x) =
{

δ
a(0 ≤ x ≤ h)
0(h < x ≤ H )

. (4.35)

By substituting Eqs. (4.34) and (4.35) into Eq. (4.32), the following equation is
derived:

�ρ(h) = − δ
a
∫ h
0 sin2 πx

H dx

ν
f
∫ H
0 sin2 πx

H dx
= −δ
a

ν
f

(
h

H
− 1

2π
sin

2πh

H

)
. (4.36)

In the case of h = H in Eq. (4.36), the reactivity induced by full insertion of the
control rod �ρ(H ) can be derived as

�ρ(H ) = −δ
a

ν
f
, (4.37)

and thus, according to Eqs. (4.36) and (4.37), the reactivity induced by the control
rod insertion over 0 ≤ x ≤ H can be written as

�ρ(h) = �ρ(H )

(
h

H
− 1

2π
sin

2πh

H

)
. (4.38)

This is a reactivity calibration curve in the one-dimensional simple slab reactor
core model.
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Chapter 5
Measurements of Reaction Rates

Abstract Neutron flux plays a significant role in the theory of reactor physics, while
neutron flux is indirectly measured through the interaction between the neutron and
the material used as the neutron detector in experiments. The physical quantity that
is measured throughout the experiment is the “reaction rate.” To obtain the neutron
flux from the measured reaction rate, various information involving cross sections
of the material used as the detector is necessary, in addition to experimental devices.
At the same time, it is necessary to consider the theory of reactor physics related to
the specific reactions between neutrons and materials in the irradiation field. This
chapter introduces methodologies for measuring the reaction rate by the activation
foil method before determining the neutron flux.

Keywords Reaction rate · Activation foil method · Saturated activity · Gold
wire · Cadmium ratio

5.1 Overview

5.1.1 Background

The spatial distribution of neutron flux in the core can be uniquely determined by
the type and structure of a reactor, the composition and shape of nuclear fuel, and
the locations of control rods, when a nuclear reactor is maintained in a critical state
and operated at a constant power. In light-water reactors, which are typical thermal
reactors, most fission reactions are caused by thermal neutrons, and the spatial distri-
bution of fission reaction rates can be considered almost proportional to the spatial
distribution of the thermal neutron flux. Furthermore, since the power distribution of
a reactor is proportional to the fission reaction rate distribution, the thermal neutron
flux distribution and the power distribution are almost proportional to each other.
If the relative spatial distribution of thermal neutron flux and the absolute value of
thermal neutron flux are measured at appropriate regions and locations, respectively,
these two can be combined to obtain the absolute value of the thermal reactor power.
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Thermal neutron flux can be measured by using activation detectors with high
sensitivity to thermal neutrons. To measure high accuracy of thermal neutron flux, it
is important to be unaffected by the high γ -ray dose in the core and to have high accu-
racy and spatial resolution of measurements with respect to positions. Considering
the characteristics of detection efficiency and spatial resolution, it is said that the
activation detector is the most appropriate to measure thermal neutron flux without
disturbing the spatial distribution of neutron flux.

5.1.2 Objectives

The gold-197 (197Au), which has high sensitivity to thermal neutrons, is often used
to measure reaction rates in the core. In the light-water-moderated and light-water-
reflected core (C core) at KUCA, reaction rate distributions in the core are generally
obtained through the capture reactions between 197Au and neutrons.

When learning about measurements of reaction rates introduced in this chapter,
if you keep the following objectives in mind as you read, you will gain a deeper
understanding of measurements of reaction rates, involving the relationship between
the reaction rate and neutron flux, and will also recognize the importance of reaction
rate measurements. The main objectives of experiments are shown as follows:

• To measure the reaction rate distribution corresponding to the neutron flux
distribution in the core using the activation of Au wire.

• To acquire basic knowledge of activation foil method through experiments.
• To discuss the effects of control rods, safety rods, light-water reflector, and

component materials in the core on reaction rate distributions.
• To gain insight into the neutron spectrum in the core, resulting in the reaction

rates by the bare Au wire, and the Au wire inserted into a cadmium (Cd) tube
(Cd-tubed Au wire).

5.2 Activation Detectors

5.2.1 Overview

Neutrons can be measured indirectly by any detectors, as mentioned in the abstract
of this chapter. The basic principle of measuring neutrons is to obtain information on
neutrons indirectly through themeasurement of radiation generated by the interaction
between the neutron and a certain material. When a sample of a certain material is
irradiated by neutrons in a reactor or accelerator for a certain period, information
on the number and energy distribution of neutrons in the irradiation field can be
extracted by measuring the induced radioactivity of the radiation generated there.
The sample of material used in this process is called an activation detector.
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Activation detectors are most widely used to measure thermal neutrons, because
reaction cross sections between a material and a neutron are large in the low-energy
region (mainly on the order of eV) owing to the 1/υ law (Fig. 6.4 in Chap. 6). To
obtain high sensitivity to thermal neutrons, it is necessary to select a material with
large reaction cross sections. It is, however, desirable to reduce the thickness and
geometry of the material to avoid disturbing the neutron flux field to be measured
and to minimize the self-shielding effect (see Sect. 6.4.4), since the mean free path
of neutrons in a material with large reaction cross sections is very small. Mainly for
the reasons given above, a thin foil or fine wire is chosen as the sample material used
for the measurement.

5.2.2 Characteristics

The activation detector is used for obtaining reaction rates, whereas time-series data
of neutron flux cannot be obtained from an irradiated foil or wire. Due to its geomet-
rical shape and small thickness, the following advantages of activation detectors can
be mentioned:

• Sample is small in dimensions and inexpensive.
• Foil mass and dimensions are smaller than those of a typical neutron detector, so

the foil or wire is less likely to disturb the neutron irradiation field to be measured,
and furthermore, it has superior spatial resolution.

• Neutron irradiation is possible even in extreme environments such as a high-
intensity γ -ray field are where neutron detectors cannot be used, and electrical
contact with the outside world is not required.

• Accuracy of neutron flux measurements is high, when the interaction of neutrons
with a certain of material is known.

• Neutron signals are measured without the influence of nuclear reactions by the
background γ -ray influence.1

• The equipment for measuring induced radioactivity is simple and the cost of the
equipment is low.

• The activation foil has a wide range of detection sensitivity and is relatively easy
to deal with regardless of the intensity of the neutron flux.2

1 Only when nuclear reactions by γ -ray in the material are negligible compared to nuclear reactions
by neutrons.
2 The irradiation time should be adjusted so that the radioactivity of radioisotope produced by
activation reactions can be measured properly. Usually, if the value of neutron flux is large, the
irradiation time of activation foil should be shortened, and if it is small, the irradiation time should
be lengthened. However, if the irradiation time is too short, it is necessary to take a certain amount of
time for obtaining high power in a reactor operation. Therefore, the ratio of radioisotopes produced
during the rise or fall of the reactor power is negligible. On the other hand, if the irradiation time is
too long, the fluctuation of reactor power during irradiation easily affects.
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On the other hand, compared with general neutron detectors, the following
disadvantages can be mentioned:

• The energy distribution of neutrons is not obtained without using more than two
kinds of activation detectors with threshold reactions.3

• Data processing is complicated due to the need for various corrections and
calibrations.

• It takes a considerable amount of time from the start of irradiation until the results
are obtained, and it is difficult to conduct on-line measurements.

• The use of nuclides for which detailed data on activation cross sections are not
available will inevitably cause the low accuracy of the measurement.

5.2.3 Physical Properties

In selecting materials for activation detectors, nuclear and physical properties should
be fully considered as follows:

(1) Energy dependence of cross sections

In general, an activation detector (foil and wire) consists of some elements. One of
these elements should have large capture cross sections to thermal neutrons (low-
energy neutrons), resulting in radioisotope after neutron irradiation. In addition, most
reactions with thermal neutrons are dominated by capture reactions because capture
cross sections follow approximately the 1/

√
E law (or 1/υ with respect to velocity υ)

for energy E in the low-energy region. However, many nuclei have resonance peaks
of capture cross sections mainly at certain neutron energies between 1 to 1000 eV.
Therefore, when a nucleus is activated by thermal neutrons, it may also contain
isotopes activated by neutrons in the resonance energy region.

(2) Half-life of radioisotopes

Radioisotope produced by neutron irradiation emits radiation, and the intensity of
radioactivity should be high to have a measurement accuracy. Since the intensity of
radioactivity is obtained by the product Nλ of the number of the radioisotope in the
activation detector N and its decay constant λ (λ= ln 2/T1/2, where T1/2 is the half-
life), the half-life of the radioisotope is one of the important factors in determining
the irradiation time by neutrons. For example, if the half-life is short, the intensity
of radioactivity is high, but it decays quickly, so it is often difficult to measure the
radioisotope after irradiation.

(3) Isotope abundance and purity

Activation detectors consist of many elements: we can categorize these as an isotope
to be activated by neutron capture and impurities. The isotope concentration in the

3 Cross sections of activation reactions continuously vary in response to neutron energy, and some
nuclides show sharp peaks, such as resonance reactions, or have threshold reactions. There is,
however, no such thing as a selective reaction for neutrons with a certain energy.
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activation detector, in general, is not high: concentrating an isotope costs a lot. The
activation detector is then desirable to have a high isotope abundance ratio in the
natural of the activation detector. In addition, when impurities in the sample are
activated, it is difficult to measure the radiation, and the impurity that causes the
problem should be removed. Therefore, it is required that samples of high purity
should be used in the activation detector.

(4) Properties of emitted radiation

The decay of nuclei produced in activation reactions involves the emission of β-ray
or γ -ray. The γ -ray is said to be suitable for measurement because its permeability
is strong and self-absorption effects are small in the sample. Furthermore, measuring
the energy spectrum of γ -ray is easier than that of β-ray.

From these properties shown, Table 5.1 summarizes the various properties of acti-
vation materials generally used for measurements of thermal neutrons with respect
to capture reactions.

Table 5.1 Activation materials for thermal neutron detection and their various properties for
capture reactions (Refs. [1, 2])

Isotope
(abundance
ratio: %)

Radioisotope Half-life γ -ray energy
(MeV) (emission
rate: %)

Cross section* (barn)**

55Mn (100) 56Mn 2.5789 h 0.846 (99) 13.4 ± 0.1
59Co (100) 60Co 5.2714 y 1.173 (100) 20.2 ± 1.9

1.333 (100)
63Cu (69.1) 64Cu 12.700 h 0.511 4.41 ± 0.20
65Cu (30.9) 66Cu 5.088 m 1.039 1.8 ± 0.4
107Ag (51.35) 108Ag 2.37 m 0.633 45 ± 4
109Ag (48.35) 110mAg 249.75 d 0.658 (94.0) 3.2 ± 0.4

0.884 (72.19)
115In (95.77) 116mIn 54.41 m 0.417 (32) 160 ± 2

1.097 (56)

1.293(84)
164Dy (28.18) 165mDy 1.257 m 0.108 2651 ± 265

0.515
165Dy 2.334 h 0.094 (3.6) 800 ± 100

0.361
197Au (100) 198Au 2.69517 d 0.411 (96) 98.6 ± 0.4

*For neutron velocity 2200 m s−1 (thermal neutrons: neutron energy 0.0253 eV)
**1 barn = 10–24 cm2
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5.3 Measurements of Reaction Rates

Assuming that a substance of mass M exists in the core, and that this substance
consists of isotope a of atomic weight A with existence ratio W, and using the
Avogadro number N0 (mol−1), the number of atoms of isotope a in the substance,
Na, can be obtained as follows:

Na =
(
M W

A

)
N0. (5.1)

We consider the use of isotope a as an activation foil, taking advantage of the
reaction in which this isotope a is activated by neutrons in the reactor core to be the
radioisotope b.

5.3.1 Activation Reaction Rates

For neutrons in the energy range between E and E + dE (MeV), the microscopic
activation cross section of isotope a is σa(E) (cm2) and the neutron flux at the location
of the activation foil is φ(E)dE (cm−2 s−1). The neutron flux in the activation foil is
assumed to be undistorted. The number of reactions in which isotope a is activated
to radioisotope b per unit time, i.e., the activation reaction rate R(E)dE (s−1), can be
expressed using the number of atoms Na as follows:

R(E)dE = Naσa(E)φ(E)dE. (5.2)

If the maximum energy of neutrons in the core is Emax (MeV), the total activation
reaction rate of the activation foil Ract (s−1) can be expressed using Eq. (5.2) as
follows:

Ract =
Emax∫
0

R(E)dE =
Emax∫
0

Naσa(E)φ(E)dE. (5.3)

At the location where the activation foil is set, the total neutron flux � (cm−2 s−1)
and the effectivemicroscopic activation cross section of the activation foil σeff,a (cm2)
are defined as follows, respectively:

� =
Emax∫
0

φ(E)dE, (5.4)
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σeff, a =
Emax∫
0

σa(E)φ(E)dE

�
. (5.5)

Using Eqs. (5.4) and (5.5), Eq. (5.3) can be expressed as follows:

Ract = Naσeff,a�. (5.6)

Aside from the absolute value of the neutron spectrum φ(E) (cm−2 s−1 MeV−1),
if the spatial distribution of φ(E) is known, Naσeff, a in Eq. (5.6) is specific to the
activation foil. The reaction rateRact can be then quantified bymeasuring the radioac-
tivity (decay rate) of the radioisotope b, resulting in the total neutron flux �. This is
the principle of neutron flux measurement by activation foil.

5.3.2 Saturated Activity

As is well known, in the activation foil, not only the production of the radioisotope
b occurs, but also the radioactive decay is taken place. If the decay constant of
radioisotope b is λb (s−1) and the number of atoms at time t (s) isNb(t), the number of
b decaying per unit time is λbNb(t). Also, due to production and decay of radioisotope
b occurring in the activation foil between time range t and t + dt (s), the change in
the number of atoms can be expressed as follows:

dNb(t) = Naσeff, a�dt − λbNb(t)dt. (5.7)

Since there is no radioisotope b before irradiation starts, using the initial condition
Nb(0) = 0 at t = 0, the number of atoms of radioisotope Nb(Ti) at the irradiation
time Ti (s) can be obtained from Eq. (5.7) as follows:

Nb(Ti) = Naσeff, a�
(
1 − e−λbTi

)
λb

. (5.8)

Using Eq. (5.8) and the decay constant λb, the induced radioactivity Db(Ti) (s−1)
of radioisotope b after the irradiation time Ti can be expressed as follows (time
correction for irradiation time):

Db(Ti) = λbNb(Ti) = Naσeff, a�
(
1 − e−λbTi

)
. (5.9)

The radioactivity of radioisotope b produced when irradiated for infinite time, i.e.,
the saturated activity D∞ (s−1), can be expressed by applying Ti → ∞ to Eq. (5.9)
as follows:
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D∞ = Naσeff, a�. (5.10)

The relationship between Eqs. (5.6) and (5.10) is then established as follows:

D∞ = Ract . (5.11)

This indicates that the saturated activity is equal to the total activation reaction
rate, i.e., to find the total activation reaction rateRact , the saturated activityD∞ should
be measured.

5.3.3 Time and Weight Corrections

The number of radioisotope atoms produced by irradiation decreases with time after
the end of irradiation, and the radioactivity Db(Ti) at that time also decreases with
time. If thewaiting time isTw (s) from the end of irradiation to the start of radioactivity
measurement, the radioactivity Db(Tw) (s−1), when the measurement of the γ -ray
spectrum is started, can be expressed as follows (time correction regarding waiting
time to start measurement):

Db(Tw) = Db(Ti)e
−λbTw . (5.12)

Using the radioactivity Db(Tw) at the start of the measurement, the detection
efficiency εD of the radiation detector (e.g. high-purity germanium: HPGe detector
or sodium iodide (thallium): NaI(Tl) detector) and the emission rate of the γ -ray
energy εE (see Table 5.1), the number of counts ctotal of the γ -ray spectrum in the
measurement time Tc (s) can be obtained as follows:

ctotal =
Tc∫
0

εDεEDb(Tw)e−λbtdt = εDεEDb(Tw)
(
1 − e−λbTc

)
λb

. (5.13)

Using Eq. (5.13), the average count rate Cav (s−1) at the measurement time Tc can
be expressed as follows (time correction for measurement time):

Cav = ctotal
Tc

= εDεEDb(Tw)
(
1 − e−λbTc

)
λbTc

. (5.14)

As shown above, after making corrections for the irradiation time Ti (s), the
waiting time Tw (s) and the measurement time Tc (s) as shown in Eqs. (5.9), (5.12)
and (5.14), respectively, the saturated activityD∞ (s−1) can be expressed as follows:
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D∞ = λbTcCav

εDεE
(
1 − e−λbTi

)
e−λbTw

(
1 − e−λbTc

) . (5.15)

Here, we assume that the total activation reaction rate per volumeRreaction (cm−3 s−1),
in the strict sense, is equal to the saturated activity. For the activation foil, however, it
is necessary to make a correction for the weight of the activation detector. When the
weight and density of the activation detector areM (g) and ρ (g cm−3), respectively,
the total activation reaction rate per volume Rreaction (cm−3 s−1) can be expressed
using the saturated activityD∞ (s−1) in Eq. (5.15) as follows (weight correction with
respect to sample):

Rreaction = D∞
ρ

M
= λbTcCavρ

εDεEM
(
1 − e−λbTi

)
e−λbTw

(
1 − e−λbTc

) . (5.16)

When determining the relative spatial distribution of the total activation reaction
rate, it is not necessary to obtain the absolute values of D∞ of all samples. Namly,
to obtain the relative spatial distribution, it is not necessary to know the detection
efficiency εD and the emission rate εE of γ -ray energy shown in Eq. (5.16), and
the density of the activation foil ρ. In addition, since the decay constant λb and
the irradiation time Ti are the same for the activation foils to be measured, it is
only necessary to consider the corrections related to the waiting time Tw and the
measurement time Tc. Based on the above, the relative value of the total activation
reaction rate can be approximated using Eq. (5.16) as follows:

Rreaction ≈ TcCav

Me−λbTw
(
1 − e−λbTc

) . (5.17)

From the results of the derivation of Eq. (5.17), the relative reaction rate by the
activation detector can be determined.

5.4 Cadmium Ratio

5.4.1 Cadmium Difference Method

When activation foils are irradiated in a thermal neutron reactor, the activation reac-
tion rate is inevitably affected not only by thermal neutrons but also by epi-thermal
neutrons, so it is necessary to remove the effect of epi-thermal neutrons to extract
information on thermal neutrons only. The Cd difference method is widely used in
thermal neutron reactors that makes good use of the unique energy dependence of
Cd capture cross sections.

The cadmium has large capture cross sections for low-energy neutrons and a
large resonance absorption (peak) around 0.18 eV, as shown in Fig. 5.1. Note that
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Fig. 5.1 Capture cross sections of 113Cd (data from JENDL-4.0 in Ref. [3])

the resonance energy is relatively close to the boundary energy between the thermal
and epi-thermal regions, i.e., the thermal spectrum cut-off energy Eet ≈ 0.1 eV, and
that capture cross section is very large in the energy region corresponding to the
Maxwellian distribution.

Using the above, by inserting the activation wire into a fine Cd tube of appropriate
thickness (hereinafter termed Cd tube),4 all neutrons less than a certain energy ECd

(hereinafter termed effective Cd cut-off energy) can be absorbed, and activation by
neutrons less than ECd can be prevented. In other words, only neutrons with energies
greater than ECd will be penetrated into the activation wire, and only activation by
neutrons greater than ECd will be considered to occur.

Since activation by neutrons of all energies occurs in the activation wire without
the Cd tube (hereafter termed bare), we can subtract the activation reaction rate of the
Cd-tubed activation wire from that of the bare wire, to obtain the activation reaction
rate due only to neutrons of energy less than ECd. Furthermore, by adding corrections
due to the difference between ECd and the thermal spectrum cut-off energy Eet, and
corrections for the contribution of thermal neutrons transmitted through the Cd tube,
as described in Sect. 5.4.2, the activation reaction rate induced by thermal neutrons
only can be obtained. In other words, the principle of the Cd difference method
is to obtain the activation reaction rate obtained by thermal neutrons only, finding
the difference between the bare and Cd-tubed activation wires and applying the
appropriate corrections.

4 For the Au foil, the Cd cover is used.
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Fig. 5.2 Variation of
effective Cd cut-off energy
ECd with Cd cover thickness
for 1/υ-type absorber (Ref.
[4])

5.4.2 Effective Cadmium Cut-Off Energy

In the Cd differencemethod, the activation reaction rate obtained by thermal neutrons
is determined based on the difference in the activation reaction rate bordered by the
effectiveCd cut-off energyECd. This effectiveCd cut-off energyECd is defined below,
and noteworthy is that ECd is dependent on the thickness of Cd cover (tube).

Assume a step approximation that Cd absorption cross sections σc (E) (micro-
scopic capture cross sections; see Fig. 6.3 in Chap. 6) is infinity at E ≤ ECd and zero
at E > ECd. The ECd is then determined by assuming that the activation reaction
rate obtained by the neutron spectrum with the 1/E-type distribution (see Chap. 6)
in the region ECd < E < ∞ is equal to that in the full energy region 0 ≤ E < ∞.
Here, calculation results of ECd for a very thin 1/υ-type activation foil are shown in
Fig. 5.2.

5.4.3 Cadmium Ratio

When the activation wire inserted into Cd tube is irradiated, the activation reaction
is considered to be caused almost exclusively by epi-thermal neutrons of energy E
(> ECd). For the activation reaction rates Rbare and RCd of the bare and Cd-tubed Au
wires, respectively, we introduce the ratio of the reaction rates per unit mass, i.e., the
Cd ratio defined by the following equation (Cd ratio = (RR)Cd), with the masses of
the respective Au wiresMbare and MCd:

Cd ratio = (RR)Cd = Rbare
/
Mbare

RCd
/
MCd

. (5.18)



106 5 Measurements of Reaction Rates

5.5 Irradiation Experiments

Bare and Cd-tubed (see item (1) in Sect. 5.5.1) Au wires are attached to the core and
irradiated to measure the relative spatial distributions of the activation reaction rates.
The KUCA documents distributed on the day of the experiment shows the irradiation
positions of the Au wires in addition to the core configuration. It is necessary to fully
confirm the core arrangement and the irradiation positions of Au wires prior to the
experiment.

5.5.1 Gold Wires for Irradiation

(1) Gold wire

To measure the relative spatial distributions of activation reaction rates, bare and
Cd-tubed Au wires are set to the core. Prior to irradiation, a bare Au wire with a
diameter of 0.5 mm and another Au wire inserted into a Cd tube (with a cavity of
approximately 1.0 mm in diameter) with a thickness of 0.02 in. (approximately 0.51
mm), an outside diameter of 0.09 in. (approximately 2.29mm) and an inside diameter
of 0.05 in. (approximately 1.27 mm) are prepared. Both ends of the Cd tube should
be securely sealed with radio pliers to prevent water from entering the tube during
the irradiation. The length of the Au wire depends on the location where it is to be
set, so confirm the length in advance.

(2) Experimental settings

When measuring the spatial distribution of the reaction rate in the vertical direction
(direction z in Fig. 1.9) of the core, Al support plates fitted with bare and Cd-tubed
Au wires are inserted between adjacent fuel frames from the top of the core and
secured. To measure the spatial distributions of the reaction rates in directions x and
y in Fig. 1.9, Al support plates fitted with bare Auwires are inserted between adjacent
fuel frames and secured.

(3) Neutron irradiation

The Au wires are irradiated with neutrons while keeping the indicated value of the
linear power meter Lin-N (UIC#5) at a constant value so that the reactor power
is about 0.5 W (γ -ray dose rate: approximately 250 mRh−1) as indicated by the
dose rate on the γ -ray area monitor (γ AREA-C) in the C core (irradiation time:
about 30 min). Then, the irradiation start time, irradiation end time, indicated value
of the linear power meter during irradiation, dose rate indicated value of the γ -ray
area monitor, control rod positions, core water level, and core temperature should be
recorded. In addition, the positions of the detectors of the linear power meter and the
γ -ray area monitor should be confirmed in advance.
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(4) Removal after irradiation

After irradiation, when the radiation level in the C core decreases and access to the
room is possible (usually the day after irradiation), the irradiated Au wires should be
removed from the core. Since the dose rate in the upper part of the core is very high,
it is necessary to carry a radiation detector to monitor the radiation dose carefully
and remove the Auwires within a short time as much as possible. Special care should
be taken to minimize the radiation dose not only when removing the Au wires, but
also when transporting the Au wires to the radioactivity measurement room.

5.5.2 Measurements of Relative Reaction Rate Distributions
by Gold Wires

(1) Cutting gold wire

We should cut the irradiated bare and Cd-tubed Au wires into pins of approximately
10 mm (or 15 mm) each in length. Also, we should insert each cut pin-shaped Au
wire into a sample capsule, and number the capsules with the sample number so that
the positions and order of the Auwires are correct. Then, it should be very careful not
to mix the sample Au wire up when cutting the Au wire, and not to confuse the bare
Au wire with the Cd-tubed Au wire. Furthermore, when inserting the cut pin-shaped
Au wire into the sample capsule, we should make sure that the Au wire is placed to
the bottom of the sample capsule and that the Au wire does not clump.5

(2) Measurement of radioactivity

As shown in Fig. 5.3, each sample capsule is placed in a designated polyethylene
container and inserted into a well-type NaI(Tl) scintillation detector (or a well-type
HPGe detector) to count the γ -ray at 411.8 keV. The counting is done by analyzing
the γ -ray spectrum using a multi-channel analyzer (MCA). An example of range of
interest (ROI) setting (MCA screen display) is shown in Fig. 5.4.

During the measurement, we should record the start time, measurement time, and
count rate for each sample. Also, we should measure the background of the radiation
detector and obtain the background count rate CBG.

Using the background count rate CBG, sequentially determine the average count
rate C ′

av, j and net count rate Cav, j (= C ′
av, j − CBG) of the Au wire for each sample

(subscript j denotes sample number).

(3) Weight of Au cutting sample

Using an electronic balance, measure and record the weight Mj of each sample pin
(Au wire sample).

5 The Au wire sample is placed in close contact with the bottom of the sample capsule to avoid the
effects of changing geometric conditions, and the Au wire is not clumped to eliminate the effects
of self-shielding of the γ -ray of 411.8 keV by the Au wire itself.
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Fig. 5.3 Measurement image of radioactivity of Au wire pin using well-type NaI(Tl) scintillation
detector (Ref. [4])

Fig. 5.4 Example of ROI setting and measurement of γ -ray peak counts (Ref. [4])

(4) Relative saturated activity

The value of the saturated activity can be obtained by substituting the net count rate
Cav, j of each sample into Cav on the right-hand side of Eq. (5.16). Note that since
we are measuring the relative distribution of the reaction rate, Eq. (5.17) can be used
here.

(5) Relative spatial distribution of reaction rates

Plotting the relative values
(
Rreaction, j

)
bare and

(
Rreaction, j

)
Cd of the respective reaction

rates per unit mass for the sample pin positions of the bare and Cd-tubed Au wires
gives the relative spatial distribution of the activation reaction rates corresponding
to total neutron flux and epi-thermal neutron flux, respectively. By considering the
correspondence between the irradiation positions of the bare and the Cd-tubed Au
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wires and subtracting the reaction rate per unit mass of the Cd-tubed Au wire from
that of the bare Au wire,

(
Rreaction, j

)
bare − (

Rreaction, j
)
Cd, the spatial distribution of

reaction rate corresponding to thermal neutron flux can be obtained.

(6) Spatial distribution of Cd ratio in direction z

The spatial distribution of Cd ratio in the direction z (Fig. 1.9 in Chap. 1) can be
obtained from

(
Rreaction, j

)
bare/

(
Rreaction, j

)
Cd by considering the correspondence of

irradiation positions.

5.6 Discussions

Experimental report is summarized in items (1)–(3) in Sects. 5.6.1 and 5.6.2 shows
a list of experimental results of relative distributions of activation reaction rates by
Au wires, in addition to discussion issues.

5.6.1 Experimental Reports

(1) Purpose of experiment
(2) Experimental procedures
(3) Experimental settings

• Name of core, core configuration and irradiation positions of Au wires (refer to
relevant documents),

• Operation number (Run No.) during irradiation, positions of control rods and
safety rods, water level, core temperature, indicated values of linear power meter
and γ -ray area monitor, start time, and end time of Au wire irradiation,

• Type of γ -ray detector used to measure radioactivity.

5.6.2 Reaction Rate Distributions by Gold Wires

(1) Measured data of radioactivity

For the results of the radioactivity measurements of Au wires, consider the following
items for each of bare and Cd-tubed Au wires:

• Number of Au wires,
• Locations of Au wires in the core,
• Start time of radioactivity measurement,
• Irradiation time,
• Waiting time,
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• Measurement time,
• Counts and count rates for the γ -ray at 411.8 keV of all Au wire samples obtained

by cutting,
• Background counts and count rates without any Au wire sample,
• Net count rates of the γ -ray at 411.8 keV (γ -ray count rates—background count

rates) of all Au wire samples,
• Masses of all Au wire samples,
• Relative value of activation reaction rate shown in Eq. (5.17) of all Au wire

samples.

(2) Discussions

• Compare the reaction rate distributions by the bare Au wires in directions x, y,
and z (Fig. 1.9 in Chap. 1), and discuss the differences in shape and the peaks in
the reflector regions relative to the core center.

• Describe reasons of the difference between the shapes of reaction rate distributions
by bare and Cd-tubed Au wires in the direction z.

• Using the reaction rate distributions by bare and Cd-tubed Au wires in the direc-
tion z, show the relative spatial distributions of reaction rates corresponding to
total and epi-thermal neutron fluxes in the fuel region in the direction z. Also,
approximate the activation reaction rate corresponding to thermal neutron flux
from the difference between the two reaction rate distributions.

• Using the reaction rate distributions by bare and Cd-tubed Au wires in the direc-
tion z, determine the Cd ratio of reaction rate distributions at the fuel region in
the direction z with the use of Eq. (5.18). Also, from the viewpoint of neutron
spectrum, discuss the differences in positions using the Cd ratio results in fuel
and light-water reflector regions.

References

1. Gilmore G, Hemingway JD (1995) Practical gamma-ray spectrometry. JohnWiley & Sons Ltd.,
Chichester, England

2. Firestone RB, Baglin CM, Chu SYF (eds) (1998) Table of isotopes, 8th edn. Wiley, New York
3. Shibata K, Iwamoto O, Nakagawa T et al (2011) JENDL-4.0: a new library for nuclear science

and engineering. J Nucl Sci Technol 48:1–30. https://doi.org/10.1080/18811248.2011.9711675
4. Misawa T, Unesaki H, Pyeon CH (2010) Nuclear reactor physics experiments. Kyoto University

Press, Kyoto, Japan. http://hdl.handle.net/2433/276400. Accessed 21 May 2024

https://doi.org/10.1080/18811248.2011.9711675
http://hdl.handle.net/2433/276400


References 111

Open Access This chapter is licensed under the terms of the Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing,
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate
credit to the original author(s) and the source, provide a link to the Creative Commons license and
indicate if changes were made.

The images or other third party material in this chapter are included in the chapter’s Creative
Commons license, unless indicated otherwise in a credit line to the material. If material is not
included in the chapter’s Creative Commons license and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder.

http://creativecommons.org/licenses/by/4.0/


Chapter 6
Determination of Neutron Flux

Abstract The physical quantity of neutron flux can be measured indirectly through
interaction signals between the neutron and thematerial used as a neutron detector, as
discussed in Chap. 5. To determine neutron flux, the measured reaction rate obtained
in the experiments should be used. Acknowledging that it is not easy to determine
neutron flux using the reaction rate, this chapter focuses on the theory of reactor
physics related to neutron flux and discussion of radiation measurement techniques
to determine neutron flux.

Keywords Thermal neutron flux · Radioactivity · Neutron spectrum ·
Perturbation effect · Reactor power

6.1 Objectives

In learning how to determine neutron flux presented in this chapter, keep in mind
the objectives of the experiments described below. Noteworthy is that the relation-
ship between reaction rate and neutron flux could help you better understand the
importance of the method of determining the neutron flux. The main objectives of
the experiments are as follows:

• To determine the absolute thermal neutron flux in the core and the reactor power
using the activation of gold-197 (197Au) foils.

• To gain insight into the neutron spectrum in the core using the results of reaction
rate obtained from bare and cadmium (Cd)-covered Au foils.
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Table 6.1 Change in neutron
temperature Tn of non-1/υ
correction factors g(Tn) for
197Au

Tn (K) g(Tn)

293 1.0053

313 1.0064

333 1.0075

353 1.0086

373 1.0097

Fig. 6.1 Decay scheme of
198Au (data from Table of
isotopes in Ref. [2])

6.2 Measurements of Radioactivity

6.2.1 Principle

In reactor physics experiments, 197Au is the most widely used as an activation foil for
obtaining information on thermal neutron flux: the thermal neutron flux distribution
in the core, the absolute value of thermal neutron flux, and the reactor power. In the
experiments presented in this section, the Au foil is also used to measure the absolute
value of thermal neutron flux. The following method is used to measure the average
count rate of induced radioactivity Cav shown in Eq. (5.14) for the Au activation foil.
The reasons why the Au is often used as an activation foil for measuring thermal
neutron flux in reactor physics experiments are as follows:

• It is known that the Au consists of 197Au in the abundance ratio 100%,
and the energy dependence of the neutron-induced reaction crosse section
197Au (n, γ)198Au (capture reactions)1 follows approximately the 1/υ law in the
thermal neutron region.

• It is well known that the activation cross sections of 197Au are σact(υ0) = 98.5 ±
0.4 barn (Ref. [1]) for neutrons with neutron velocity υ0 = 2200 m s−1.

• The decay scheme of 198Au induced by 197Au activation is relatively simple, as
shown in Fig. 6.1, and its decay rate is easy to determine.

• The half-life of 198Au is 2.69517 days, which is suitable for measuring radioac-
tivity.

1 See Fig. 6.4. The non-1/υ correction factor g(Tn) in Table 6.1 is also approximately unity.
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As shown in Fig. 6.1, the induced nuclei 198Au produced by 197Au activation turn
intomercury-198 (198Hg) byβ−-decay.The amount of about 99%of thenuclei decays
with the emittance of β-ray of maximum energy Eβmax = 961 keV, and goes then to
the ground state after emitting γ -ray of 411.80 keV through the first excited state of
198Hg. Since the half-life of this first excited state is as short as about 23 ps, it can
be assumed that the β-ray and γ -ray are emitted simultaneously with the transition
from 198Au to 198Hg. The 4πβ − γ coincidence method is an absolute measurement
method for activation of the Au foil using the simultaneous emission of the β-ray
and γ -ray. See Sect. 6.8 for more information on the coincidence method.

Since the high-purity germanium (HPGe) detector with excellent energy resolu-
tion has been widely used, the decay rate of γ -ray emitting nuclei or the emission
rate of γ -ray photons is obtained using HPGe detectors with pre-calibrated detec-
tion efficiency. The method of considering it as the absolute value of the amount of
activation has been widely used.2 Although this method is not strictly an “absolute
measurement,” its use is spreading because of its simpler configuration and adjust-
ment of themeasurement circuit system including detectors compared to the 4πβ−γ

coincidence method. In this experiment, the HPGe detector will be used for abso-
lute measurement of the activity of Au foil. In the relative measurement of the total
activation reaction rate using the Au wire, the sodium iodide (thallium) (NaI(Tl))
detector, which is simpler to adjust the detector, can also be used.

In measurements using an HPGe detector or NaI(Tl) detector, a multi-channel
analyzer (MCA) is used tomeasure the pulsed-height distribution, and the full energy
absorption peak counts for the γ -ray at 411.80 keV are obtained. The basic method
is to quantify the radioactivity intensity by determining the number of total energy
absorption peaks for γ -ray at 411.80 keV. The details of the measurement will be
described in Sect. 6.5.

The following relationship exists between the count rateCp (s−1) of the measured
full energy absorption peaks and the decay rate D (s−1) of the irradiated Au foil3:

Cp = εDεE D

1 + α
, (6.1)

where, α indicates the internal conversion factor (α = 0.041 in Ref. [3]). Also, εD
and εE are the detection efficiencies with respect to the full energy absorption peaks
and the emission rate of γ -ray energy, respectively. To obtain the absolute value of

2 Although similar measurements can be made with NaI(Tl) scintillation detectors, the energy
resolution is significantly poorer than that of semiconductor detectors, resulting in large errors in
determining the full energy absorption peak counts, making it difficult to obtain high measurement
accuracy. Therefore, it is difficult to obtain high accuracy of measurements. NaI(Tl) scintillation
detectors are used exclusively for relative measurements, while semiconductor detectors are used
for absolute measurements. Note that this method is not strictly an absolute measurement, since a
standard source should be used to determine the detection efficiency.
3 Simplifying the decay scheme shown in Fig. 6.1, and ignoring β-decay to the 198Hg ground level
directly by β-decay and decay to the 1088 keV level (to be precise, 18% of those decaying to the
1088 keV level decay to the ground level without going through the first excited level of 198Hg),
all of them emit the γ -ray of 411.80 keV via the first excited level of 198Hg.
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D, the detection efficiency εD with respect to the full energy absorption peaks of the
γ -ray to be detected should be determined.

6.2.2 Detection Efficiency

The detection efficiency εD should be obtained using a standard source with the
calibrated intensity of the source. If the standard source is calibrated by the number
ofγ -rayphotons emitted, it is obtainedbyEq. (6.2); if the standard source is calibrated
by the decay rate, it is obtained by Eq. (6.3), as follows:

εpi = Cpi

Qi
, (6.2)

εpi = Cpi

FiDi
, (6.3)

where Cpi is the count rate of total energy absorption peaks for γ -ray at energy Ei,
Qi and Di are the γ -ray emission rate and decay rate [Bq] of the standard source at
the time of measurement, respectively. Also, Fi is the ratio of γ -ray at energy Ei,4

and the subscript i represents the γ -ray energy that was measured.
The detection efficiency depends on the energy of the γ -ray to be detected. If

the detection efficiency for the γ -ray at 411.80 keV cannot be determined directly,
it is necessary to determine the detection efficiency εpi for each of the γ -ray using
standard sources emitting γ -ray with energies around that value, and to determine
εpi as a function of Ei by the least-squares method or εD by the interpolation method
for the γ -ray at 411.80 keV.

The types of standard radiation sources are available as follows:

(1) Mixed-nuclei source

The mixed-nuclei source is covering with the energy range between 65 keV and
1.8 MeV. Also, the source is very convenient to use because it is possible to cali-
brate the energy and detection efficiency over the entire energy range in a single
measurement. However, since the half-life of each nuclide is different, it is necessary
to correct for each activity.

(2) Single-nucleus source

The use of single-nucleus source is the most common method of correcting for the
required energy range using several different sources. When this method is used to
correct detection efficiency, special attention should be paid to the reproducibility
of the position of each source. The detection efficiency depends on the geometrical
conditions of the detector and the source in addition to the γ -ray energy. The geomet-
rical conditions should be the same as possible, when determining the detection

4 It can be obtained from decay diagrams of nuclides used as standard sources.
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efficiency using a standard source and measuring irradiated samples.5 In particular,
when measuring the radioactivity of a large number of samples to obtain a spatial
distribution, special care should be taken to ensure that the detection efficiency does
not change during the measurement of each sample.

6.3 Effects of Neutron Spectrum

As is clear from Eq. (5.16), the total activation reaction rate is the reaction rate by
neutrons of all energies, and information on the thermal neutron flux, which is the
target of the measurement, is buried in the total activation reaction rate. A method
for extracting this buried information is presented in this section. In this section,
neutron spectrum in thermal neutron reactors is described, and thermal neutrons,
epi-thermal neutrons and neutron spectra are introduced. Next, the activation reac-
tion rate by thermal neutron flux is explained, and the experimental devices are
introduced, to obtain the thermal neutron flux from the activation reaction rate and
various corrections based on the theory of reactor physics.

In thermal neutron reactors, the neutron spectrum can be divided into three regions
according to energy as follows:

(i) Fission energy,
(ii) Moderation energy,
(iii) Thermal energy.

Region (i) is formed as a fission spectrum when fission neutrons produced in the
fuel assembly, and both prompt and delayed neutrons have kinetic energy ranging
from about 75 keV–17 MeV with the average of approximately 1 MeV. When the
fission neutrons are moderated in the core medium, especially by interaction with
lighter nuclei in the moderator, region (ii) is formed; its neutron energy range is
approximately 1 eV < E < 100 keV and, according tomoderation theory, the energy
change in the neutron flux is proportional to 1/E. In the last process of moderation,
the neutrons reach a state of thermal equilibriumwith themedium atoms. In this state,
region (iii) is formed, and the neutron energy range is approximately E < 1 eV.

Regions (ii) and (iii) are particularly important for thermal neutron reactors. For
simplicity, let us assume that the medium in the core has an infinite and uniformly
distributed fast neutron source. If the medium is an ideal moderator with large
scattering cross sections and zero absorption cross sections, in region (iii), the
energy distribution of the thermal neutron flux (thermal neutron spectrum) is then
a Maxwellian distribution determined by the physical temperature Tm (K) of the

5 Although the Au foil and wire are considered an area source and a line source, respectively,
most standard sources are closer to point sources. By separating a certain type of line source, the
activation foil, from the detector, it is possible to consider the foil as a point source. However, such
measurements generally result in lower count rates and lower statistical accuracy. For example, to
improve the accuracy of absolute measurement, it is desirable to make the geometry of the standard
source the same as that of the activation foil to be measured.
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Fig. 6.2 Conceptual
diagram of neutron spectrum
φ(E) in a thermal reactor
and the Maxwellian thermal
neutron spectrum φM(E) in a
pure moderator (both are
normalized to a maximum
value of unity) (Ref. [4])

medium. The thermal neutron flux φM(E) (cm−2 s−1 MeV−1) per unit energy width
at energy E can be expressed as follows:

φM(E) ∝ E(kTm)−2e− E
(kTm) , (6.4)

where k is the Boltzmann constant.
A conceptual diagram of the energy distribution of the thermal neutron flux is

shown in Fig. 6.2. Here, the energy with maximum φM(E) reaches a maximum
Ep(eV) is as follows:

Ep = kTm. (6.5)

For example, when Tm is 293.6 K, Ep = 0.0253 eV with the Boltzmann constant
k = 8.6167 × 10–5 eVK−1 and Ep = 0.0253 eV (the velocity corresponding to Ep is
called the most probable velocity, υp = 2200 m s−1). However, in an actual nuclear
reactor, it is impossible to regard the medium as a pure moderator because it contains
materialswith large neutron absorption, such as nuclear fuel. Therefore,when regions
(ii) and (iii) are displayed together, their neutron spectra can be classified into the
following three parts, as shown in Fig. 6.2.

• E ≤ 0.1 eV: thermal energy region that can be approximated by the Maxwellian
distribution corresponding to the temperature Tn (termed the neutron temperature)
that is higher than Tm due to absorption effects (region (iii)),

• 0.1 eV < E < 1 eV: transient regions between regions (ii) and (iii),
• E > 1 eV:1/E law region (region (ii)).

The region (ii) and the transient region are sometimes combined into one region,
termed the “epi-thermal” region, which is distinguished from the thermal region in
region (iii).

From the above description, the spectrum of a thermal neutron reactor can be
written as φ(E), using the energy-dependent neutron flux per unit energy width as
follows (Refs. [5, 6]):
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φ(E) = φthE(kTn)
−2e− E

(kTn) + φepi



(

E
kTn

)

E
, (6.6)

where the coefficient φth in the first term on the right-hand side in Eq. (6.6) is the
thermal neutron flux. The coefficient φepi in the second term of the right-hand side
is the neutron flux in the epi-thermal region (more precisely, the neutron flux per
lethargy). The neutron temperature Tn in Eq. (6.6) is difficult to define clearly and
various tabular expressions have been proposed. For simplicity, an equation based
on the heavy gas model (Ref. [4]) is given as follows:

Tn = Tm

1 −
∑

a(Tn)
ξ
∑

s

, (6.7)

where
∑

a indicates the macroscopic absorption cross section of the medium, ξ the
logarithmic average energy loss per collision,

∑
s the macroscopic scattering cross

section of the medium, and ξ
∑

s the average slowing-down power of the medium

in the core for epi-thermal neutrons. The coupling function 

(

E
kTn

)
on the right-

hand side of Eq. (6.6) is the function introduced to represent the neutron spectrum

in the transient region. As shown in Fig. 6.3, the coupling function 

(

E
kTn

)
shows

somewhat different energy variations depending on the value of the moderating ratio
ξ
∑

s∑
a(Tn)

of the medium, but is zero less than about 4kTn, maximum around 8kTn, and
unity more than 15kTn (Ref. [6], Fig. 6.4).

Fig. 6.3 Energy dependence

of coupling function 

(

E
kTn

)

(Ref. [4])
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Fig. 6.4 197Au capture cross sections (data from JENDL-4.0 in Ref. [8])

6.4 Determination of Thermal Neutron Flux

If the upper energy limit of thermal neutrons is Eth, the number of atoms in the acti-
vation foil is N, the activation cross section is σ(E) (cm2), and the energy dependent
neutron flux is φ(E)dE (cm−2 s−1), the activation reaction rate Rth (s−1) with thermal
neutrons can be expressed as in Eq. (5.3), as follows:

Rth =
Eth∫

0

Nσ(E)φ(E)dE = Nσactφth, (6.8)

where φth is the total thermal neutron flux and σact the average activation cross section
for thermal neutrons, which can be expressed as follows, respectively:

φth =
Eth∫

0

φ(E)dE, (6.9)

σact =
Eth∫

0

σ(E)φ(E)dE

φth
. (6.10)

Although the activation reaction rate due to thermal neutrons Rth in Eq. (6.8) and
the total activation reaction rateRact in Eq. (5.3) appear to differ only in the upper limit
of the energy integral in the mathematical formula, various devices and corrections
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described in Sects. 6.4.1 through 6.4.4 are necessary to take this difference into
account and obtain information on the thermal neutron flux from the experiment.

6.4.1 Average Activation Cross Section for Thermal Neutrons

To find the total thermal neutron flux φth from the activation reaction rate Rth by
thermal neutrons, we need to know the value of σact. For activation foil materials in
which the energy variation of the activation cross section follows the 1/υ law, the
value of σact can be obtained by correcting the activation cross section σ(υp) corre-
sponding to the velocity υp = 2200 m s−1 for the average energy of the Maxwellian
distribution with neutron temperature Tn. However, for general activation materials
that do not follow the 1/υ law, this correction is not sufficient and should be further
corrected using the non-1/υ correction factor g(Tn) to obtain σact as follows:

σact = g(Tn)

√
293.6π

Tn

σ(υp)

2
. (6.11)

Table 6.1 shows the results of calculating the non-1/υ correction factor g(Tn) as
a function of Tn for 197Au (see Ref. [7]).

6.4.2 Correction for Contribution by Thermal Neutrons

The value of R′
th in Eq. (5.19) is the activation reaction rate obtained by neutrons

with energies lower than ECd. For ECd > Eet (Fig. 5.1), to obtain the contribution
of thermal neutrons lower than Eet, the correction should be made to R′

th for the
contribution due to neutrons with energies at Eet < E < ECd.6

For this purpose, we will use the correction factor FCd in Eq. (6.12). This is
a quantity defined as the ratio of the activation reaction rate Repi produced in the
Au foil by epi-thermal neutrons (E ≥ Eet), because of the neutron flux with the 1/E
spectrum (φ(E) ∝ 1/E), comparingwith the activation reaction rateRCd,epi produced
by neutrons with energies above the effective Cd cut-off energyECd (E ≥ ECd). Here,

6 The thermal spectrum cut-off energy, the boundary energy between the thermal and epi-thermal
regions is Eet≈ 0.1 eV (< ECd), but Eet is also not completely defined. When determining Eet, we
also approximate the energy change of the coupling function 


(
E
/
kTn

)
in a stepwise manner in

Fig. 6.3, and assume 

(
E
/
kTn

) = 0 at E ≤ Eet and 

(
E
/
kTn

) = 1 at E > Eet. Then, as in
the case of ECd, the activation reaction rate from the neutron spectrum of the complete 1

/
E-type

distribution at Eet < E < ∞ is defined as Eet, as is equal to the activation reaction rate from the
neutron spectrum of the 1

/
E-type distribution with the coupling function at 0 ≤ E < ∞. For very

thin 1/υ-type activation foils, it is Eet = μkTn. For example, it is μ = 3.6± 0.4 when the medium
is heavy water, and μ = 3.4 ± 0.3 for graphite. Also, for kTn = 0.0253 eV, it is Eet = 0.09 eV for
heavy water and Eet = 0.086 eV for graphite, and both are very close to 0.1 eV (Ref. [6]).
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Fig. 6.5 Dependence of FCd
on thickness of Au foil (Ref.
[4]) (the number in each
curve represents the
thickness (mm) of the Cd
cover.)
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the value of FCd is expressed as follows:

FCd = Repi

RCd,epi
=

∫ ∞
Eet

σact(E)dE/E∫ ∞
ECd

σact(E)dE/E
= 1 +

∫ ECd

Eet
σact(E)dE/E∫ ∞

ECd
σact(E)dE/E

. (6.12)

From Eq. (6.12), it is clear that FCd is larger than unity. Note that FCd for a very
thin 1/υ-type activation foil can be expressed as follows (see Ref. [6]):

FCd =
√
ECd

Eepi
, (6.13)

where Eepi represents the energy of epi-thermal neutrons. For example, a thin Cd
cover with 1 mm thick has FCd ≈ 2.75 at Tn = 293.6 K. The 197Au activation cross
section has, however, a strong resonance peak at 4.906 eV with a higher energy
position than ECd (0.5 eV), as shown in Fig. 6.4. Consequently, the value of FCd

takes a lower order value depending on both Au foil and Cd cover thickness, as
shown in Fig. 6.5.

6.4.3 Correction for Thermal Neutron Transmittance
in Cadmium Cover

The Cd cover is used to prevent thermal neutrons from being absorbed by the activa-
tion foil. However, as shown in Fig. 6.6, the effect of thermal neutron transmission
in the Cd cover cannot be ignored if there is a small ratio of thermal neutron trans-
mission in the Cd cover, i.e., the thermal neutron transmittance (TR)Cd, when the Cd
cover is thin. Considering three factors, the Cd ratio ((RR)Cd), FCd, and the thermal
neutron transmittance (TR)Cd with respect to the activation reaction rate Rbare of the
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Fig. 6.6 Dependence of
thermal neutron
transmittance on Cd cover
thickness (Ref. [4])

bare Au foil, the activation reaction rate R′′
th with respect to the thermal neutron flux

can be expressed as follows:

R′′
th =

Rbare

(
1 − FCd

(RR)Cd

)

1 − FCd · (TR)Cd
. (6.14)

6.4.4 Perturbation Effect of Thermal Neutron Flux

By combining (RR)Cd, FCd, and (TR)Cd for the activation reaction rate of bare Au
foil Rbare, the activation reaction rate by thermal neutrons in the Au foil can be
determined. In the following, we will discuss the relationship between the activation
reaction rate by thermal neutrons and the thermal neutron flux of the system.

In general, when an activation foil is set at the place with thermal neutron flux
φth, the thermal neutron flux distribution inside and around the foil is perturbed
and decreases as shown in Fig. 6.7. The phenomenon is called the perturbation,
which consists of two effects: the reduction of thermal neutron flux around the foil
(depression) and the further reduction of neutron flux inside the foil due to distortion
(self-shielding). The two effects are collectively termed the perturbation effect.

To express the perturbation effect, we will use the ratio of the average thermal
neutron flux inside the activation foil φth to the thermal neutron flux before distur-
bance φth. The ratio is called the perturbation factor and is denoted by f as
follows:

f = φth

φth
. (6.15)
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Fig. 6.7 Perturbation effect
of thermal neutron flux (Ref.
[4])

Furthermore, let φs the thermal neutron flux at the foil surface when the foil is
inserted, and the perturbation factor f in Eq. (6.15) be divided into a depression factor
f1 = φs

φth
and a self-shielding factor f2 = φth

φs
as follows:

f = φs

φth

φth

φs
= f1f2. (6.16)

Here, as shown in Fig. 6.7, all of these factors are less than unity.
The R′′

th in Eq. (6.14) is caused by the average thermal neutrons φth inside the
activation foil, and the Rth in Eq. (6.8) is caused by the undisturbed original thermal
neutron flux φth. The relationship between Rth and R′′

th can be then expressed as
follows:

Rth = R′′
th

(
φth

φth

)
= R′′

th

f
. (6.17)

From Eq. (6.17), the desired value of Rth can be obtained by correcting the value
of R′′

th from the measurement with the perturbation factor f.
When measuring the neutron flux using the 197Au activation foil in a core

consisting of the KUCA-C core, the depression factor f1 in the core can be regarded
as f1 ≈ 1. So, Eq. (6.16) can be regarded as f ≈f2.

The self-shielding factor f2 can be expressed as follows: if themacroscopic absorp-
tion cross section of thermal neutrons in an activation foil with thickness t (cm) is∑

a(cm
−1) and the thickness expressed in units of the absorption mean free path λa

(cm) is
∑

at (=
t
λa
), the perturbation factor f can be expressed as follows:
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Fig. 6.8 Self-shielding
factor for isotropic incidence
of thermal neutrons on an
infinite flat foil f2 (Ref. [4])

f ∼= f2 = 1 − 2E3(
∑

at)

(2
∑

at)
, (6.18)

where E3 is the third-order exponential integral, and detailed values are given in Ref.
[6]. An example calculation of f 2 is shown in Fig. 6.8. The details of f 1 and f 2 are
given in Ref. [9].

From the above results, substituting Eqs. (6.14) and (6.17) into Eq. (6.8), the
thermal neutron flux can be finally expressed as follows:

φth = Rth

Nσact
=

Rbare

(
1 − FCd

(RR)Cd

)

Nσactf (1 − FCd(TR)Cd)
. (6.19)

To obtain the absolute value of the thermal neutron flux using Eq. (6.19), the
absolute value of Rbare should be determined. Furthermore, the absolute value of
the decay rate of the activation foil should be measured. The measurement of the
absolute value is performed using HPGe detectors. For details on the measurement
technique, refer to Sect. 6.5.

6.5 Irradiation Experiments

In the determination of neutron flux, bare and Cd-covered Au foils are attached to
suitable positions of the core and irradiated at representative positions in the core, to
obtain absolute values of thermal neutron flux. The KUCA documents distributed on
the day of the experiment show the irradiation positions of the Au foils in addition
to the core configuration. It is necessary to fully confirm the core arrangement and
the irradiation positions of Au foils prior to the experiment.
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6.5.1 Gold Foils for Irradiation

(1) Gold foil

To determine the absolute thermal neutron flux at representative locations in the core,
bare and Cd-covered Au foils are irradiated in the core. Prior to irradiation, a bare Au
foil with a diameter of 8 mm and a thickness of 0.05 mm is wrapped in Al foil and
another Au foil is enclosed using two special Cd covers with a diameter of 10 mm
and a thickness of 0.8 mm. Each is then attached directly to the fuel plate. After
the Cd-covered Au foil is placed in the cover body, a thin vacancy between two Cd
covers should be securely sealed with tape or other means to prevent water from
entering the Cd cover during irradiation.

(2) Experimental settings

Bare and Cd-covered Au foils are attached directly to the fuel plate and the Au
foil-attached fuel plate is returned to its proper position on the fuel frame.

(3) Neutron irradiation

The Au foils are irradiated with neutrons while keeping the indicated value of the
linear power meter Lin-N (UIC#5) at a constant value so that the core power is about
0.5 W (γ -ray area monitor: approximately 250 mRh−1) as indicated by the dose
rate on the γ -ray area monitor (γ AREA-C) in the C core (irradiation time: about
30 min). At this time, the irradiation start time, irradiation end time, indicated value
of the linear power meter during irradiation, dose rate indicated value of the γ -ray
area monitor, control rod positions, core water level, and core temperature should be
recorded. In addition, the positions of the detectors of the linear power meter and the
γ -ray area monitor should be confirmed in advance.

(4) Removal after irradiation

After irradiation, when the radiation level in the C core decreases and access to the
room is possible (usually the day after irradiation), the irradiated Au foils should be
removed from the core. Since the dose rate in the upper part of the core is very high,
it is necessary to carry a radiation detector to monitor the radiation dose carefully
and remove the Au foils within a short time as possible. Special care should be taken
to minimize the radiation dose not only when removing the Au foils, but also when
transporting the Au foils to the radioactivity measurement room.

6.5.2 Measurements of Reaction Rate Using Gold Foil

See items (2) and (4) in Sect. 5.5.2, Chap. 5.
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6.5.3 Measurements of Radioactivity Using Gold Foil

In measuring the radioactivity of Au foil and determining the thermal neutron flux, it
is necessary to determine the absolute value of the radioactivity. Here, the procedure
for measurement using the HPGe detector is described. The basic procedure is the
same as that for measuring the radiation by the Au wire, but note that it is necessary
to determine the detection efficiency to obtain the absolute value of radioactivity.

(1) Determination of detection efficiency for γ -ray at 411.8 keV

• Set up the measurement system according to handling precautions.
• Check the MCA’s γ -ray spectrum display screen and adjust the gain of the main

amplifier so that the required energy range can be measured using the specified
standard γ -ray source. Plot the relationship between the central channel of the
peak and γ -ray energy on a graph to eliminate misidentification of the peak.

• For all indicatedγ -ray, find the counts of total energy absorption peaks (sometimes
called peak area); while checking MCA’s γ -ray spectrum display screen, move
the cursor near the desired peak, zoom in on the spectrum as needed, make a range
of interest (ROI) at the peak, and set the ROI in the area of the peak. By such an
operation, many MCAs display the total counts for the area in the ROI and the
net counts for the peak area from which the continuous component is excluded. If
you use an MCA that does not have such a function, you should plot the spectrum
near the peak on graph paper and determine the peak counts.

• Using Eqs. (6.2) or (6.3), calculate the detection efficiency εi for each energy
Ei, plot the relationship between energy and full energy absorption detection
efficiency on a double logarithmic graph, and perform first-order fitting (or
interpolation) to determine the detection efficiency εD for the γ -ray at 411.8
keV.

(2) Measurement of radioactivity by gold foil

Place the irradiatedAu foil in the sameposition as the standard source andmeasure the
γ -ray at 411.8 keV using the same procedure with the standard source measurement.
Then, the measurement start time and measurement time should be recorded. Then,
from the count rate of the full energy absorption peak, calculate the saturated activity
D∞ using Eq. (5.15) (see Chap. 5).

(3) Weight of gold foil

Using an electronic balance, measure and record the weight M of the Au foil. This
allows the number of Au atoms N in the Au foil to be determined.
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6.5.4 Determination of Thermal Neutron Flux

We describe how the absolute value of the thermal neutron flux is determined using
bare and Cd-covered Au foils. To apply the weight correction of the sample and
the time decay correction of radioactivity to the measured saturated activity D∞, the
absolute value of the activated reaction rate is obtained by substitutingM in Sect. 6.5.3
into Eq. (5.16). Then, based on the absolute value of the activated reaction rate for the
bare Au foil, the thermal neutron flux φth at the measurement position is determined
using Eq. (6.19).

The Cd ratio (RR)Cd, FCd, thermal neutron transmittance (TR)Cd, perturbation
factor f , and average activation cross section for thermal neutrons of the activation
foil σact in Eq. (6.19) are determined as follows:

(1) Cadmium ratio

The Cd ratio is obtained, which is the ratio of saturated activities per unit mass, from
the following equation:

(RR)Cd = (Rreaction)bare/Mbare

(Rreaction)Cd/MCd
. (6.20)

(2) FCd

The value of FCd is obtained from the thickness of the Au foil used and the thickness
of the Cd cover using Fig. 6.5.

(3) Thermal neutron transmittance (TR)Cd

The value of (TR)Cd is obtained from the thickness of the Cd cover using Fig. 6.6.

(4) Average activation cross section of activation foil for thermal neutrons σact

• As shown in Eq. (6.11), σact is a function of the neutron temperature Tn, so Tn is
obtained using Eq. (6.7). The required medium temperature Tm, absorption cross
section

∑
a(Tn), and slowing-down power ξ

∑
s are obtained as follows:

• The medium temperature Tm shall be equal to the temperature of the core.
• The absorption cross section

∑
a(Tn) is a function of the unknown Tn, but here, as

a first approximation, it is equal to
∑

2a used in two-energy-group diffusion calcu-
lations, i.e.

∑
a(Tn) ≈ ∑

2a. Note that the values of
∑

2a are different depending
on the fuel frame (Table 1.2 in Chap. 1).

• The slowing-down power ξ
∑

s is considered to be the unit cell of the homogenized
fuel assembly, and the core average slowing-down power (ξ

∑
s)core is calculated

from the volume ratio of each component material (uranium: U, light-water: H2O
and aluminum: Al) and the slowing-down power of each component material,
which is used as the slowing-down power ξ

∑
s. The values shown in Table 6.2

are used for the slowing-down power of each component material.
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Table 6.2 Slowing-down
power ξ

∑
s of core

component materials (U,
H2O, and Al)

Component material Slowing-down power ξ
∑

s (cm
−1)

U 0.003

H2O 1.35

Al 0.0061

• The volume ratio of each component material (U, H2O, and Al) is determined by
considering a horizontal cross section of the unit cell of fuel assembly, 142 mm
long and 71 mm wide, containing the fuel frame crossing the fuel meat section,
indicating Figs. 1.6 (fuel frame) and 1.7 (unit cell of fuel assembly), and Table 1.1
in Sect. 1.2.2 in Chap. 1. Approximate the area ratio of each component material
to be equal to that of each component material in that cross section.

• The volume ratio of U to Al in fuel meat shall be determined by using the fact that
each fuel meat made of U-Al alloy contains all amount of U per fuel plate, and
assuming that the rest is the volume of Al. Note that the detailed dimensions of the
fuel assembly and the number of fuel plates loaded per fuel assembly (calculated
as the maximum number of fuel plates) vary from core to core.

From the above, using the thermal neutron temperature Tn, the average activation
cross section σact of Au foil for thermal neutrons is obtained using Eq. (6.11). In doing
so, the non-1/υ correction factor g(Tn) is obtained by interpolation using Table 6.1,
and the values listed in Table 6.1 are used for the activation cross section σ(υp) of
the Au foil corresponding to υp = 2200 m s−1.

(5) Perturbation factor f

Assuming that f is equal to f 2, determine it from Fig. 6.8 or Eq. (6.18) using the
thickness t of the Au foil used and the macroscopic cross section

∑
a obtained from

the average activation cross section for thermal neutrons σact.
Thus, a complicated calculation is required to obtain the absolute value of thermal

neutron flux from the radioactivity measurement of Au foil.

6.6 Discussions

Items (1) to (3) in Sect. 6.6.1 will be discussed as a summary of the experi-
mental report. Section 6.6.2 will give the data processing and discuss the absolute
measurement of thermal neutron flux by Au foil and determination of reactor power.

6.6.1 Experimental Reports

(1) Purpose of experiment,
(2) Experimental procedures,
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(3) Experimental settings.

• Name of core, core layout and irradiation position of Au wire (refer to relevant
documents),

• Operation number (Run No.) during irradiation, positions of control rods and
safety rods, water level, core temperature, indicated values of linear power meter
and γ -ray area monitor, start time, and end time of Au wire irradiation,

• Type of γ -ray detector used to measure radioactivity.

6.6.2 Determination of Thermal Neutron Flux and Reactor
Power Using Gold Foils

(1) Measured data of radioactivity

For the results of the radioactivity measurements of Au foils, obtain the following
items for each of the bare and Cd-covered Au foils:

• Locations of Au foils in the core,
• Start time of radioactivity measurement,
• Irradiation time,
• Waiting time,
• Measurement time,
• Counts and count rates for the γ -ray at 411.8 keV,
• Background counts and count rates,
• Net count rates of the γ -ray at 411.8 keV (γ -ray count rates—background count

rates),
• Data on radioactivity measurements using standard sources,
• Detection efficiency of the γ -ray at 411.8 keV,
• Saturated activity in Eq. (5.15),
• Mass of Au foil samples,
• Reaction rate per mass in Eq. (5.16).

(2) Discussions

• Based on the results of the radioactivity measurements of Au foils, determine
the absolute values of thermal neutron flux and reactor power at the irradiation
location according to the item (3) in Sect. 6.7.2. Also include the Cd ratio obtained
by the Au foils and the various other factors used in the correction.

• Using the results of the relative reaction rate distributions from the Au wires in
directions x and z obtained in Chap. 5, evaluate quantitatively the relationship
between the irradiation position and the center of the fuel region with respect to
the reaction rates, and determine the absolute values of thermal neutron flux and
reactor power at the core center (centers in directions x, y, and z).
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6.7 Preliminary Exercises

6.7.1 Relationship Between Thermal Neutron Flux
and Reactor Power

In a rectangular core, if the lengths of sides in directions x, y, and z are a, b, and c (cm),
respectively, and the reflector savings are δx, δy, and δz (cm), the extrapolated lengths
of each side can be expressed as a∗ = a + δx,b∗ = b + δy, and c∗ = c + δz (cm).
Assuming that the thermal neutron flux forms a cosine distribution in directions x, y,
and z, if the thermal neutron flux at the center position of the core isφ0 (cm−2 s−1), the
average thermal neutron flux in the core φav (cm−2 s−1) can be expressed as follows:

φav = φ0
8a∗b∗c∗

π3abc
sin

( πa

2a∗
)
sin

(
πb

2b∗

)
sin

( πc

2c∗
)
. (6.21)

The reactor power P (W) can be expressed as follows, using the macroscopic
fission cross section of the core region

∑
f and the energy released in one fission per

unit time γ :

P = γ
∑

f
abcφav. (6.22)

Derive Eqs. (6.21) and (6.22) shown above.

6.7.2 Determination of Thermal Neutron Flux and Reactor
Power Using Gold Foils

Assume that bare and Cd-covered Au foils are set at the center of a C45G0(5) core
(HEU core in Ref. [4]) and irradiated, and that after the radiation dose in the core has
sufficiently decreased, the Au foils are removed, and the γ -ray at 411.8 keV emitted
from 198Au is measured with the HPGe detector. The diameter and thickness of the
Au foil are assumed to be 9.5 and 0.05 mm, respectively, and the thickness of the Cd
cover is 0.8 mm. Also, assume that the detection efficiency of the HPGe detector for
the γ -ray at 411.8 keV is 28.9%.

Assuming that the data obtained from measurements of the Au foils were as in
items (1) and (2), resolve item (3) as follows:

(1) Data of Au foil irradiation

• Irradiation start time: 16:30,
• Irradiation end time: 17:00,
• Core temperature: 300.5 K,
• Indicated value of reactor power: 50 W.
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Table 6.3 Data obtained from measurements of radioactivity of Au foils

Sample No Measurement start time Measurement time (s) Counts

BG 300 316

1 (Bare) 11:30 60 31,521

2 (Cd-covered) 11:40 180 28,846

1 (Bare) 13:30 60 30,909

2 (Cd-covered) 13:40 180 28,216

BG 300 321

(2) Data obtained from measurements of radioactivity of Au foils (Table 6.3).

(3) Parameters to be obtained

• Absolute values of the saturated radioactivity of bare and Cd-covered Au foils,
• Cd ratio (RR)Cd,
• FCd,
• Thermal neutron transmittance (TR)Cd,
• Neutron temperature Tn,
• Average activation cross section σact of Au foil for thermal neutrons,
• Perturbation factor f,
• Absolute value of the thermal neutron flux at the center position of the core φth

using Eq. (6.21),
• Reactor power P (W) using Eq. (6.22).
• (The information could be provided later, including geometry and reactor

constants of the experimental core used in Eqs. (6.21) and (6.22).)

6.8 Absolute Measurement of Activated Reaction Rates
by Coincidence Counting

6.8.1 Principle of 4πβ − γ Coincidence Counting

Focusing on the phenomenon of simultaneous emission of β-ray and γ -ray in Au
decay, the count rates Cβ , Cγ , and Cβγ were measured for β-ray, γ -ray, and β-ray
and γ -ray coincidences, respectively, to determine the absolute value of decay rateD
of 198Au generated in Au foil, and finally the absolute value of the saturated activity
D∞. In the 4πβ − γ coincidence counting, a 4π gas flow counter is used as the β-
ray detector and two large NaI(Tl) scintillation detectors surrounding it as the γ -ray
detectors. If the detection efficiencies of β-ray and γ -ray detectors for the Au foil are
εβ and εγ , the count rates Cβ , Cγ , and Cβγ can be written as follows, respectively:
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Cβ = Dεβ

{
1 +

(
1 − εβ

)
εcα

εβ(1 + α)

}
, (6.23)

Cγ = Dεγ

1 + α
, (6.24)

Cβγ = Dεβεγ

1 + α
, (6.25)

where α is the internal conversion factor (Sect. 6.2.1) of γ -ray at 411.8 keV and εc
is the detection efficiency of the 4π counter for internal conversion electrons in the
energy transition at 411.8 keV (198Au).

In this case, the decay rate D is as follows:

D = CβCγ

Cβγ

{
1 + (1−εβ)εcα

εβ(1+α)

} , (6.26)

where the internal conversion factor α of the γ -ray at 411.8 keV is 0.041 (Ref. [3]).
The value of εβ is then obtained from the measurements of Cγ and Cβγ as follows:

εβ = Cβγ

Cγ

. (6.27)

The value of εc is the detection efficiency of the 4π counter for conversion elec-
trons that can be emitted in the energy transition at 411.8 keV, which is mainly
determined by the thickness of the Au foil. The results of εc are shown in Table 6.4.

Equation (6.26) was obtained by simplifying the 198Au decay scheme in Fig. 6.1.
In addition, the specific radioactivity in the Au foil was assumed to be constant, and
εβ and εγ at any position in the foil were also constant. For the latter requirement,
the Au foil should be as small and thin as possible, which also reduces the amount
of foil activation. However, if 4π counters with the highest geometric efficiency
are employed for the β-ray detectors and large NaI(Tl) scintillators for the γ -ray
detectors, the high statistical accuracy can be maintained by paying attention to the
values of neutron flux density and foil mass.

Table 6.4 Detection
efficiencies εc of 4π counter
for internal conversion
electrons from γ -ray
transition at 411.8 keV

Thickness of Au foil (mg cm−2) εc

6 0.975

31 0.880

49 0.820

110 0.610

Note the contribution from γ -ray detection of the 4π counter is
ignored here
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When using Eq. (6.26) to determine the absolute value of the decay rate, the
following corrections should be made to the count rates Cβ , Cγ , and Cβγ :

• Correction of background for Cβ , Cγ , and Cβγ ,
• Correction of signal decomposition time for Cβ ,
• Correction of accidental coincidence for Cβγ .

Assuming the decomposition time of the coincidence circuit is 2τ , the accidental
coincidence Cch is expressed as follows:

Cch = 2τCβCγ . (6.28)

Here, Cch should be less than 10% of Cβγ . Therefore, the decay rate of the sample
should be D ≤ 0.1 × (

1
2τ

)
, since the relationship 2πεβεγD2 → 0.1εβεγ holds.

As an example, for τ = 1μs, D should be less than 0.1 × (
1

2×10−6

) = 5 × 104 Bq
(� 1.35μCi).

6.8.2 Absolute Values by 4πβ − γ Coincidence Counting

We make an attempt to determine the radioactivity of 198Au by irradiated bare and
Cd-covered Au foils using the 4πβ − γ coincidence counting. The β and γ , and βγ

coincidence count rates are measured for each foil. The detector body of the 4πβ −γ

coincidence counting system is shown in Fig. 6.9. The β-ray detector is a square 4π
counter with a Mylar source support film deposited by gold to provide conductivity
in the center, and gas flow type proportional counters set at upper and lower parts.
The counting gas (PR gas) flows through this counter. The γ -ray detector consists
of two NaI(Tl) scintillation detectors by which the β-ray detectors are sandwiched.
The output of each detector for β-ray and γ -ray is fed into a pre-amplifier and main
amplifier, and logic pulses generated in a single-channel pulse height analyzer are
then fed into a single and coincidence connecting circuits to obtain the count rates
Cβ , Cγ , and Cβγ .

Note that the following items should be taken into account when handling the
β-ray detector:

• Carefully insert and remove the sample to avoid damage to the source support
membrane.

• The applied voltage of the detector is set to zero during sample exchange.
• Avoid cutting the platinum wire electrode under the source support membrane.

The count rates of background (Cβ)BG, (Cγ )BG, and (Cβγ )BG of the count rates
Cβ , Cγ , and Cβγ are obtained before and after the start of the measurement. If all
the count rates measured at time Tc after the waiting time Tw are Cβ,total , Cγ,total ,
and Cβγ,total , respectively, the average count rates Cβ,av, Cγ,av, and Cβγ,av can be
expressed as follows, respectively:
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Fig. 6.9 Schematic view of
4πβ − γ coincidence
detector (Ref. [4])
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Pb shield
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Cβ,av =
(
Cβ,total

Tc

)

1 − Cβ,totalτβ

− (Cβ)BG, (6.29)

Cγ,av =
(
Cγ,total

Tc

)
− (Cγ )BG, (6.30)

Cβγ,av =
(
Cβγ,total

Tc

)
− 2τ

(
Cβ,total

Tc

)(
Cγ,total

Tc

)
, (6.31)

where counting losses in β and βγ measurement systems were neglected. The value
of 2τ is the decomposition time of the coincidence circuit.

Substituting Eqs. (6.29) through (6.31) into Eq. (6.26) to obtain the average decay
rate D and substituting it into D∞ = D/

(
1 − e−λTi

)
e−λTw (λ: decay constant; Ti:

irradiation time; and Tw: waiting time), we can obtain the saturated activity D∞, and
thus the saturated activity (D∞)bare and (D∞)Cd for the irradiated bare andCd-covered
Au foils, respectively.

6.9 Overview of High-Purity Germanium Detector

The HPGe detector consists of a high-purity Ge single-crystal, a cold finger, a cryo-
stat, a preamplifier, and a liquid nitrogen container (Dewar). The structure of HPGe
detector is shown in Fig. 6.10 (well-type). Various shapes of cryostats and liquid
nitrogen containers are also made according to the purpose of use. Usually, the γ -ray
is injected through the tip of the cryostat, called the end cap, which is made of Al7

about 0.5 mm in diameter. The end cap part of the cryostat has a narrow gap with

7 For detectors in measuring γ -ray or X-ray with low energy less than a few tens of keV, the
beryllium window detectors are used.
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the Ge crystal and weak mechanical strength, so care must be taken not to shock the
sample when handling it.

The block diagram of a standard measurement system is shown in Fig. 6.11. The
configuration is almost the same as that of a well-type NaI(Tl) scintillation detector
used to measure the reaction rate distribution by Au wire.

The precautions for handling the HPGe detector are shown as follows:

(1) Detector cooling

The HPGe detector can be stored under room temperature, but the detector should
be completely cooled at the time of use. If a bias voltage is accidentally applied to
the detector at room temperature with incomplete cooling, the Ge crystals, and the
field effect transistor (FET) in the pre-amplifier will be damaged. The time required
for cooling varies depending on the structure of the cryostat, but the most widely

Fig. 6.10 Structure of HPGe detector (Ref. [4])
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Fig. 6.11 Typical blocks of
measurement system by
HPGe detector (Ref. [4])
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used I-type (and inverted L-type) cryostats take about 6–8 h. In addition, cooling for
about 12 h is desirable for stable measurement.

(2) Liquid nitrogen replenishment

During the measurement, special care should be taken to prevent the temperature of
the crystalline part from rising due to the lack of liquid nitrogen. In particular, small
Dewars may require replenishment of liquid nitrogen during measurement.

(3) Re-cooling of detector

If the liquid nitrogen decreases and the temperature of the cryostat is higher than the
liquid nitrogen temperature, the liquid nitrogen in the Dewar must be eliminated (or
the cryostat removed from the Dewar), the temperature of the cryostat section must
be completely brought to room temperature, allowed to stand for several hours, and
then cooling must begin again.

(4) How to apply detector bias voltage

When applying a bias voltage to the HPGe detector, the voltage should be applied
slowly at a ramp-up rate of 100V s−1 or less. This slow voltage ramp-up is a common
precaution when using the preamplifier that sets an FET in the first stage. Therefore,
special care should be taken with HPGe detectors, whether ramp-up or down, since
a sudden change in bias voltage can damage not only the pre-amplifier but also the
Ge crystal.

(5) Use of protective devices

The following devices are recommended to protect the detector: from inadvertent
bias voltage application or sudden power failure, an integrating circuit with a very
large time constant, called a high-voltage buffer circuit, should be placed between
the bias power supply and the detector. To prevent the crystal temperature from rising
due to the lack of liquid nitrogen, it is recommended to use the bias power supply
that can detect the level of the liquid nitrogen in the Dewar, and automatically turn
off the bias power supply when the liquid nitrogen level decreases lower than a set
value.
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Chapter 7
Exponential Experiments with Natural
Uranium

Abstract The purposes of the exponential experiments are to obtain reactor physics
parameters for determining the criticality conditions of a nuclear reactor, and to
confirm the feasibility of a newly proposed reactor concept. When conducting the
experiments and modifying various methodologies and reactor constants used in the
calculations, a target reactor can be brought closer to realization. The final goal of
the exponential experiments is to realize a subcritical steady-state reactor with an
external neutron source, and to determine neutronics characteristics of the reactor by
measuring spatial neutron flux distributions in a subcritical system. In this chapter,
an experimental system is introduced for conducting exponential experiments using
natural uranium and polyethylene reflector at KUCA.Moreover, theoretical prepara-
tion and experimental procedures are described to obtain the reactor physics parame-
ters, including themultiplication factor, spatial decay constant, andmaterial buckling
using reaction rate distributions measured by neutron detectors.

Keywords Exponential experiments · Natural uranium · Subcritical system ·
Multiplication factor · Spatial decay constant · Material buckling

7.1 Background

Most people who have studied nuclear energy know that the world’s first exponential
experiments using natural uranium (NU) were conducted in the United States, 1942,
and were promoted mainly by Dr. Enrico Fermi, the Nobel Prize winner in physics.
A very large reactor (graphite pile) was built to generate fission chain reactions
using NU fuel and graphite reflector, and the reactor was named Chicago Pile No.
1 (CP-1; Ref. [1]). The purpose of the exponential experiments performed at CP-
1 was to obtain the infinite multiplication factor, material buckling, and migration
area, which are important parameters for determining the criticality conditions of a
nuclear reactor. At a time when computer technology was not as advanced as it is
today, through the CP-1 exponential experiments the attempt was made to obtain
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C. H. Pyeon et al., Reactor Laboratory Experiments at Kyoto University
Critical Assembly, https://doi.org/10.1007/978-981-97-8070-9_7

139

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-97-8070-9_7&domain=pdf
https://doi.org/10.1007/978-981-97-8070-9_7


140 7 Exponential Experiments with Natural Uranium

the design information necessary to achieve a critical reactor without spending large
costs on conducting the experiments.

In general, the main purpose of conducting exponential experiments is to confirm
the feasibility of a newly proposed reactor concept. Then, through the process of
examining the factors causing differences between the design and the proposed
reactor, conducting the experiments, and modifying various methodologies and
reactor constants used in the calculations, the target reactor can be brought closer to
realization.

The reactor in which the exponential experiments are carried out has a core in
which the core parameters can be easily changed, and the core configuration is the
same as that of the target reactor. The size of the core is then small in comparisonwith
that of the target core. This attempt is like carrying out current mockup experiments
with the use of a critical assembly, and it is evident that the exponential experi-
ments by Dr. Enrico Fermi were already positioned as mockup experiments with the
target reactor core in mind at that time. It is noteworthy here that the core in which
the exponential experiments were conducted was a subcritical system. To maintain
fission chain reactions with a steady state in a subcritical system, it is important to
continuously supply neutrons from an external neutron source. Finally, the goal of
the exponential experiments is to realize a subcritical steady-state reactor with an
external neutron source and to determine neutronics characteristics of the reactor
by measuring spatial neutron flux distributions in a subcritical system. In the next
section, we will touch on the characteristics of the exponential experiments using an
external neutron source.

7.2 Overview

Exponential experiments using an external neutron source can utilize neutrons
produced by an accelerator or a radioactive element neutron source. When intro-
ducing the external neutron source into a subcritical system, it is easy to infer
that steady-state neutron flux distributions in the subcritical system decrease
exponentially with distance from the neutron source.

The characteristics of the subcritical system in exponential experiments are
possible to reduce the risks associated with radiation exposure and allow measure-
ments to be made in an environment with very low levels of radioactivity. The expo-
nential experiments result in the measurement advantage of being able to detect
neutrons using a simple measurement system. Reactor physics parameters that can
be measured by exponential experiments include the spatial decay constant, diffu-
sion length and cadmium (Cd) ratio. As a result, with the use of these, we can easily
deduce the buckling, multiplication factor, the Fermi age, extrapolation distance,
thermal neutron utilization factor, and reflector saving, which can cover a significant
portion of reactor physics experiments carried out in a critical system.

Since the size of the core with the subcritical system used in exponential exper-
iment is small, it is necessary to consider the effect of neutrons leaking outside the
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system. In other words, it is necessary to correct the neutron flux at the boundary
between the fuel and the reflector or at the outer edge of the core for the measurement
results. In addition, since the core is a subcritical system, the neutron flux in the core
is low, and a high-count rate cannot be expected in measurements of neutrons.

7.3 Spatial Decay Constant

7.3.1 Theoretical Background

As a system for conducting exponential experiments, a rectangular reactor consisting
of fuel is assumed to be given in a homogeneous system at a critical state without
an external neutron source. As shown in Fig. 7.1, consider a bare rectangular reactor
with lengths a, b, and c, including extrapolation distances, in directions x, y, and z,
respectively. The origin of the coordinates is the center of the rectangular reactor, in
which the Laplace operator ∇2 in the rectangular coordinates (x, y, z) is expressed
as follows:

∇2 = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
. (7.1)

Let the thermal neutron flux of the system in perpendicular coordinates φ(x, y, z)
and the curvature determined from the geometry of the system (geometric buckling:
B2
g), the equation is assumed to be given as follows:

Fig. 7.1 Rectangular reactor
(the origin is the center of
the rectangle)

z

y
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(
∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2

)
φ(x, y, z) + B2

gφ(x, y, z) = 0, (7.2)

where the boundary condition φ(x, y, z) = 0 is used on the extrapolated boundary
of the system x = ± a

2 , y = ± b
2 , or z = ± c

2 in Eq. (7.2).
Assuming that the thermal neutron flux φ(x, y, z) is separable with respect to the

variables x, y, and z, φ(x, y, z) in Eq. (7.2) is transformed as follows:

φ(x, y, z) = X (x)Y (y)Z(z), (7.3)

where X (x) is a function of variable x, and Y (y) and Z(z) are likewise functions of
variables y and z, respectively.

Substituting Eq. (7.3) into Eq. (7.2), the following equation is obtained:

1

X

d2

dx2
X + 1

Y

d2

dy2
Y + 1

Z

d2

dz2
Z + B2

g = 0. (7.4)

Since each term on the left-hand side of Eq. (7.4) is a function on its respective
variable, each term can be made equal to a certain constant as follows:

1

X

d2

dx2
X = −α2, (7.5)

1

Y

d2

dy2
Y = −β2, (7.6)

1

Z

d2

dz2
Z = −γ 2, (7.7)

where α2, β2, and γ 2 are positive real numbers.
Furthermore, substituting Eqs. (7.5) through (7.7) into Eq. (7.4), the geometric

buckling B2
g can be expressed as follows:

α2 + β2 + γ 2 = B2
g . (7.8)

From the symmetry of the thermal neutron flux distribution in the system and the
boundary condition that the thermal neutron flux on the extrapolated boundary is
zero, for example, the solution of Eq. (7.5) is as follows:

X (x) = A cos(αx), (7.9)

where A is an arbitrary constant. Also, using the boundary condition that the thermal
neutron flux is zero at x = a

2 , the minimum value of α is α = π
a and Eq. (7.9) can be

expressed as follows:
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X (x) = A cos
(π

a
x
)
. (7.10)

Applying the same conditions to Y (y) and Z(z) as to X (x), the minimum values of
β and γ are β = π

b and γ = π
c , respectively, and the geometric buckling of Eq. (7.8)

can be expressed as follows:

B2
g =

(π

a

)2 +
(π

b

)2 +
(π

c

)2
. (7.11)

The thermal neutron fluxφ(x, y, z) in Eq. (7.3) can be expressed using an arbitrary
constant A′ as follows:

φ(x, y, z) = A′ cos
(π

a
x
)
cos

(π

b
y
)
cos

(π

c
z
)
. (7.12)

7.3.2 Derivation of Spatial Decay Constant

To conduct exponential experiments, it is necessary that lattices of the actual reactor
and the system in the exponential experiments are the same. Also, the size of the
core in the exponential experiments needs to be quite small in directions x and y: a
subcritical assembly. Although no continuous chain reaction of fission can occur in
a subcritical assembly, it is possible to achieve a steady state by using an external
neutron source. As shown in Fig. 7.2, let us assume that the origin of the rectangular
body is the center of the x–y plane of z = 0 and that the neutron source is placed at
the location of the origin of the rectangular body.

How can the spatial distribution of thermal neutron flux in the core be expressed
in the presence of an external neutron source? If an external neutron source is not
introduced in the reactor, the equation can be obtained by using φ(x, y, z) as follows:

(
∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2

)
φ(x, y, z) + B2

mφ(x, y, z) = 0, (7.13)

where B2
m is the material buckling determined from a unit fuel cell. Here, the thermal

neutron fluxes at the boundary including extrapolated distance in directions x and y,
and at z = c including extrapolated distance in the direction z, are assumed to be
zero.

Assuming, as in Sect. 7.3.1, that the thermal neutron flux φ(x, y, z) is separable
with respect to the variables x, y, and z, the following equation can be obtained using
Eq. (7.13):

1

X

d2

dx2
X + 1

Y

d2

dy2
Y + 1

Z

d2

dz2
Z + B2

m = 0. (7.14)
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Fig. 7.2 Rectangular reactor
(the origin is the center of
the bottom surface of the
rectangle)

z

y

x

o

c

b
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Based on the boundary conditions in the direction z, the equation can be obtained
as follows (see Ref. [2] in detail):

1

Z

d2

dz2
Z = μ2. (7.15)

Using Eqs. (7.5), (7.6), and (7.15), Eq. (7.14) can be expressed as follows:

α2 + β2 − μ2 = B2
m, (7.16)

where α2, β2, and μ2 are positive real numbers. In this case, X (x) and Y (y) can be
expressed as trigonometric functions as shown in Sect. 7.3.1. Since μ2 is a positive
real number, Z(z) in Eq. (7.15) is expressed as hyperbolic functions as follows:

Z(z) = C1 cosh(μz) + C2 sinh(μz), (7.17)

where C1 and C2 are arbitrary constants. For z = c, applying the condition that
the thermal neutron flux is zero, the relationship between C1 and C2 is obtained as
follows:

C2 = −C1
cosh(μc)

sinh(μc)
. (7.18)

Substituting Eq. (7.18) into Eq. (7.17), the following equation is obtained:
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Z(z) = C1 cosh(μz) − C1
cosh(μc)

sinh(μc)
sinh(μz)

= C1

sinh(μc)
(sinh(μc) cosh(μz) − cosh(μc) sinh(μz))

= C3 sinh {μ(c − z)}, (7.19)

where C3 is an arbitrary constant and contains the constant C1. By transforming
Eq. (7.19) as an exponential difference, the following equation is obtained:

Z(z) = C3

2

(
eμ(c−z) − e−μ(c−z)

) = C e−μz
(
1 − e−2μ(c−z)

)
, (7.20)

where C is an arbitrary constant and contains the constant C3. When the rectangle
length c is sufficiently large, Eq. (7.20) can be expressed approximately as follows:

Z(z) ≈ C e−μ z. (7.21)

Here, Eq. (7.21) shows that the thermal neutron flux of the system is decreased
exponentially along an arbitrary straight line parallel to the direction z. In otherwords,
Eq. (7.21) shows that the distance over which the thermal neutron flux decreases to
approximately 1/e times is the value of 1/μ. The value of μ shown in Eq. (7.21) is
then termed the spatial decay constant.

From the above, the thermal neutron flux φ(x, y, z) in the rectangular body shown
in Fig. 7.2 can be expressed using an arbitrary constant A′′ as follows:

φ(x, y, z) = A′′ cos
(π

a
x
)
cos

(π

b
y
)
e−μ z. (7.22)

7.3.3 Discussion of Spatial Decay Constant

To exactly measure the spatial decay constant, the moderation length of moderator
is discussed in this section. Let us assume that the neutron source is set at the origin
of the rectangular body (Fig. 7.2) or in the negative direction from the origin, z ≤ 0.
The exponential experiments assume that almost all the neutrons from the external
neutron source are moderated to thermal neutrons by the moderator (graphite, light
water, heavy water, etc.). The assumption stands that neutrons from the external
neutron source are moderated to thermal neutrons at least several times (about 2–
3 times) of the slowing-down length farther from the plane of z ≤ 0. Here, the
slowing-down length

√
τ , expressed as the square root of the Fermi age τ (Ref. [2]),

is defined as the quantity that determines the rate at which neutrons leak out of a
thermal neutron reactor of limited size during moderation. The values of the Fermi
age and slowing-down length for the moderator are shown in Table 7.1.
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Table 7.1 Fermi age and slowing-down length of moderators (Ref. [3])

Moderator Fermi age τ (cm2) Slowing-down length
√

τ (cm)

Graphite (carbon: C) 350 18.7

Polyethylene* ((C2H4)n) 107 10.3

Light water (H2O) 33 5.7

Heavy water (D2O) 120 11.0

Beryllium (Be) 98 9.9

*SRAC2006 [4] with JENDL-4.0 [5]

For example, it can be assumed that the neutrons from the external neutron source
are sufficiently moderated to thermal neutrons at about three times of slowing-down
length from the external neutron source. The way to confirm the estimation experi-
mentally is to measure the Cd ratio that is the spectrum index of neutrons, directing
toward z > 0. If the measurement result shows that the Cd ratio is constant with
respect to z > 0, the assumption of exponential experiments that neutrons from the
external neutron source are sufficiently moderated to thermal neutrons could be then
satisfied.

7.3.4 Diffusion Length

Let us consider the following case, in which the system is somewhat special. Suppose
that in an infinite plate system there is a non-multiplying homogeneous reactor. If
the core is in a steady state and the rate of change of neutron density with time is
zero, the behavior of neutrons can be expressed using neutron diffusion equation
with one-energy group as follows:

−D
d2

dz2
φ(z) +

∑
a

φ(z) = S, (7.23)

where φ indicates the neutron flux, D the diffusion coefficient,
∑

a the macroscopic
absorption cross section, and S the neutron source term. To solve Eq. (7.23), the
condition of S = 0 is applied to regions other than where the external neutron source
is set. The following equation is then obtained:

−D
d2

dz2
φ(z) +

∑
a

φ(z) = 0. (7.24)

Furthermore, Eq. (7.24) is transformed as follows:

− d2

dz2
φ(z) +

∑
a

D
φ(z) = 0. (7.25)
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Since
∑

a andD have an inverse value of length and length itself, respectively, the
value ofL = √

D/
∑

a has the dimension of a length, andL is then called the diffusion
length of neutrons in the medium. The one-dimensional (direction z) neutron flux
φ(z) defined by Eq. (7.25) can then be expressed using L = √

D/
∑

a as follows:

φ(z) = φ0 e
−

∑
a

D z = φ0 e
− 1

L z, (7.26)

where φ0 is an arbitrary constant.
Let us consider again the special case inwhichEq. (7.26) is derived. If it is possible

to create a thermal neutron source on an infinitely wide plane in an infinitely large
medium, the diffusion length can be determined from Eq. (7.26) by measuring the
change in neutron flux with respect to the length from the external neutron source,
as follows:

lnφ(z) = ln φ0 − 1

L
z ⇔ d

dz
ln φ(z) = −1

L
. (7.27)

If lnφ(z) in Eq. (7.27) can be obtained experimentally, i.e., by plotting the value of
lnφ(z) for length z, a straight line with slope, the value of − (1/L), can be obtained.
Since the actual experiment uses an external neutron source of finite size in amedium
of finite size, it is not possible to analyze the experimental results by simply applying
the equation for a flat source in an infinite medium as in Eq. (7.27). In an infinite
medium, there is no net loss of neutrons leaking from the system, whereas in a finite
medium in directions x and y, there is the restriction that the loss of neutrons leaking
from the system should be taken into account.

Although the diffusion length varies depending on the type of moderator used in
the experimental system, the thermal neutron diffusion length, macroscopic absorp-
tion cross sections, and diffusion coefficients for various moderators should be
provided in a better insight into the diffusion length obtained from the experiments,
as shown in Table 7.2.

Table 7.2 Diffusion parameters of moderators for thermal neutrons (one-energy group in Ref. [3])

Moderator Density (g cm−3) L (cm)
∑

a (cm
−1) D (cm)

C 1.62 50.1 0.00036 0.903

(C2H4)n* 0.95 2.79 0.019 0.148

H2O 1.00 2.89 0.017 0.142

D2O 1.10 100.0 0.00008 0.80

Be 1.84 23.2 0.0013 0.70

*SRAC2006 with JENDL-4.0



148 7 Exponential Experiments with Natural Uranium

7.3.5 Multiplication Factor

When considering the criticality of a reactor, we can imagine that the geometrical
buckling B2

g is a small value for a large reactor, from the relationship between the
size of the reactor and the buckling determined by the geometry of the core.

For a bare and homogeneous reactor in a critical state (keff = 1), the criticality
equation (Eq. (2.14) in Chap. 2) can be expressed as follows:

keff = k∞ e−B2
g τ

1 + L2 B2
g

= 1, (7.28)

where keff is the effective multiplication factor of the system, k∞ the infinite multi-
plication factor, and τ , L2 and B2

g are the parameters defined in Sects. 7.3.2 through
7.3.4. Here, when the reactor is large, k∞ in the critical state is considered slightly
larger than unity. If the value of e−B2

gτ in Eq. (7.28) is expanded in series and the
second term is ignored, the following approximation is obtained for e−B2τ :

e−B2
g τ ≈ 1 − B2

g τ ≈
(
1 + B2

g τ
)−1

. (7.29)

Applying the approximation of Eqs. (7.29) to (7.28), the critical equation can be
approximated as follows:

k∞(
1 + L2 B2

g

) (
1 + B2

g τ
) ≈ 1. (7.30)

Since the value of B2
g is very small for large reactors, neglecting the second-order

term with respect to B2
g in Eq. (7.30), the following approximation is obtained:

k∞
1 + B2

g

(
L2 + τ

) ≈ 1, (7.31)

where k∞ is expressed by using the four-factor formula as follows:

k∞ = η ε p f , (7.32)

whereη indicates the reproduction factor (the number of neutrons produced byfission
per neutron absorbed by the fuel), ε the fast fission factor (the ratio of the number of
fission neutrons due to thermal fission to the number of total fission neutrons), p the
resonance escape probability, and f the thermal utilization factor.

When k∞ is given by the four-factor formula, and L2 and τ are obtained by
experiments, the geometrical buckling can be approximated by using Eq. (7.31) as
follows:
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B2
g ≈ k∞ − 1

L2 + τ
= k∞ − 1

M 2
, (7.33)

where M 2 is generally defined as the migration area.
For example, for a reactor constituting of an NU fuel and graphite reflector, η is

said to be 1.3, ε about 1.03, p and f both less than unity (Ref. [2]), and k∞ is slightly
greater than unity. This suggests that, to make an NU-fueled reactor in a critical
state, the fraction of neutrons leaking from the system needs to be reduced, and as a
result, the reactor could be inevitably larger. Furthermore, when the value of k∞ is
slightly larger than unity and is substituted into Eq. (7.33) to calculate the geometrical
buckling, the value of geometrical buckling is very small: the hand calculationmakes
it easy to infer that the size of the reactor could be large.

As indicated above, the exponential experiments are concernedwithmeasuring the
spatial decay of neutron flux distribution, diffusion length, and neutronmultiplication
in a subcritical system. However, as mentioned in Sect. 7.1, the main purpose of the
experiments is to confirm the feasibility of the newly proposed reactor concept and to
provide more concrete design information necessary for a reactor designed for larger
scale operation. Then, the goal is to realize a reactor that will always be critical, and
the noteworthy is a series of the constraint that the system of exponential experiments
is in a small subcritical reactor. It is also necessary to always keep in mind that
an important goal of the exponential experiments is to extrapolate and extract the
parameters assumed in the larger core from the data obtained in the experiments
using the smaller core.

7.4 Exponential Experiments

7.4.1 Objectives

In experiments using a subcritical system, an external neutron source is inserted
into the system to stabilize the system in a steady state, and the behavior of thermal
neutrons is then observed. Although the presence of a neutron source in the system is
different from that in a reactor with a critical system, measurement instrumentation
used in the exponential experiments is the same as those used in the approach-to-
criticality experiment (Chap. 3). Therefore, basic concepts andmeasurementmethods
are significantly the same as those of the approach-to-criticality experiment. Here,
the objectives of conducting exponential experiments using a subcritical system are
considered as follows:

• To measure the inverse multiplication for the subcritical system in the same way
as the approach-to-criticality experiment and to confirm if we can estimate the
parameters corresponding to the critical mass of the system.
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• To confirm experimentally that neutrons in the system are multiplied by main-
taining a steady-state subcritical system with an external neutron source and by
increasing the number of fuel assemblies in the subcritical state.

• Tomeasure, in a subcritical system using an external neutron source, reaction rate
distributions corresponding to thermal neutron flux distributions in the system by
using neutron detectors and to confirm these shapes.

• To deduce various parameters related to the subcritical multiplication system
estimated from the experimental results, using reaction rate distributions obtained
from neutron detectors.

• To confirmwhether themain objective and goal of the experiments can be fulfilled
as required by the exponential experiments.

7.4.2 Experimental Settings

To set the experimental system, a fuel assembly (Fig. 7.3) was made of 70 fuel
cells consisting of an NU plate (2 × 2 × 1/24 in.; in. = 25.4 mm) and a polyethy-
lene moderator plate (p; 2 × 2 × 1/4 in.). As described in Sect. 7.3.3, since the
slowing-down length of the system composed of NU and polyethylene was about
300 mm, the effective length of the fuel region, about 520 mm, is considered suffi-
cient as a prerequisite for conducting the exponential experiments, sandwiching
between polyethylene reflectors (PE) about 500 and 470 mm on left and right sides,
respectively.

Although it is different from the example of a fuel cell made of NU and polyethy-
lene plates, Fig. 7.4 shows a photo of a fuel cell made of highly-enriched uranium
(HEU) and polyethylene plates for reference.

As shown in Figs. 7.5 and 7.6, 24 fuel assemblies in Fig. 7.3 are arranged in a
square, with polyethylene reflectors surrounding the fuel region. A side view of the
fuel system is shown in Fig. 7.7. At the center location of the fuel region (5, E in
Fig. 7.5), a polyethylene rod with 1/2 in. (1/2′′) diameter hole is provided to allow
insertion of an external neutron source (californium-252: 252Cf). In addition, two

Fig. 7.3 Side view of fuel assembly in exponential experiments
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Fig. 7.4 Fuel region
consisting of HEU and
polyethylene plates. ©
KURNS. All rights reserved

polyethylene rods with 1′′ diameter hole are provided in the reflector area to allow
insertion of helium-3 (3He) neutron detectors at (2, G) and (5, J) (both in Fig. 7.5).

As shown in Fig. 7.8, the origin of the coordinate system in the experimental
system is the position where the 252Cf neutron source is installed (5, E; Fig. 7.5). In
the experiment, the 252Cf neutron source is installed through an insertion hole in a
1/2′′ perforated polyethylene reflector.
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Polyethylene moderator for Cf-252
Neutron source (1/2" hole in diameter)

NU fuel (1/4"p70NU)

Polyethylene reflector for 1/2" He-3
detector (1" hole in diameter)

Polyethylene reflector

z

y

x

Fig. 7.5 Top view of experimental system
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Fig. 7.6 Photo of top view of experimental system. © KURNS. All rights reserved

Fig. 7.7 Photo of side view of experimental system (blue center area is the fuel region). ©KURNS.
All rights reserved
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Cf-252 (origin of system)
(x, y, z) = (0, 0, 0)

z

y

x 518.6 mm
(dir. z)

271.5 mm
(dir. y)

271.5 mm
(dir. x)

Insertion hole of Cf-252
inside polyethylene with 1/2” diam. hole)

Fig. 7.8 Location of 252Cf in experimental system

7.5 Procedures of Experiments

7.5.1 Inverse Multiplication of Neutrons

The neutronmultiplication and its inverse value are obtained from the values counted
by the neutron detector. If we follow the principle faithfully, the first state of the
experiment should be that there is no fuel in the system at all, but for the convenience
of the experiment, the first state should be that the system is loaded with fuel to some
extent (hereinafter termed the initial state).

Let ks,0 and ks,i the values of neutron multiplication for the initial system (with
subscript 0) and the system towhich fuel is added from the initial state (with subscript
i), respectively (with subscript s for the rate of change, partly because the neutron
source is inserted beforehand). Since the number of neutrons produced by fission
reactions corresponds to the neutron fluxes φs,0 and φs,i obtained by the neutron
source, as inChap. 3,φs,0 andφs,i are approximately obtained as follows, respectively:

φs,0 ≈ S

1 − ks,0
, (7.34)

φs,i ≈ S

1 − ks,i
, (7.35)

where S is the number of neutrons produced by the 252Cf neutron source.
The ratio of the neutron flux when changing from the initial state 0 to state i,

φs,i/φs,0, can be expressed using Eqs. (7.34) and (7.35) as follows:
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φs,i

φs,0
≈ 1 − ks,0

1 − ks,i
. (7.36)

Since the initial state is the same for any state i, i.e., the numerator 1− ks,0 on the
right-hand side of Eq. (7.36) can be regarded as a constant value, and if 1 − ks,0 is
the standardization factor, Eq. (7.36) can be approximated as follows:

φs,i

φs,0
≈ 1

1 − ks,i
. (7.37)

The inverse value of Eq. (7.37) can be then expressed as follows:

φs,0

φs,i
≈ 1 − ks,i. (7.38)

Equation (7.38) has the same form as the inverse of the multiplicationM (inverse
multiplication)1/M ≈ 1 − ks(ks: multiplication factor in subcritical systems) in
Chap. 3, and the method for finding the inverse multiplication 1/M can be directly
applied when the inverse φs,0/φs,i of the ratio of neutron flux in Eq. (7.36) is found
(see Chap. 3).

Let us assume that the response per unit time (count rate) obtained from the
neutron detector is approximately proportional to the neutron flux. Taking C0 and
Ci as the counts obtained in the initial system (subscript 0) and the state i changed
by the addition of fuel, respectively, the ratio of count rates C0/Ci can be expressed
from Eq. (7.38) as follows:

C0

Ci
≈ φk,0

φk,i
≈ 1 − ks,i

(
= 1

Mi

)
. (7.39)

The value of C0/Ci obtained in Eq. (7.39) is called the inverse count rate (inverse
multiplication in state i: 1/Mi). In other words, experimentally, the inverse count rate
in Eq. (7.39) is nothing but the inverse multiplication itself.

In the exponential experiments, the multiplication of neutrons in the system is
achieved by increasing the number of fuel assemblies, as shown in Fig. 7.9. The
patterns of increasing the number of fuel assemblies are shown in Fig. 7.9.

7.5.2 Reaction Rate Distribution by Neutron Detector

Measurement of the reaction rate distribution with a neutron detector is performed
using the 3He detector. The 3He detector is a counting tube for detecting thermal
neutrons. A metal tube with a core wire is filled with 3He gas, and a high voltage is
applied between the core wire and the tube wall. When a thermal neutron passes
through, the 3He(n, p)3H reaction occurs, and the protons (p) and 3H (tritium)
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(a) 10 fuel assemblies (i = 0)            (b) 14 fuel assemblies (i = 1)

(c) 19 fuel assemblies (i = 2)   (d) 24 fuel assemblies (i = 3)
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Fig. 7.9 Patterns of increase in number of fuel assemblies in inverse multiplication of neutrons

produced are set in motion by 765 keV of nuclear reactions, ionizing the gas. The
ions cause an electrical discharge between the core wire and the tube wall, and the
neutron passages can be counted as pulses. The 3He detectors are set at positions (2,
G) and (5, J) of the system, as shown in Fig. 7.9. Also, a neutron source (252Cf) is
fixed at the origin (z = 0) in direction z at (5, E).

The method of measuring the reaction rate distribution with a neutron detector
involves measuring neutron counts while changing the neutron detector to a positive
position in the direction z (z = 0, 100, 200, 300…mm) for the state i of the system
(increase in fuel assemblies). Using this method, the reaction rate distribution in
the direction z can be measured simply by changing the detector position, and the
measurement time can be changed according to the values of neutron counts. On
the other hand, the neutron flux distribution may be distorted (termed perturbation)
by moving the detector, and several detector positions have different effects on the
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neutron flux distortion. Note that this reaction rate distribution is obtained when
measuring inverse multiplication in state i (i = 0, 1, 2 and 3).

7.5.3 Reaction Rate Distribution by Activation Foil

The reaction rate distribution by activation foils is obtained by measuring reaction
rates, using experimental data obtained fromneutron irradiation in a subcritical steady
state with 252Cf neutron source and counting the number of γ -ray emitted from the
foils. The activation foil that is the activation detector can be made of any material
according to characteristics of neutron energy. Also, by adjusting the size and length
of the activation foil so as not to distort the thermal neutron flux distribution in the
system, the reaction rate distribution can be measured at any position.

In the system consisting of NU fuel and polyethylene reflector, it is easy enough
to imagine that the neutrons generated from 252Cf are moderated by the polyethylene
to be thermal neutrons. When enough time has passed after the 252Cf neutron source
is inserted, the behavior of neutrons in the system is constant, and the system can be
regarded as being in an almost steady state. As shown in Fig. 7.10, an indium wire
(In wire: 1 mm diameter and 500 mm length) is then installed in the area along the
direction z from (x, y, z) = (0, 0, 0) to (x, y, z) = (0, 0, 500) at the location of the
center of the x–y plane of the system. The reaction rate distribution corresponding
to the thermal neutron flux is measured in the direction z at the center of the system.
Note that the In wire was chosen as the sample for the measurement because the
115In(n, γ)116mIn reactions are very sensitive to thermal neutrons and, as a result, are
likely to interact with thermal neutrons. Table 7.3 shows the characteristics of In as
an activation foil for thermal neutron detection.

Cf-252 (origin of system)
(x, y, z) = (0, 0, 0)

z

y

x

518.6 mm
(direction z)

271.5 mm
(direction y)

271.5 mm
direction x)

Location of indium wire
inside polyethylene with 1/2” diam. hole)

500 mm
(length of indium wire)

(0, 0, 0) (0, 0, 500)

Fig. 7.10 Location of indium wire for measuring reaction rate distribution
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Table 7.3 Characteristics of activation foil (In) for thermal neutron detection (Refs. [6, 7])

Nuclide Reaction Half-life T1/2 Emission rate (%) Energy of γ -ray (keV)
115In 115In(n, γ)116mIn 54.29 m 32.4 416.9

55.7 1097.3

85.0 1293.5

As shown in Table 7.3, when the In wire is irradiated with thermal neutrons, the
saturated activity (see Chap. 5) can be determined using the information about the
γ -ray energy obtained from the 115In (n, γ)116mIn reactions. With the time correction
regarding the irradiation time, the saturated activity can be treated approximately as
equivalent to the reaction rate.

Without going into the derivation of the saturated activity, the saturated activity
D∞ (s−1) can be obtained as follows:

D∞ = λIn Tc C

εD εE
(
1 − e−λInTi

)
e−λInTw

(
1 − e−λInTc

) , (7.40)

where λIn is the decay constant of In (=ln 2/T1/2) (s−1), Tc the measurement time of
γ -ray by the detector (s), C the average count rate of γ -ray (s−1), εD the detection
efficiency of γ -ray detector, εE the emission rate of γ -ray, Ti the irradiation time (s),
Tw the waiting time from the end of irradiation to the start of measurement (s).

Since it is sufficient to obtain the relative distribution of reaction rates in the direc-
tion z by the In wire from the saturated activity rather than the absolute distribution
of reaction rates, the decay constant λIn, detection efficiency εD, emission rate εE
and irradiation time Ti can be regarded as common for all samples. Therefore, the
saturated activity can be approximately expressed as follows:

D∞ ≈ Tc C

e−λInTw
(
1 − e−λInTc

) . (7.41)

Furthermore, when the weight for each sample isM, applying the weight correc-
tion using M to Eq. (7.41), the following equation can be regarded as the value
corresponding to the reaction rate R:

R ≈ D∞
M

≈ Tc C

e−λInTw
(
1 − e−λInTc

)
M

. (7.42)

From the above, the relative reaction rate distribution by the In wire can be finally
obtained from Eq. (7.42).
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7.6 Measurements

7.6.1 Inverse Multiplication of Neutrons

Experimental steps formeasuring the inversemultiplication by increasing the number
of fuel assemblies are described as follows:

(1) Confirm that the number of fuel assemblies in the system is 10 (i = 0;
Fig. 7.9a).

(2) Place the 252Cf neutron source at the origin of the coordinate system,(x, y, z) =
(0, 0, 0) (Fig. 7.10).

(3) Confirm that 3He detectors are installed at (2, G; 3He#1) and (5, J; 3He#2) in
Fig. 7.9 (z = 0) and that neutrons in the system can be measured.

(4) The neutron counts at z = 0 mm are measured with the measurement time of
50 s, which is repeated three times, and the average of three measurements is
the count rate at z = 0 mm. Next, move the 3He#1 and 3He#2 detectors from
z = 0 to z = 50 mm with respect to the direction z.

(5) The neutron counts at z = 50 mm are measured with the measurement time of
50 s, repeated three times, and the average of three measurements is taken as
the average count rate at z = 50mm.Hereafter, the 3He#1 and 3He#2 detectors
are moved in steps of 100, 150, 250, 350, and 450 mm in the direction z, and
average count rates from three measurements are measured at all positions.
In addition to considering the distance from the neutron source, observe well
statistical errors of count rates from z = 0 to z = 450 mm measurements.

(6) The integral of the average count rate from z = 0 to z = 450 mm obtained by
steps (4) and (5) is equivalent to the value of C0 in Eq. (7.40), and this integral
is approximated as C0.

(7) Increase the number of fuel assemblies from 10 to 14 (i = 1; Fig. 7.9b).
(8) Repeat steps (4) and (5) to measure the value of C1.
(9) Increase the number of fuel assemblies to 19 (i = 2; Fig. 7.9c) and 24 (i = 3;

Fig. 7.9d) and measure C2 and C3, the values for i = 2 and i = 3, as shown in
steps (7) and (8), respectively.

(10) Taking the number of fuel assemblies (10, 14, 19, and 24) on the horizontal axis
of the graph and plotting C0/Ci (i = 0, 1, 2, and 3) (inverse multiplication at
state i: 1/Mi) on the vertical axis, inverse multiplication curves for 3He#1 and
3He#2 detectors could be obtained. When obtaining the inverse multiplication
curves, the data sheet in Table 7.4 can be used as a reference.

7.6.2 Reaction Rate Distribution

(1) Confirm that the number of fuel assemblies in the system is 24 (i = 3; Fig. 7.9d).
(2) The 252Cf neutron source is set at the origin of the system,(x, y, z) = (0, 0, 0)

(Fig. 7.10).
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Table 7.4 Datasheet for measurement of inverse multiplication (example of 24 fuel assemblies:
i = 3)

Detector # of fuel
assemblies

Position
(mm)

Counts
(counts) (3
times)

Average of
counts
(counts)

Measurement
time (s)

Average
count rate
(s−1)

He-3 #1 24 0

50

100

150

250

350

450

Sum of average count rates
C3 (s−1)

(3) As shown in Fig. 7.10, the In wire (1 mm diameter and 500 mm length) is set
in the area from (x, y, z) = (0, 0, 0) to (x, y, z) = (0, 0, 500).

(4) In this condition, irradiate the In wire with 252Cf neutron source for about 1.5
to 2 h.

(5) After the irradiation is completed, the In wire is immediately removed from the
system and cut at intervals of 50, 50, 50, 50, 70, 70, 80, and 80 mm, beginning
near the 252Cf neutron source, to prepare eight measurement samples.

(6) Perform γ -ray measurements on the In samples after irradiation using a high-
purity germanium (HPGe) detector for all samples and record the count rate C
for three energies in Table 7.3. In doing so, it is necessary to be sure to record
three items: the time of the measurement Tc with the HPGe detector; the time
when irradiation is stopped; and the time from the end of irradiation to the start
of measurement Tw, as shown in Eq. (7.42).

(7) Measure the weight of each sample M with the use of an electronic balance.
(8) Substituting measured results obtained from steps (6) and (7) into Eq. (7.42),

the saturated activity corresponding to the reaction rate can be obtained for each
sample.

(9) Plotting the location of each sample from the 252Cf neutron source on the hori-
zontal axis of the graph (in order of proximity to the neutron source) and the
saturated activity in step (8) on the vertical axis, the relative In reaction rate
distribution corresponding to thermal neutron flux distribution in the direction
z. When obtaining the distribution of In reaction rates, the following data sheet
(Table 7.5) can be used as a reference.
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Table 7.5 Datasheet for measurement of reaction rates (for 416.9, 1097.3 and 1293.5 keV)

Position
(mm)

λIn (s−1) γ -ray count
(counts)

tc (s) C (s−1) tw (s) D∞ (s−1) M (g) R = D∞/M
(s−1 g−1)

50

100

150

200

270

340

420

500

7.6.3 Spatial Decay Constant

(1) In the measurement of inverse multiplication, the reaction rate distributions by
3He#1 and 3He#2 in the direction z (z = 0 to z = 450 mm) are obtained from
the results obtained in steps (4) to (9) in Sect. 7.6.1 when the number of fuel
assemblies is 24. From these results, the spatial decay constants μHe−3 # 1

24 and
μHe−3 # 2
24 can be determined based on Eq. (7.21).

(2) From the results of the reaction rate distribution (when the number of fuel
assemblies is 24) obtained with the In wire (step (9) in Sect. 7.6.2), the captured
reaction rate distribution (115In(n, γ)116mIn)with respect to the direction z (z = 0
to z = 500 mm) is obtained. From the result, the spatial decay constant μIn

24 can
be determined based on Eq. (7.21).

7.7 Discussions

7.7.1 Experimental Reports

(1) From the results of steps (4) through (9) in Sect. 7.6.1, obtain the reaction rate
distributions measured from 3He#1 and 3He#2 at the number of fuel assemblies,
10, 14, 19, and 24. Using the results, the findings are the spatial decay constants
μ
He−3 # 1, # 2
10 , μ

He−3 # 1, # 2
14 , μ

He−3 # 1, # 2
19 , and μ

He−3 # 1, # 2
24 for 10, 14, 19, and 24

fuel assemblies, respectively, by the least-squares method. In terms of this,
make discussions about the relationship between the number of fuel assemblies
and the spatial decay constant.

(2) Using the results obtained from step (10) in Sect. 7.6.1, the findings are the
inverse multiplication curves by 3He#1 and 3He#2. Here, make discussions
about the shape of the curves obtained.



7.7 Discussions 161

(3) When the count rate C i, detection efficiency ε, neutron source strength S,
and multiplication factor ks, i of the system are obtained by steps (4) to (9)
in Sect. 7.6.1, Eq. (7.43) is approximated by the neutron source multiplication
method (Chap. 10) as follows:

Ci = ε S

1 − ks,i
. (7.43)

The detection efficiency ε and neutron source strength S are then assumed
to be constant. Also, assuming that the multiplication factor ks, 3 for the system
with 24 fuel assemblies (i = 3) is 0.50, obtain the multiplication factors ks, 0,
ks, 1 and ks, 2 for systems with 10 (i = 0), 14 (i = 1), and 19 (i = 2) fuel rods,
using the count rate C i.

(4) The values of ks, 0, ks, 1, and ks, 2 are obtained from two neutron detectors (3He#1
and 3He#2), and make discussions about the difference between the results of
3He#1 and 3He#2.

(5) Using the spatial decay constants obtained from the results of inverse multipli-
cation and reaction rate distribution (steps (1) and (2) in Sect. 7.6.3), μHe−3 # 1

24 ,
μHe−3 # 2
24 , andμIn

24 for 24 fuel assemblies, make discussions about the differences
between the results of spatial decay constants obtained from the 3He detectors
(#1 and #2) and the In wire.

7.7.2 Reactor Physics Discussion

(1) Using the spatial decay constant obtained from the In reaction rate distribution
for 24 fuel assemblies (step (2) in Sect. 7.6.3) μIn

24, obtain the material buckling
B2
m from Eq. (7.16).

(2) For the In reaction rate distribution corresponding to the thermal neutron flux
distribution (φIn

24(z)) in the estimation of the spatial decay constant (step (2) in
Sect. 7.6.3), obtain the diffusion distance LIn24 by the In wire using Eq. (7.27) by
the least-squares method.

(3) Giving the material buckling B2
m and diffusion distance LIn24 obtained in discus-

sions (1) and (2) in Sect. 7.7.2, respectively and the Fermi age τ (see Table 7.1),
the infinite multiplication factor k∞ can then be obtained. Make discussions
about the criticality of the experimental system made with NU fuel and
polyethylene reflectors.

(4) When the system is in a critical steady state, using the diffusion equation with
one-energy group, the material buckling B2

m can be expressed as follows:

B2
m = ν

∑
f −

∑
a

D
, (7.44)
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where ν is the average number of neutrons produced per fission,
∑

f the fission
cross sections, and

∑
a the absorption cross sections. Here, discuss the possi-

bility that the system is reached at a critical state, considering the composition
of NU fuel and polyethylene moderator in the fuel assembly shown in Fig. 7.3.
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Chapter 8
Measurement of Uranium Enrichment

Abstract In this chapter, a brief explanation of safeguards is given prior to the
measurement of uranium (U) enrichment, together with the background of safe-
guards, and the identification of nuclear fuel materials, 235U, 238U, and thorium-
232, is described. Furthermore, detailed methods for discriminating and measuring
nuclear fuel materials are presented.

Keywords Uranium enrichment · Highly-enriched uranium · Depleted uranium ·
Safeguards · Nuclear fuel materials

8.1 Background

Nuclear facilities that handle nuclear fuel materials, including uranium (U) isotope
enrichment facilities, nuclear fuel fabrication facilities, post irradiation testing facil-
ities, and reprocessing facilities, require extremely accurate enrichment measure-
ments. Under the circumstances of ratification of the Treaty on Non-Proliferation of
NuclearWeapons (NPT),measurement of uraniumenrichment is one of the important
items for the inspection analysis in safeguards.

Wewill review how theU fuel is produced in each step of the nuclear fuel cycle. To
produce the low-enricheduranium fuel, natural uranium ismined asUore, refined and
converted to uranium hexafluoride (UF6), and separated into enriched and depleted
U fuel through an enrichment process. The enriched U fuel then undergoes amolding
and fabrication process in which it is reconverted to uranium dioxide (UO2) to manu-
facture fuel assemblies for light-water reactors (LWRs). When the fuel assemblies
are loaded in LWRs, plutonium (Pu) by 238U capture reactions is generated, and is
extracted as spent fuel. The spent fuel undergoes dissolution, separation and extrac-
tion, and refining processes in a reprocessing facility to be impaired U, Pu, and
radioactive waste. As described above, it is easy to imagine that strict U enrichment
control is required in the nuclear fuel cycle from the production of U fuel to the final
disposal of radioactive waste.

© The Author(s) 2025
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8.2 Safeguards

Safeguards are validation systems to confirm that the use of nuclear materials,
including U, Pu, and other nuclear materials, is limited to peaceful purposes, and
not diverted to nuclear explosive devices such as nuclear weapons or other military
purposes, and that there are no undeclared nuclear materials (Ref. [1]).

The NPT stipulates that non-nuclear weapons states parties to the NPT must
conclude a comprehensive safeguards agreement with the International Atomic
Energy Agency (IAEA) and accept IAEA’s safeguards inspections. The parties to
the agreement and the IAEA are to confirm that there are no errors in the accounting
and control reports indicating where and how much nuclear materials are present,
and to conduct inspections of facility sites as necessary to determine the state of
control. For more information on safeguards, please refer to Refs. [1, 2].

The main items to be proved in safeguards are as follows:

• Equipment and facility design information.
• Equipment and facility operating information.
• Research conducted at facilities.
• Handling of nuclear fuel materials.
• Amount of nuclear fuel material.
• Types of nuclear fuel materials.

Inspections are conducted to check whether these items are as reported and
to prevent non-peaceful use. The following items are specifically checked during
inspections:

• As a check of the inventory of nuclear fuel materials, the ledger and the actual
inventory are verified.

• The type of nuclear fuel material is confirmed by determining U, Pu, and thorium
(Th), and the U enrichment is measured.

• The facility’s design information is reviewed.

The presence or absence of undeclared activities is verified. This is a type of
inspection known as the complementary access, which includes inspections of facil-
ities and areas that do not handle nuclear fuel materials, collection of environmental
samples, and interviews regarding the content of research.

8.3 Identification of Nuclear Fuel Materials

8.3.1 Identification of Nuclides

The γ -ray can be used to perform nondestructive inspection of nuclear fuel materials,
sincemost nuclear fuelmaterials subject to safeguards emit γ -ray. Radioisotopes that
emit γ -ray are characterized by their specific energy, and the isotopic composition
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Table 8.1 Response of nuclear fuel material (nuclide) to γ -ray by nondestructive testing (Ref. [3])

Isotope Energy (keV) Quantity of γ -ray (g−1 s−1) Mean free pass (mm)

High-Z Low-Z
234U 120.9 9.35 × 104 0.23 69
235U 143.8 8.40 × 103 0.36 73

185.7 4.32 × 104 0.69 80
238U 766.4 2.57 × 101 10.0 139

1001.0 7.34 × 101 13.3 159

Z: mass number

of nuclear fuel materials can be determined by measuring the energy and relative
intensity of γ -ray. This is called the γ -ray spectroscopyγ . Combined with measure-
ments of absolute intensities, quantitative information on the nuclear fuel material
can be obtained from the γ -ray energy.

The nuclide can be identified by the γ -ray from the nuclear fuel material itself or
from daughter nuclides of the nuclear fuel material. Here, the γ -ray response from
nondestructive testing of U fuel (isotopes) is shown in Table 8.1.

FromTable 8.1, enrichedU fuel emits the γ -raywith the energy of 185.7 keVupon
α-decay of 235U. By measuring the γ -ray, the enrichment of 235U can be verified.
Next, the decay series diagrams for 235 U, 238U, and 232Th are shown in Figs. 8.1,
8.2, and 8.3, respectively. The generated isotopes can be identified from the decay
series of 235U and 238U.

• 235U: the γ -ray with the energy of 185.7 keV is emitted with α-decay, and
protoactinium-231 (231 Pa) is produced with β-decay (Fig. 8.1).

• 238U: the γ -ray with the energy of 185.7 keV is emitted with α-decay, and 234 mPa
is produced with β-decay (Fig. 8.2).

• 232Th: the γ -ray is emitted with α-decay, and actinium-228 (228Ac) is produced
with β-decay (Fig. 8.3).

8.3.2 Measurement of γ -Ray Spectrum

We will see what kind of response we get from the γ -ray spectrumγ measurements
of 235U and 238U with enriched U. The results of the γ -ray spectrum measurements
of 93 wt% 235U and 2 wt% 235U are shown in Figs. 8.4 and 8.5, respectively. In the
two figures, peaks at energies of 185.72 keV (235U: red in Figs. 8.4 and 8.5) and
1001.0 keV (238 U: green in Figs. 8.4 and 8.5) can be seen.
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Fig. 8.1 Decay series for 235U (Fig. N.2 in Ref. [4])

8.4 Experiments

8.4.1 Outline

The outline of measurements of U enrichment for nuclear fuel material is shown as
follows:

(1) Set the γ -ray detector, a sodium-iodine (thallium) (NaI(Tl)) detector (or
high-purity germanium: HPGe detector), to calibrate the energy of the γ -ray
spectrum.
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Fig. 8.2 Decay series for 238U (Fig. N.1 in Ref. [4])

(2) Measure the γ -ray spectra of U samples (highly-enriched uranium: HU and
depleted uranium: DU) to learn about the relationship between 235U enrichment
and γ -ray spectrum.

(3) Deduce the enrichment of the U sample based on the data obtained, when
carrying out the γ -ray spectrummeasurements with respect to U samples whose
enrichment is unknown.
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Fig. 8.3 Decay series of 232Th (Fig. N.3 in Ref. [4])

(4) Perform the γ -ray spectrum measurements of 232Th samples and make obser-
vations on the differences from those of 235U samples (this is an optional
measurement).

8.4.2 Measurement of γ -Ray Spectrum

An example of simultaneous measurement of two U samples, HU and DU, is shown
in Fig. 8.6.

The presence of 235U at 185.9 keV is identified as shown in Fig. 8.6. Also, the
presence of 238U is obtained from the decay of 234 mPa at 1001.0 keV, and several
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185.7 keV 235U

1001.4 keV 234mPa

Fig. 8.4 Measured γ -ray spectrum of 93 wt% 235U (Fig. 1.7 in Ref. [5])

185.7 keV 235U
1001.4 keV 234mPa

Fig. 8.5 Measured γ -ray spectrum of 2 wt% 235U (Fig. 1.9 in Ref. [5])

peaks lower than 800 keV are measured as background in the γ -ray spectrum in the
absence of 90 wt% 235U sample (238U is dominant in 0.7 wt% 235U).

An example of simultaneous measurements of γ -ray spectra of two U samples
(enrichment: 93 wt% and 5 wt%) is shown in Fig. 8.7. The presence of 235U can
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185.7 keV 235U

238U (234mPa)

Fig. 8.6 Example of simultaneous measurement of γ -ray spectra of two U samples (90 wt% 235U
and 0.7 wt% 235U) (Fig. 7.1 in Ref. [5])

be identified from the result of the steep peak at 185.9 keV energy (red), and the
background effect of the 238U daughter nuclide (green) can be observed from the
result more than 200 keV.

Fig. 8.7 Example of
simultaneous measurement
of γ -ray spectra of two U
samples (93 wt% and 5 wt%
235U) (Fig. 7.2 in Ref. [5])
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8.4.3 Simplified Method for Enrichment Measurement

This section describes the method for measuring the enrichment of U sample. If the
values of the enrichment of two HU and DU samples are both unknown, the γ -ray
spectrum was assumed to be obtained by simultaneous measurements of HU and
DU, as shown in Fig. 8.8.

The C1 and C2 in Fig. 8.8 represent the 185.9 keV peak region of 235U (HU)
and the background (BG) region from 238U (DU), respectively. Also, we assume
that the enrichment of HU and DU has been known, and that two samples have the
same weight. From Fig. 8.8, the BG component in the total count C1 of HU can
be determined by the BG component C2 of DU, and the proportionality coefficient
between C1 and C2 is then f (unknown).

In the peak region of 185.9 keV of HU, when excluding the BG component of
HU calculated from that of DU, the net area (net counts) of γ -ray of HU, R [s−1],
can be expressed as follows:

R = C1 − f · C2 . (8.1)

Next, since the enrichment (EN) [%] of a U sample is proportional to the count
rate R of the γ -ray in Eq. (8.1), by introducing its coefficient e (unknown), EN can
be expressed approximately as follows:

EN ≈ e · R = e (C1 − f · C2) . (8.2)

SubstitutingC1 andC2 for HU and DUwith known enrichment, respectively, into
Eq. (8.2), two equations for the unknowns f and e are obtained as follows, where the
subscripts of HU and DU are H and D, respectively:

ENH ≈ e · RH = e
(
C1,H − f · C2,H

)
, (8.3)

Fig. 8.8 Example of
simultaneous measurement
of γ -ray spectrum of two U
samples (Fig. 7.4 in Ref. [5])
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END ≈ e · RD = e
(
C1,D − f · C2,D

)
. (8.4)

From Eqs. (8.3) and (8.4), f and e can be determined, respectively, as follows:

f = ENDC1,H − ENHC1,D

ENDC2,H − ENHC2,D
, (8.5)

e = ENDC2,H − ENHC2,D

C1,DC2,H − C1,HC2,D
. (8.6)

8.4.4 Data Processing

Enrichment measurements of uranium samples are performed according to the
following procedures:

(1) Two γ -ray sources (cobalt-60: 60Co; cesium-137: 137Cs) are used to perform
energy calibrations on γ -ray spectra obtained from NaI(Tl) detectors (or HPGe
detectors). The γ -ray sources of 60Co and 137Cs have the characteristics shown
in Table 8.2.

(2) TheHU andDU samples with known enrichment are prepared. The two samples
have the same weight. Set each sample in a NaI(Tl) detector (or HPGe detector)
and measure the γ -ray spectrum, then substitute the measurement results into
Eqs. (8.3) and (8.4) to determine f and e in Eqs. (8.5) and (8.6), respectively.

(3) The HU and DU samples are combined (two or three layers superimposed) to
perform enrichment measurements for the two cases in Table 8.3. The datasheet
in Fig. 8.9 should be utilized for the measurements.

Table 8.2 Characteristics of γ -ray sources of 60Co and 137Cs

γ -ray source Half-life (year) γ -ray energy (keV) Emission rate (%)
60Co 5.272 1173 100

1333 100
137Cs 30.17 662 85.1

Table 8.3 Cases of measurements for uranium samples HU and DU

Case HU sample (number of samples) DU sample (number of samples)

A 1 1

B 1 2
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Fig. 8.9 Datasheet for measurement of uranium enrichment

• Perform the γ -ray spectrum measurement for Case A to obtain C1,CaseA and
C2,CaseA, and substitute them into Eq. (8.2) together with f and e obtained in step
(2) to calculate the enrichment ENCaseA for Case A.

• For Case B, follow the same procedure as above to calculate ENCaseB

8.5 Discussions

(1) Compare the results of ENCaseA and ENCase B obtained by steps (2) and (3) in
Sect. 8.4.4 with the theoretical enrichment (Case A: 46.6 wt%; Case B: 32.1
wt%) calculated from the combination of Cases A and B. Moreover, when
observing a discrepancy between the results of experiments and references,
discuss the reason of the discrepancy.
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(2) Perform the γ -ray spectrum measurements on 232Th samples using a NaI(Tl)
detector (or HPGe detector) and compare them to the results of γ -ray spectrum
measurements on U samples, and discuss any differences (this is an optional
piece of homework).
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Chapter 9
Neutron Measurements

Abstract The target of measurement in reactor physics experiments using nuclear
reactors is neutron emitted in fission reactions. The purpose of this chapter is to
acquire knowledge and skills on the basic operational characteristics of neutron
detectors, signal processing methods, and the fundamentals of data analysis.

Keywords Neutron detection · 3He detector · BF3 detector · Fission chamber ·
Optical-fiber-based detector · Signal processing

9.1 Operation Principle of Neutron Detectors

In this section, the principles of operation of 3He proportional counters, BF3
proportional counters, fission counters, and optical-fiber-based neutron scintillator
detectors,which are neutron detectors used in nuclear reactor practices, are described.

9.1.1 Nuclear Reactions Used in Neutron Detectors

Neutrons are particles that haveno electric charge and cannot ionizematter directly, so
they are classified as so-called indirect ionizing radiation. Radiation detectors can be
classified into two types: passive and active detectors. The passive detectors include
activation foils [1] and thermally stimulated luminescence dosimeters (TLDs) [2],
whose information is stored upon neutron irradiation and read out after irradiation.
The active detectors immediately output their information during neutron irradiation.
The latter is discussed in detail in this chapter.

In order to immediately generate signals during neutron irradiation, it is neces-
sary to convert neutrons, which are indirect ionizing radiation, into charged particles,
which are direct ionizing radiation, through some reactions. High-energy charged
particles emitted from these reactions generate an electrical signal. High-energy
photons such as γ and X-rays, are also the indirect ionizing radiation. They interact
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with electrons, and the produced high-energy electrons cause ionization and excita-
tion of matter. On the other hand, neutrons interact with atomic nuclei and often
produce high-energy-charged particles through nuclear reactions. The produced
high-energy-charged particles cause ionization and excitation. In order to operate
as an active detector, the nuclear reaction caused by neutrons must produce high-
energy charged particles, which in turn generate electrical signals through ionization
and excitation.

Neutrons produced by nuclear fission have relatively high energy on the order
of MeV. Their high-energy neutrons are so-called fast neutrons. Fast neutrons are
also possible to be used for neutron detection through nuclear reactions. Specifically,
elastic scattering reaction of hydrogen (H) andfission reaction of uranium-238 (238U),
which is a so-called fertile nuclide, occur with fast neutrons. However, in a nuclear
reactor where the chain reaction of fission is maintained via thermal neutrons, the
target of detection is thermal neutrons (which have very small kinetic energy and
reach to thermal equilibrium state). Thermal neutron detectors use nuclear reactions
which are caused by thermal neutrons producing charged particles. Specifically, these
reactions are the 3He(n, p)3H reaction, 6Li(n, t)4He reaction, 10B(n, α)7Li reaction,
and the fission reaction. Table 9.1 summarizes the characteristics of nuclides used
for thermal neutron detection. Figure 9.1 also shows the cross sections for these
reactions.

The helium-3 (3He) is one of the stable isotopes of He, with an isotopic abundance
of only 0.00014%, and causes the following reactions:

3
2He + 1

0n → 3
1t + 1

1p + 765 keV. (9.1)

This reaction has a cross section of 5330 barn for 25 meV thermal neutrons and
is one of the most important ones in thermal neutron detection. The cross section
for this reaction follows a 1/v rule up to about 10 keV. Since helium is a noble gas,
it cannot form solid compounds with other elements, so its use is limited to gas
detectors.

When 3He undergoes the (n, p) reaction, energy of 765 keV is released, which is
divided into the reaction products, tritium (3H; t) and proton, p. If the incident neutron
has no kinetic energy, these particles are emitted in opposite directions according to

Table 9.1 Characteristics of nuclides used for thermal neutron detection

Nuclide Natural abundance (%) Cross section
(barn) at
25 meV

Released energy (MeV) Reaction

3He 0.00014 5330 0.765 3He(n, p)t
6Li 7.6 940 4.78 6Li(n, t)α
10B 19.9 3840 230 2.79 10B(n, α)7Li

3610 2.31 10B(n, α)7Li*

235U 0.72 587 ~200 235U(n, f)
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Fig. 9.1 Cross sections for
reactions used in thermal
neutron detectors [3]

the momentum conservation law. The kinetic energies of 3He and p are mp/(mt +
mp) × 765 keV = 191 keV and mt /(mt + mp) × 765 keV = 574 keV, respectively.
Charged particles with these energies lose their kinetic energy as they travel through
the detector medium and occur a huge number of ionizations.

The litium-6 (6Li) is one of the stable isotopes of Li with isotopic abundance of
7.6%, and causes the following reaction,

6
3Li + 1

0n → 4
2He + 3

1t + 4.78MeV. (9.2)

This reaction has a large cross section of 940 barn for a thermal neutron of 25meV,
and follows a 1/v law up to about 10 keV. The characteristics of this reaction is a
much higher Q value for the reaction than that of 3He. The energy is divided into
the reaction products, helium 4He (α-particle) and tritium t. The kinetic energy of
4He and t are mt /(m4He + mt) × 4.78 MeV = 2.05 MeV and m4He/(m4He + mt) ×
4.78 MeV = 2.73 MeV, respectively.

The boron-10 (10B) is one of the stable isotopes of B with its isotopic abundance
is 19.9%, and causes the following reactions,

10
5 B + 1

0n → 7
3Li + 4

2α + 2.79MeV (6%),

→ 7
3Li

∗ + 4
2α + 2.31MeV (94%). (9.3)

This reaction has a large cross section of 3840 barn for a thermal neutron of
25 meV, and follows a 1/v law up to about 100 keV. Unlike 3He and 6Li reactions
discussed so far, this reaction produces 94% excited level 7Li* and 6% ground level
7Li. The excited level 7Li* immediately becomes the ground level by emitting γ rays
at 478 keV (= 2.79MeV-2.31MeV). This characteristic of γ-rays is sometimes used
for neutron detection. When 7Li is produced in the ground level, the Q value of the
reaction is distributed mα/(m7Li + mα) × 2.79 MeV = 1.01 MeV and m7Li/(m7Li +
mα) × 2.79 MeV = 1.78 MeV to the reaction products 7Li and α, respectively. On
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the other hand, if the excited level 7Li* is produced, the Q value of the reaction is
distributed mα/(m7Li * + mα) × 2.31 MeV = 0.84 MeV and m7Li*/(m7Li* + mα) ×
2.31MeV= 1.47MeV to the reaction products, 7Li* and α, respectively. Since 7Li*,
which emits γ rays, is moving at high speed, the energy of the emitted γ rays has a
broadening with a center at 478 keV due to the Doppler effect. The broadening width
is about 10 keV, depending on the surroundingmedium. The broadening effect can be
confirmed by using a high-resolution γ-ray detector such as a high-purity germanium
(HPGe) detector.

The fission reaction is the most important neutron-induced nuclear reaction in
the nuclear field. There are neutron detectors that use this reaction. When a heavy
element such as U is irradiated by neutrons, a fission reaction might occur. This kind
of reaction releases a huge amount of energy, about 200 MeV, which is distributed
among the two fission fragments and two or three neutrons that are the products of
the reaction. Especially, fissile nuclides, such as 235U and plutonium-239 (239Pu),
can absorb neutrons to produce a fission reaction even if the incident neutrons are
thermal neutrons, because their excess binding energy is greater than the critical
energy required for a compound nucleus to fission. The fission reaction can occur
even if the incident neutrons are thermal neutrons. The probability of a fission reaction
for a fissile nuclide depends on the probability of forming a compound nucleus.
Therefore, the reaction cross section basically follows the 1/v rule. However, it has
many resonance energies and the shape indicates a complicated form.

9.1.2 3He Proportional Counters

9.1.2.1 Basic Detector Response

When 3He undergoes the (n, p) reaction, energy of 765 keV is released, which
is distributed to the reaction products, 3H (tritium t) and proton p. If the incident
neutron has no kinetic energy, these particles are emitted in opposite directions by
180 degree. In this case, the kinetic energy of 3H and proton are mp/(mt + mp) ×
765 keV = 191 keV and mt /(mt + mp) × 765 keV = 574 keV, respectively. Charged
particles with these energies lose their kinetic energy as they travel through the
detector medium. The lost energy is used for ionization of the detector medium. As
a result, a 3He(n, p)3H reaction produces a corresponding number of electron–ion
pairs to 765 keV, which is the number obtained by dividing 765 keV by the W-
value. Here, the W-value is defined as a mean production energy of a pair of electron
and ion. In other words, 3He(n, p)3H reactions produce signals with the same pulse
height corresponding to 765 keV, which is so-called as Q-value of this reaction.
Consequently, the neutron peak is created in the signal pulse height spectrum, when
3He proportional counter is irradiated with thermal neutrons. On the other hand, 3He
proportional counter has quite low sensitivity to γ rays. The probability of γ-ray
interaction with the detector medium (3He) is very small because 3He is a gas. In the
γ-ray response, the secondary electrons produced by a γ-ray interaction with the wall
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of the counter tube are dominant. These secondary electrons are partially reached
to the detector medium gas. Because of the small stopping power of the emitted
secondary electrons, the energy deposited in the γ-ray events is small compared with
the neutron events. For this reason, the discrimination of the γ-ray signal from the
neutron signal can be easily achieved by setting the pulse height discrimination level
to an appropriate level.

9.1.2.2 Wall Effect

The small atomic number of 3He results that its stopping power is small, and the
range of the reaction products, t and p, may not be small compared to the detector
dimensions. This causes a problem called the wall effect (Ref. [4]). The wall effect
is the effect that the reaction product, t or p, reaches the detector wall material before
it loses its all kinetic energy in the detector gas. In this case, a signal pulse height is
lower than the pulse height corresponding to the Q value 765 keV. Figure 9.2 shows
a typical pulse height spectrum obtained with a 3He proportional counter affected by
the wall effect.

The peak at 765 keV represents an event in which all of the energy for the Q
value (765 keV) of 3He(n, p) reaction is deposited into the detector gas, as described
above, and is called the full-energy-absorption peak. If some of the energy of the
reaction products, t and p, is absorbed by the wall, the pulse height decreases by the
corresponding energy. Since energy absorbed by the wall might vary continuously,
the pulse height distribution also shows a continuous distribution. However, since
t and p are emitted in opposite directions by 180 degree, neither of them will be
absorbed by the wall unless the detector dimensions are very small (Generally, the
detector is designed to prevent such situation). In other words, in the event, in which
the most energy is absorbed in the wall (i.e., the smallest pulse height), all the energy
of one particle is absorbed by the wall and the other deposits all the energy into the
detector gas. When t is absorbed by the wall (p is absorbe by the gas), the pulse
height at the edge corresponds to 574 keV. When p is absorbed by the wall (t is

Fig. 9.2 Typical pulse
height spectrum obtained
with a 3He proportional
counter

Pulse height

C
ou

nt
s

765 keV574 keV191 keV

Fu
ll 

en
er

gy
 p

ea
k

3 H
io

ns
 a

re
 a

bs
or

be
d 

by
 th

e 
w

al
l

Protons are absorbed 
with the wall



180 9 Neutron Measurements

Fig. 9.3 Interactions of 3He
proportional counter with
neutrons and γ rays Counter
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absorbed by the gas), the edge pulse height is 191 keV. As described in Fig. 9.2,
a continuous distribution is added to the pulse height distribution between the full-
energy-absorption peak and these edges. Such the wall effect interferes with the
determination of the pulse height discrimination level, which is an undesirable effect
for a neutron detector. Figure 9.3 schematically shows the interactions of the 3He
proportional counter with neutrons and γ rays. The range of the reaction products
in 3He gas at 1 atm is about 50 mm for a 574 keV proton p and about 20 mm
for a 191 keV tritium t. To reduce the influence of the wall effect, it is effective
to increase the detector dimensions or the gas pressure to reduce the range of the
reaction products. Consequently, the ratio of the wall effect to the total absorption
peak will be reduced. 3He counters with a pressure from several to 10 atm or higher
are commercially available. The similar results can be achieved by adding a few 10%
of krypton (Kr), xenon (Xe), or carbon-tetrafluoride (CF4) gas, which has a higher
atomic number than that of He. The 574 keV protons have a range of about 1 mm
when using a counting gas with a ratio of 3He: CF4 = 30: 70 and a pressure of 4 atm.

9.1.2.3 Detection Efficiency

The detection efficiency can be calculated as below. Since themicroscopic absorption
cross section of 3He is 5330 b for thermal neutrons (En = 25 meV), the macroscopic
absorption cross section

∑
a can be expressed as follows,

�a(cm
−1) = 5330 × 10−24(cm2) × N3He(cm

−3), (9.4)

where N3He is the atomic number density of 3He. When the partial pressure of 3He
is 1 atm (N3He = 2.7 × 1019 cm−3), the detector length L is 20 cm and the neurons
are incident parallel to the axis of the counter tube, the detection efficiency ε can be
calculated.
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Fig. 9.4 Geometrical
illustration for evaluating
detection efficiency

L

Neutron

a：Macroscopic absorption
cross section

ε = 1 − exp
(−5330 × 10−24 × 2.7 × 1019 × 20

)

= 0.94. (9.5)

In this case, the efficiency is calculated to be 94%.
If the neutrons are incident perpendicular to the counter axis, the situation becomes

more complex. The approximate efficiency can be determined by considering the
effective thickness of the counter relative to the direction of neutron incidence.Monte
Carlo simulations should be performed to accurately evaluate the detection efficiency
(Ref. [5]) (Fig. 9.4).

9.1.3 BF3 Proportional Counters

Boron can exist stably as a gas in the form of boron trifluoride (BF3). BF3 is often
used as a detector gas in gas-filled neutron detectors. In this case, the wall effect is
also a problem as in the case of 3He counting tubes (Ref. [6]). Figure 9.5 shows the
typical pulse height spectrum obtained from the BF3 proportional counter when the
wall effect is large. However, since the gas pressure cannot increase as in the 3He
counter, the range of a 1.78MeV α particle at a typical gas pressure (0.5 atm) is about
8 mm. Therefore, the wall effect cannot be ignored in a counter with a typical tube
diameter. Since charge collection efficiency becomes poor at high gas pressures due
to recombination of electron and ion pairs, formation of negative ions, etc. (Ref. [7]),
gas pressures of about 0.2 to 1 atm are generally used. Since the detector performance
is also easily degraded by the impurity gas release from the wall material and by the
dissociation of BF3 gas, we should take care when using the BF3 counter. In some
cases, the counters can even become unusable.

The most important advantage of the BF3 counter is its high γ-ray discrimination
ability due to the larger Q-value of the 10B(n, α) reaction compared to the 3He(n,
p) reaction. Even when the wall effect is significant, its lowest deposited energy is
840 keV, which is higher than the Q value of 765 keV for the 3He (n, p) reaction.
Furthermore, since the gas pressure ofBF3 is generally lower than that of 3He counter,
the secondary electrons generated by the interaction of γ-rays and the wall of the
counter tube show low stopping power in the detector gas. The pulse height of the
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Fig. 9.5 Typical pulse height spectrum obtained from BF3 proportional counter when the wall
effect is large

γ-ray events is relatively small. Consequently, a higher γ-ray discrimination ability
can be achieved compared with 3He counter.

The detection efficiency of theBF3 counter can be estimatedwith the samemanner
described in the 3He counter section. For thermal neutrons (25 meV), the detection
efficiency of a 20 cm detector filled with 0.5 atm of BF3 gas using 90% enriched 10B
is calculated as follow:

ε = 1 − exp
(−3840 × 10−24(cm2) × 1.2 × 1019(cm−3) × 20 (cm)

)

= 0.60. (9.6)

The detection efficiency is calculated to be 60%.

9.1.4 Fission Counters

Fission counters usually consist of a thin layer of fissile nuclides (e.g., 235U) coated
on the surface of inner wall of the counter. The detection efficiency depends on the
thickness of the thin layer. Generally, a thick layer detector shows high detection
efficiency. However, the charge of a fission fragment is quite high (+15 k– + 20
valence), and its stopping power is huge and its range is quite short. Therefore, when
the thickness of the 235U layer is greater than the range of the fission fragments, the
detection efficiency will not increase. In addition, since the 235U layer will become
a neutron absorber and make the detection efficiency low, the practical limit of the
layer thickness ranges about 2 and 3 mg cm−2. At this layer thickness, the detection
efficiency of a single-layer structure is about 0.5% for thermal neutrons. To increase
detection efficiency, some fission counters have a multilayer structure.
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Themost important advantage of fission counters is the highQ-value of the fission
reaction, which is about 200 MeV, compared to other neutron induced reactions.
Fissile materials and their daughter nuclides emit various types of ionizing radiation
such as α-, β-, and γ-rays. However, they can be discriminated from the neutron
events by simple pulse height discrimination due to the high Q value of the fission
reaction. Of course, this high Q-value is not only applicable to γ-rays emitted from
inside the detector, but also to γ-rays coming from the surroundings. Consequently
the fission counter can ignore the effect of γ-rays unless the γ exposure is extremely
high.

9.1.4.1 Pulse Mode

Here, we discuss the signal pulse height spectrumobtained from the fission counter in
detail. Generally, the stopping power of a charged particle increases with decreasing
its energy. Fission fragments have a large charge and a very high stopping power
immediately after emission. However, when they are slowed down, they pick up
surrounding electrons, their charge gradually decreases and their stopping power also
decreases. The energy loss in the fissile material thin layer is relatively large. When
the stopping power is extreme high, the correlation between the energy deposition
in the detector medium and the output signal pulse height might be nonlinear. The
signal pulse height is smaller than that predicted from the energy of fission fragments.
However, since the energy deposition in the neutron events is quite huge compared
to that in the γ-ray events, its γ-ray discrimination performance is higher than that of
other neutron detectors, even taking the signal pulse nonlinearity into consideration.

9.1.4.2 Campbelling Mode (Mean Square Voltage Mode)

In very high dose fields (neutrons and γ rays), such as in nuclear reactors, individual
signal pulses cannot be counted separately, and the fission ionization chamber is
used in current mode, which no longer eliminates the γ-ray signal by pulse height
discrimination technique. However, a mode of operation called Campbelling mode
(Mean Square Voltage mode: MSV mode) can be used to reduce the influence of
γ-rays (Ref. [8]). In this operation mode, the signal output is proportional not only
to the number of events per unit time but also to the square of the charge produced
by each event, so that the contribution of the signal due to the fission reaction, which
produces a larger amount of charge (ionization number) per event, is larger than
that of the γ-ray signal. Therefore, the influence of γ-rays can be suppressed. Also,
even in environments, where the event rate is quite high and the pulsed mode cannot
be used, fission reaction-based detectors can suppress the influence of γ rays. This
feature is based on the Campbelling mode. In fact, this operation mode is widely
used in neutron detectors in nuclear reactors.
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9.1.4.3 Operating Principle of Campbelling Mode

If the event rate is r and the charge produced by each event is Q, then the current I,
which is defined as the charge flowing through the detector per unit time, is expressed
as follow,

I = rQ. (9.7)

Let n = rT the average number of events that occur in the detector during the
effective measurement time T. Since the number of events occurring in a detector
follows Poisson statistics, the standard deviation σ n of the number of events observed
during the measurement time T is written as,

σn = √
n = √

rT . (9.8)

Therefore, the variance σ I
2, which is the square of the standard deviation of the

current flowing through the detector, is

σ 2
I =

(σn

T
Q

)2 = rQ2

T
. (9.9)

The variance of the current flowing through the detector,σ I
2, can also be expressed

from its definition as follows:

σ 2
I = 1

T

t∫

t−T

(I(t) − I0)
2dt, (9.10)

where I(t) is the current at time t and I0 is the average current. In other words, by
calculating the time average of the square of the AC component of the current [I(t)
−I0], we can obtain an signal output that is proportional to the event rate r of a given
reaction in the detector and the square of the charge Q2 produced by that reaction. In
Campbelling mode, the signal output is the variance σ I

2 of the current, i.e., the time
average of the square of the AC component of the current.

Let rg and Qg be the event rate and the charge in the fission chamber at which the
signal is produced by γ-rays, respectively. Also, let rn and Qn be the event rate and
the charge produced by neutron induced fission reaction, respectively. The signal
output in current mode is

I = rγQγ + rnQn (9.11)

On the other hand, the signal output of the Campbelling mode is

σ 2
I = rγQ2

γ

T
+ rnQ2

n

T
. (9.12)
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The ratio of contribution of γ-ray to neutron-induced signal in current mode is

RI = rγQγ

rnQn
. (9.13)

On the other hand, the ratio of γ ray to neutron in the Campbelling mode is

R
σ 2
I

= rγQ2
γ

rnQ2
n

. (9.14)

In the fission chamber, since Qn > > Qγ , the γ-ray contribution can be reduced
by the Campbelling mode.

9.1.5 Optical-Fiber-Based Neutron Detectors

9.1.5.1 Neutron Scintillators

A scintillator is a material that emits visible photons through the interaction of
ionizing radiation and matter. Ionizing radiation quantum has the ability to occur
a huge number of ionization in a matter directly or indirectly due to its high energy.
In many cases, this ionization process is accompanied by excitation. Among the
luminescence phenomena that occur during the relaxation process from this excited
state, the scintillation process is defined as the luminescence with a relatively short
decay time constant of the relaxation process. Indirect ionizing radiation such as
neutrons cannot excite the scintillator directly. Therefore, it is necessary to produce
high-energy charged particles, which are direct ionizing radiation, through some
nuclear reactions. Thus, a material that converts neutrons (indirect ionizing radia-
tion) into high-energy charged particles (direct ionizing radiation) is necessary to be
implemented in neutron detectors. This kind of material is called a neutron converter.
The neutron converter in the neutron scintillator requires the following points.

There are several possible patterns of neutron converters. Some converter mate-
rials emit high-energy ions by reaction with neutrons, emit internal conversion elec-
trons, emit prompt gamma rays, which produce fast electrons, and produce radioac-
tive isotopes (so-called activation), which might emit β rays. When detectors require
fast response, the converter producing radioactive isotopes is not suitable because we
shouldwait radioactive disintegration. In addition, the γ-ray-emitting converter is not
suitable for effective detection due to a high penetrating power of γ rays. In this case,
the large scintillator should be used to effectively detect emitted gamma rays. When
comparing converters emitting energetic ions and fast electrons, the former has an
advantage. Generally, energetic ions have high linear energy transfer (LET), which
allows highly-localized energy deposition. This can make a scintillator dimension
(thickness) small (thin). This feature can also suppress γ-ray-induced signals. As
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described above, lithium and boron, which undergo the 6Li(n, t)α and 10B(n, α)7Li
reactions, are candidates as converter materials for neutron scintillators.

The energetic ions generated in these reactions have relatively high LET. High
LET particles induce highly-dense excitation of the scintillator. However, this feature
also causes the physical quenching phenomenon, in which excited electrons do not
contribute to scintillation emission and are quenched due to the high-density energy
deposition. The energetic ions produced in the 6Li (n, t)α reaction have a lower LET
than those produced in the 10B(n, α)7Li reaction because they are light ions and have
higher kinetic energy. For this reason, many neutron scintillators use Li as a neutron
converter (Ref. [9]).

9.1.5.2 Neutron Detectors Using White Scintillator
and Wavelength-Shifting Fiber

The optical-fiber-based neutron scintillator detector used at KyotoUniversity Critical
Assembly was made of a LiF/ZnS:Ag mixed powder scintillator (Ref. [10]). The
ZnS:Ag is a powder scintillator with high scintillation light yield, and the LiF powder
is a neutron converter. Both are mixed and solidified with a binder. Figure 9.6 shows
the structure of the detector.

A LiF/ZnS:Ag mixed powder scintillator is coated to the side of the wavelength-
shifting fiber. A wavelength-shifting fiber is an element that can collect photons
from the side surface of an optical fiber. Incident photons are absorbed in the optical
fiber core, and then photons wavelength-shifted to the longer wavelength side are
re-emitted. A part of the re-emitted photons can be transmitted in the optical fiber
in the transmission mode. Generally, the incident photons from the side surface
cannot be transmitted in the optical fiber. However, by using the wavelength-shifting
fiber, the photons can be collected and transmitted in the optical fiber. LiF/ZnS:Ag
mixed powder scintillators have almost no transparency. If the scintillator thickness
increases, the scintillation photons cannot escape out from the scintillator. Conse-
quently, this type of scintillator has optimum thickness for effective neutron detec-
tion. The LiF/ZnS:Ag mixed powder is thinly coated on the side surface of the
wavelength-shifting fiber. Since the attenuation length of the wavelength-shifting
fiber is not very long, it must be connected to a normal optical fiber to transmit the

Fig. 9.6 Detector structure using LiF/ZnS:Ag scintillator and wavelength-shifting fiber
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Fig. 9.7 Pulse height
spectrum obtained from the
neutron detector using LiF/
ZnS:Ag scintillator and
wavelength-shifting fiber
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optical signal over a long distance. This type of neutron detectors has relatively low
γ-ray sensitivity. Since the LETs of fast electrons generated by γ rays are small, the
scintillation (proportional to the signal pulse height) produced in γ-ray events is kept
very small compared to that produced by neutrons. As a result, it is possible to distin-
guish neutron events from γ-ray events by the simple pulse height discrimination.
However, since the LiF/ZnS:Ag mixed powder scintillator is white and opaque, the
number of scintillation photons captured by the optical fiber depends on the interac-
tion depth and is not uniform. Consequently, the signal pulse height is not constant
unlike a 3He detector, but has an exponential distribution to the pulse height as shown
in Fig. 9.7. As a result, there is no indicator to determine the signal discrimination
level for neutron detection. It is important to set the level to prevent interference of
γ-ray events.

9.1.5.3 Neutron Detectors Using Transparent Scintillator
and Wavelength-Shifting Fiber

The only drawback of optical-fiber-based neutron detectors using LiF/ZnS:Agmixed
powder scintillators is that the signal pulse height spectrum has an exponential distri-
bution. This means that it is difficult to recognize deterioration of the optical fiber,
scintillator and so on, because the exponential function does not change its shape
if the sensitivity and/or signal gain change. In order to recognize changes in the
transmittance of an optical fiber or signal gain, it is necessary to form a character-
istic shape such as a peak in the signal pulse height spectrum. One way to solve
this problem is to use transparent neutron scintillators. By using transparent scin-
tillators, scintillation light can be collected uniformly. In the 6Li (n, t)α reactions,
and the same number of scintillation photons are emitted from the scintillator. If
scintillation photons are collected uniformly, the signals has the same pulse heights.
Consequently, a peak structure is created in the pulse height spectrum. One of the
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Fig. 9.8 Pulse height
spectrum obtained from
neutron detector using LiF/
CaF2:Eu scintillator and
wavelength-shifting fiber
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nearly transparent scintillator containing Li is the LiF/CaF2:Eu eutectic scintillator
(Ref. [11]). This is a eutectic crystal of LiF and CaF2:Eu. The LiF works as a neutron
converter, and CaF2:Eu is a scintillator showing high light yield. This eutectic is
formed with a mixing ratio of LiF: CaF2 = 80:20 in mole ratio. The emission wave-
length of this scintillator is 428 nm. At this wavelength, LiF/CaF2:Eu eutectic is
nearly transparent due to close refractive indices of LiF and CaF2. The scintillation
light yield is about 10,000 photons/neutron. The scintillation decay time constant
is 700 ns. The density is 2.85 g/cm3 and it has no hygroscopicity. By attaching
small pieces of LiF/CaF2:Eu to the side surface of a wavelength-shifting fiber, an
optical-fiber-based neutron detector can be constructed in the same way as that using
a LiF/ZnS:Ag mixed powder scintillator. Figure 9.8 shows an example of signal
pulse height spectrum obtained from the optical-fiber-based neutron detector using
LiF/CaF2:Eu scintillator. The peak structure corresponding to neutron events can be
confirmed. Owing to this feature, it is easy to determine the signal discrimination
level to recognize neutron signals. In addition, by monitoring the peak positions,
diagnosis of optical fiber degradation can be conducted.

9.2 Fundamentals of Signal Processing System

In radiation detectors, interaction events between radiation and matter result in the
formation of charge signals through some processes. Usually, the generated charge
signal is very small, so various signal processes are applied and the signals are finally
recorded as data. Figure 9.9 shows an example of a typical signal processing circuit
system. Generally, the detector and preamplifier are installed near the measurement
point, and the rest of the equipment is placed in the measurement room where the
measurement persons operate the instruments.
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Fig. 9.9 Example of the signal processing circuit system

9.2.1 Preamplifier

The charge signals from a detector are generally quite small, and will easily be
buried in various noises without any signal processing. To overcome this situation, a
preamplifier is used. The main roles of a pre-amplifier are signal amplification and
impedance conversion. In the preamplifier, small signals are amplified to a signal
level that can be easily handled. The impedance transformation process is a bit more
difficult to understand.We, therefore, will discuss it in some detail. In nuclear reactor
experiments, we must take care the long-distance transmission of small signals from
detectors to a control room. If long signal lines are used to connect between a detector
and devices, even the resistance of the signal lines becomes a problem.A preamplifier
is used to avoid this difficulty. From this viewpoint, the output impedanceof the output
device must be kept low. On the other hand, the input impedance of the receiving
device must be kept high. The concepts of output impedance and input impedance
are shown in Fig. 9.10. Impedance is the ratio of voltage to current in an electric
circuit. In a DC circuit, it is equivalent to electrical resistance, and impedance is the
extension concept to an AC circuit.

Considering the circuit in Fig. 9.10 as a DC circuit, Kirchhoff’s law and Ohm’s
law give the following equations.

V0 = (Zout + Rcable + Zin) i (∵ Zini = Vout), (9.15)

Vout = Zin
Zout + Rcable + Zin

V0. (9.16)

When the output impedance Zout of the output device becomes larger, the output
voltage Vout becomes smaller and the difference from the source voltage V0 becomes
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Fig. 9.10 Output impedance (Zout) and input impedance (Zin)

larger. On the other hand, the same situation occurs when the input impedance of the
receiving device becomes smaller. Therefore, it is ideal tomake the output impedance
of the output device small and the input impedance of the receiving device large. In
such a situation, even if signal cable resistance Rcable is not negligible, the output
voltage Vout will be approximately the same as the source voltage (i.e., it will be less
susceptible to attenuation by the signal line).

Thus, the preamplifier has the role of impedance transformation for efficient signal
transmission. Figure 9.10 is only a diagram to illustrate output impedance and input
impedance. In practice, impedance transformation is performed by such an equivalent
circuit. Impedance conversion is performed by field effect transistors (FETs) and
similar devices in the input stage of many preamplifiers.

The charge produced in a radiation detector has information on the ionization
caused in the sensitive volume of the detector, i.e., the deposition energy. By inte-
grating the signal pulse current from the detector, the energy information deposited
to the detector within each single radiation event can be obtained. Many radiation
measurement systems utilize this deposited energy information. The pre-amplifier
also has the function of integrating the charge from the detector. In many preampli-
fiers, the integrated signal is discharged with an appropriate time constant to prevent
signal pile-up (overlap) and to return to the base level, after the required integration
time, as shown in Fig. 9.11. The preamplifier transmits the information of the depo-
sition energy to the detector as its signal pulse height to the signal processing device
at a later stage, such as a pulse shaping amplifier.

9.2.2 Shaping Amplifier

The pulse shaping amplifiers are used to make the detector or pre-amplifier signal
more manageable and to suppress signal pileup. Figure 9.12 shows the relationship
between the output signals of the pre-amplifier and the shaping amplifier. The pre-
amplifier integrates the detector current and output the pulse height information to
the subsequent processing system. To accurately maintain and transmit the pulse
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Fig. 9.11 Relationship
between the detector current
and the output signal from
the preamplifier

height information, it has a long tail component. Therefore, when the next event
occurs before this tail component returns to the base level, a signal pileup (overlap)
occurs. To properly read pulse height information and to prevent signal pileup, the
shaping amplifier modifies a signal shape. The shaped signal has a near flat top and
the signal returns to the baseline level as quickly as possible.

Often, pulse shaping circuits, such as trapezoidal filters and Gaussian filters, are
used. A typical Gaussian filter (a filter that shapes the pulse shape into a Gaussian
pulse) is the CR-(RC)n filter. It consists of a single-stage CR differential circuit

Fig. 9.12 Relationship
between the output signals of
the pre-amplifier and the
shaping amplifier
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Fig. 9.13 Output pulse
shape of the CR-(RC)4 filter
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followed by n-stage RC integrating circuits. Although the details are left to special-
ized textbooks (Ref. [12]), the output obtained when a step voltage signal is input to
this filter is expressed as follows:

Vout(t) = V0

(
t

τ

)n

e− t
τ , (9.17)

where Vout(t) is the output voltage at time t, V0 is the signal pulse height of the input
step signal, and τ is the time constant of the CR and RC circuits. Figure 9.13 shows
the output pulse shape of a CR-(RC)4 filter with four-stage integration circuits. Many
shaping amplifiers use this CR-(RC)4 filter.

9.2.3 Multi-channel Analyzer (MCA)

Multi-Channel Analyzer (MCA) is a module that processes the signal from a radi-
ation detector (and its subsequent signal processing device, in most cases, shaping
amplifier) and generates a frequency distribution (histogram) of signal pulse heights.
In a conventionalMCA, the pulse height values of the input analog signals are analog-
to-digital converted (AD conversion), and the histogram of the digitized pulse heights
is recorded in memory. In this practice, we will use a digital MCA, which has been
actively used in recent years. In a conventional MCA, only the signal pulse height
values are converted to digital values. On the other hand, in a digital MCA, the input
analog signal waveform is first converted to digital data. From the digitized signal
waveform, the pulse height information is extracted by a digital signal processing. For
a digital signal processing, a special circuit called a Field-Programmable Gate Array
(FPGA) is often used. In a digital signal processing, it is not difficult to calculate not
only the pulse height but also the rise time and event detection time, etc. Figure 9.14
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Fig. 9.14 Information extracted by a digital MCA (ANS-ZMCAN) produced by ANSeeN Inc

shows the information extracted by ANSeeN’s digital MCA (ANS-ZMCAN) used
in the practice.

The information extracted by the FPGA in the digital MCA is transferred to the
control PC as list-mode data. List-mode data are recorded as a list of individual
signal pulse information such as detection time, pulse height and rise time for each
individual radiation detection event.

Figure 9.15 shows an example of list-mode data. By processing the list mode data
on the control PC, a pulse height spectrum (histogram) can be created. Furthermore,
if advanced processing is implemented in the processing program on the PC, it is
also possible to perform coincidence measurements and create histograms of signal
detection time differences for use in reactor noise analysis in reactor experiments. It
is also possible to create a time trend of the signal count rate.

・
・
・

Fig. 9.15 Example of the list-mode data
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9.3 Neutron Measurement Experiments

9.3.1 Experimental Method

9.3.1.1 Observation of Signals from Neutron Detectors and Signal
Processing Devices

In this practice, a 3He proportional counter, a BF3 proportional counter, and a optical-
fiber-based neutron scintillator detector will be used. In order to understand the
function of each detector and each signal processing circuit, the signals from these
neutron detectors are first observed through a preamplifier because the signal outputs
of the 3He and BF3 proportional counters are very small and it is difficult to observe
them directly. The output of the optical-fiber-based neutron scintillator detector, or
photomultiplier tube (PMT), is relatively large and can be observed directly. These
outputs will be observed with an oscilloscope. For PMT output observation, the input
resistance of the oscilloscopewill be set to 50� or a 50� terminating resistor (termi-
nator) will be connected to the input terminal of the oscilloscope to allow observation
of high-speed signal components. The signal pulse shapes will be compared between
the 50 � and 1 M� input resistance conditions. In addition, the signals through the
preamplifier for PMTwill also be observed. Record (sketch) these signal waveforms.

Feed the output signal of the preamplifier into the shaping amplifier and observe
its output signal. At this time, it is important to note the time width of the signal
pulse and compare it with the preamplifier output signal. The shaping amplifier has
knobs to change the “Coarse Gain,” “Fine Gain,” and “Shaping time.” Change these
knobs and record how the signal waveform changes.

9.3.1.2 Measurement of Signal Pulse Height Spectra in Various
Neutron Detectors

In this section, we will measure the signal pulse height spectra of various neutron
detectors to understand theprinciple of operation and thedifferences in characteristics
of each detector. Feed the output of the shaping amplifier to the digitalMCA to obtain
the signal pulse height spectra. A californium-252 (252Cf) source is used as a neutron
source. The 252Cf is a radioactive isotope source that undergoes spontaneous fission
and emits neutrons having afission spectrumwith an average energyof approximately
1 MeV. The 252Cf source is placed in a polyethylene moderator, and the generated
fast neutrons are moderated to thermal neutrons. The moderated thermal neutrons
are irradiated to a neutron detector, and the signal pulse height spectrum is measured
using the digital MCA.

To observe not only the response to neutrons but also the response to γ rays,
cesium-137 (137Cs) source is used. The 137Cs is a γ-ray source emitting 662 keV γ

rays. The 137Cs source is placed near the detector to measure the signal pulse height
spectrum.
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The digital MCA automatically outputs the signal pulse height spectrum in the
normal measurement mode. At the same time, it also outputs list-mode data. In this
practice, we will analyze the list-mode data and generate the signal pulse height
spectrum in order to understand the structure of the list-mode data and how the
signal pulse height spectrum is created.

9.3.1.3 Observation of Effect of Moderator

The neutron energy spectrum irradiating the detector depends on the moderator
system. The thicker the moderator, the more neutrons are moderated and thermal-
ized. As a result, the percentage of thermal neutrons increases. Since polyethylene
moderators are in block form, the moderator geometry can be easily changed by
rearranging them. We will reconfigure the moderator geometry in several patterns
and compare the responses of various neutron detectors. If necessary, the detectors
are shielded with cadmium (Cd) or lithium fluoride (LiF) plates, and the change in
neutron response is observed. If available, simulations will be performed for each
geometry using Monte Carlo codes such as PHITS code (Ref. [5]) to compare the
results with those obtained experimentally.

9.3.2 Discussion

9.3.2.1 Observation of Signals from Neutron Detectors and Signal
Processing Devices

(1) Compare the output signals from the preamplifier the shaping amplifier, and
observe and measure the time width of each signal pulse. Describe the
characteristics of each signal.

(2) Compare the output of a photomultiplier tube terminated in 50 � and that
terminated in 1 M�, and describe the characteristics of each signal.

(3) Record how the time width of the signal pulse and the pulse height change
when the time constant of the shaping amplifier is changed, and describe the
characteristics.

(4) Compare the preamplifier output signals among various neutron detectors and
describe the differences.

9.3.2.2 Measurement of Signal Pulse Height Spectra in Various
Neutron Detectors

(1) Compare the signal pulse height spectra obtained fromvarious neutron detectors
when irradiated by thermal neutrons, and describe their characteristics, focusing
on the differences between them.
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(2) Compare the signal pulse height spectra obtained fromvarious neutron detectors
when irradiated by gamma rays, and describe their characteristics, focusing on
the differences between them.

(3) Based on the signal pulse height spectra obtained when irradiated by thermal
neutrons and gamma rays, set the signal discrimination level. The signals with
pulse heights above this level is considered to be neutron signal. And state the
criteria for determining the level.

(4) If possible, change the voltage applied to the detector, observe how the signal
pulse height spectrum changes, and discuss the reasons.

(5) If you have more time, analyze the list-mode data and create the signal pulse
height spectra.

9.3.2.3 Observation of Effect of Moderator

(1) Change the moderator geometry, record the change in the neutron signal count
rate, compare how the response of each neutron detector changes, and discuss
the reasons.

(2) Simulate the moderator geometry and neutron detectors using the Monte Carlo
simulation code PHITS, and calculate the detector reaction rates. Compare the
obtained results with the experimental results and discuss the results.

References

1. Seal MS, Mills WA, Terrill JG Jr (1957) Neutron activation analysis. Public Heal Rep 72:329–
334. https://doi.org/10.4135/9781446247501.n2626

2. Oh R, Yanagisawa S, Tanaka H et al (2021) Thermal neutron measurements using thermolu-
minescence phosphor Cr-doped Al2O3 and Cd neutron converter. Sens Mater 33:2129–2135.
https://doi.org/10.18494/SAM.2021.3328

3. Shibata K, Iwamoto O, Nakagawa T (2011) JENDL-4.0: a new library for nuclear science and
engineering. J Nucl Sci Technol 48:1–30. https://doi.org/10.3327/jnst.48.1

4. Dietz E, Matzke M, Sosaat W et al (1993) Neutron response of an 3He proportional counter.
Nucl Inst Meth A 332:521–528. https://doi.org/10.1016/0168-9002(93)90309-6

5. Sato T, Iwamoto Y, Hashimoto S et al (2018) Features of particle and heavy ion transport
code system (PHITS) version 3.02. J Nucl Sci Technol 55:684–690. https://doi.org/10.1080/
00223131.2017.1419890

6. Nasir R, Aziz F, Mirza SM et al (2018) Experimental and theoretical study of BF3 detector
response for thermal neutrons in reflecting materials. Nucl Eng Technol 50:439–445. https://
doi.org/10.1016/j.net.2017.12.014

7. Fowler IL, Tunnicliffe PR (1950) Boron trifluoride proportional counters. Rev Sci Instrum
21:734–740. https://doi.org/10.1063/1.1745700

8. Campbell NR, FrancisVJ (1946)A theory of valve and circuit noise. J Inst Electr Eng 93:45–52.
https://doi.org/10.1049/ji-3-2.1946.0009

9. Mori C, Osada T, Yanagida K et al (1994) Simple and quick measurement of neutron flux
distribution by using an optical fiber with scintillator. J Nucl Sci Technol 31:248–249. https://
doi.org/10.3327/jnst.31.248

https://doi.org/10.4135/9781446247501.n2626
https://doi.org/10.18494/SAM.2021.3328
https://doi.org/10.3327/jnst.48.1
https://doi.org/10.1016/0168-9002(93)90309-6
https://doi.org/10.1080/00223131.2017.1419890
https://doi.org/10.1016/j.net.2017.12.014
https://doi.org/10.1063/1.1745700
https://doi.org/10.1049/ji-3-2.1946.0009
https://doi.org/10.3327/jnst.31.248


References 197

10. Yagi T, Misawa T, Pyeon CH et al (2011) A small high sensitivity neutron detector using
a wavelength shifting fiber. Appl Radiat Isot 69:176–179. https://doi.org/10.1016/j.apradiso.
2010.07.016

11. Kawaguchi N, Fukuda K, Yanagida T et al (2011) Fabrication and characterization of large
size 6LiF/CaF2: Eu eutectic composites with the ordered lamellar structure. Nucl Inst Meth A
652:209–211

12. Knoll GF (2010) Radiation detection and measurement, Forth. John Wiley & Sons, Inc., New
Jersey

Open Access This chapter is licensed under the terms of the Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing,
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate
credit to the original author(s) and the source, provide a link to the Creative Commons license and
indicate if changes were made.

The images or other third party material in this chapter are included in the chapter’s Creative
Commons license, unless indicated otherwise in a credit line to the material. If material is not
included in the chapter’s Creative Commons license and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder.

https://doi.org/10.1016/j.apradiso.2010.07.016
http://creativecommons.org/licenses/by/4.0/


Chapter 10
Subcriticality Measurements

Abstract The index of subcriticality is used to quantify the degree of “how deep a
target system has amargin below the critical state.” There are threemain categories of
subcriticalitymeasurement techniques: the staticmethod, the kinetic method, and the
reactor noise analysis method. This chapter is dedicated to explaining the following
methods that canbe carried out at theKyotoUniversityCriticalAssembly: the neutron
source multiplication method, the inverse kinetics method, the pulsed neutron source
method, and the reactor noise analysis method such as the Feynman-α method. As
described in this chapter, each of the subcriticality measurement techniques has
both advantages and disadvantages. Through the explanations of the principles of
the measurements and the procedures, this chapter helps readers understand how to
properly select the various subcriticality measurement techniques depending on an
experimental condition for a target system.

Keywords Subcriticality · Neutron source multiplication method · Inverse
kinetics method · Pulsed neutron source method · Reactor noise analysis method ·
Feynman-α method

10.1 Purpose

The purpose of this chapter is to learn expert techniques of reactor physics experi-
ments called “subcriticality measurements” that quantify a criticality safety margin
for a target system containing nuclear fuel. “Subcriticality” is an index defined by
the negative reactivity−ρ = (1 − keff)/keff, namely the degree of “how deep a target
system is below the critical state (keff = 1),” where keff is the effective multiplication
factor.

Since the dawnof reactor physics and until recently, various experimentalmethods
of subcriticality have been proposed. Each method is classified into the following
three categories:
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(1) Static methods to estimate the subcriticality from ameasured neutron count rate
at a steady state. For example, the neutron source multiplication method [1],
and the exponential experiment [2].

(2) Kinetic methods to estimate the subcriticality from the time variation of a
neutron count rate during the transient of the reactivity or the source strength.
For example, the inverse kinetics method [3], the pulsed neutron source method
[4, 5], and the source jerk method [6].

(3) Reactor noise analysis methods [7, 8] to estimate subcriticality from the statis-
tical fluctuation of neutron counts in a steady state. For example, the Feynman-α
method [9], the Rossi-α method [10], and the frequency analysis method [7, 8].

Because each of the above-mentionedmethods has advantages and disadvantages,
it is essential to properly use themdepending on an experimental condition for a target
system. Therefore, focusing on the measurement methods available at the Kyoto
University Critical Assembly (KUCA), the purpose of this chapter is to promote
readers’ better understanding by explaining the principle and the procedure of each
measurement.

10.2 Neutron Source Multiplication Method

10.2.1 Principle of Measurement

If there is no external neutron source in a target subcritical core (keff < 1), the number
of neutrons flying in the target system is also zero. In this case, when the neutron
count rate measured by a neutron detector is zero, the target system can be judged to
be in a subcritical state. However, the absolute value of subcriticality −ρ cannot be
determined from the information on the zero-neutron count rate. Thus, to investigate
the subcriticality of the target system, an external neutron source should be inserted
into the core. Then, fission chain reactions are initiated by neutrons emitted from
the external neutron source and the source-driven subcritical system provides useful
information on the non-zero neutron count rate depending on the subcriticality, the
source strength, and the detection efficiency. By analyzing how many neutrons in
the target core are multiplied by the subcritical fission chain reaction, the absolute
value of −ρ can be determined. The neutron source multiplication method is one of
the static methods by which −ρ can be relatively estimated from the ratio of the two
neutron count ratesmeasured in the two different subcritical systems (i.e., a reference
system and the target system) at these steady states.

Let us assume that an external neutron sourceS is inserted into the target subcritical
core. For simplicity, based on the time-dependent neutron diffusion equation with
the one-energy group, the neutron flux φ(r, t) can be expressed as follows:
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1

v

dφ

dt
= ∇D(r, t)∇φ(r, t) − �a(r, t)φ(r, t)

+ (1 − βeff)ν�f(r, t)φ(r, t)

+
6∑

i=1

λiCi(r, t) + S(r, t), (10.1)

dCi

dt
= −λiCi(r, t) + aiβeffν�f(r, t)φ(r, t), (10.2)

where �a and ν�f are the macroscopic absorption and production cross sections,
respectively;D is the diffusion coefficient; v is the neutron speed; βeff is the effective
delayed neutron fraction;Ci, λi, and ai = βeff,i/βeff are the delayed neutron precursor
density, the decay constant, and the relative abundance (or relative delayed neutron
yield) for the i th precursor group, respectively.

After inserting the external neutron source S into the target core, it is assumed
that sufficient time has elapsed to reach a steady state. Then, the delayed neutron
precursor density also reaches a saturation value due to the equilibrium between the
production by the fission reaction and the loss by the radioactive decay. Considering
that the time derivative term in Eq. (10.2) is zero under the steady state, the spatial
distribution of the stationary precursor density Ci(r) can be obtained as follows:

Ci(r) = ai
λi

βeffν�f(r)φ(r). (10.3)

As can be seen from Eq. (10.3), the spatial distribution of the steady state Ci(r) is
equal to that of the fission neutron production rate ν�f(r)φ(r). Similarly, considering
the steady state of the neutron flux (i.e., the time derivative term in Eq. (10.1) is zero
andEq. (10.3) is substituted), the steady-state diffusion equation for the source-driven
subcritical system can be obtained as:

−∇D(r)∇φ(r) + �a(r)φ(r) = ν�f(r)φ(r) + S(r), (10.4)

where the normalization condition of
∑6

i=1 ai = 1 is used to derive Eq. (10.4).
Now let us assume that the neutron flux φ(r) can be expanded by the sum of the

products of the eigenfunction 	n(r) in the keff-eigenvalue equation (also known as
λ-eigenvalue equation) and its expansion coefficient fn:

φ(r) =
∞∑

n=1

fn	n(r), (10.5)
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where, based on the neutron diffusion theory with the one-energy group, the nth
order eigenfunction 	n(r) and the eigenvalue kn satisfy the following equations
(n = 1, 2, · · · ):

−∇D(r)∇	n(r) + �a(r)	n(r) = 1

kn
ν�f(r)	n(r), (10.6)

kn =
∫
V 	†

n(r)ν�f(r)	n(r)dV
∫
V

(
	

†
n(r)�a(r)	n(r) − 	

†
n(r)∇D(r)∇	n(r)

)
dV

. (10.7)

Note that the fundamental mode (n = 1) of the eigenvalue k1 and the eigen-
function 	1(r) correspond to the effective multiplication factor keff (the ratio of the
number of neutrons produced by fission to the number of neutrons lost by absorp-
tion and leakage) and the neutron flux distribution in a critical state. In the case
of the one neutron energy group, the keff-eigenfunction satisfies the self-adjoint
condition of 	†

n(r) = 	n(r), i.e., the adjoint eigenfunction 	†
n(r) is equal to the

forward eigenfunction 	n(r). Furthermore, these eigenfunctions 	n(r) and 	†
n(r)

satisfy the following orthogonal condition using Kronecker’s delta δmn to simplify
the subsequent transformation of the equations:

∫

V

	†
m(r)ν�f(r)	n(r)dV = Fnδmn, (10.8)

Fn ≡
∫

V

	†
n(r)ν�f(r)	n(r)dV . (10.9)

For example, the analytical solutions of the eigenvalue kn and the eigenfunction
	n(r) for a homogeneous one-dimensional slab geometry with a thickness of H
(−H/2 ≤ x ≤ H/2) can be solved using the square root of the geometric buckling
B2
n:

Bn = nπ

H
, (10.10)

kn = ν�f

�a + DB2
n

, (10.11)

	n(r) =
√

2

H
sin

(
Bn

(
x + H

2

))
,

e.g., 	1(r) =
√

2

H
cos

( π

H
x
)
for n = 1. (10.12)
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Bymultiplying both sides of Eq. (10.4) by the self-adjoint eigenfunction	†
n(r) =

	n(r) and integrating over all space, the nth order expansion coefficient fn can be
derived from the relations of Eqs. (10.5) through (10.9):

fn = kn
1 − kn

Sn

Fn
, (10.13)

Sn ≡
∫

V

	†
n(r)S(r)dV . (10.14)

If the subcriticality of the target system is relatively shallow to satisfy
(1 − k1)/k1 � (1 − kn)/kn for the higher-order modes, the steady-state neutron
flux φ(r) can be approximated by the dominant eigenfunction of the fundamental
mode 	1(r):

φ(r) = k1
1 − k1

∞∑

n=1

kn
k1

1 − k1
1 − kn

Sn

Fn
	n(r) ≈ 1

−ρ

S1

F1
	1(r). (10.15)

To derive Eq. (10.15), the equivalent condition of −ρ = (1 − k1)/k1 is utilized,
since k1 corresponds to the effective multiplication factor keff.

Based on the above theoretical derivation, let us assume that an experimental
conditionwhere the fundamentalmode component is dominant and aneutrondetector
with the macroscopic detection cross section �d(r) is installed. Consequently, the
measuredneutron count rateR canbe expressedby a function form that is proportional
to the detection efficiency ε and the external neutron source strength S1 and inversely
proportional to the subcriticality −ρ:

R =
∫

V

�d(r)φ(r)dV ≈ k1εS1

1 − k1
= εS1

−ρ
, (10.16)

ε ≡
∫
V �d(r)	1(r)dV

F1
=

∫
V �d(r)	1(r)dV∫

V 	
†
1(r)ν�f(r)	1(r)

. (10.17)

Recalling that the target core is in a subcritical state of keff < 1, Eq. (10.16) can
also be expressed by the following sum of the geometric series with the first term
εS1 and the common ratio keff:

R ≈ εS1
(
keff + k2eff + · · ·) = εS1

∞∑

i=1

kieff. (10.18)

Based on the transformation of Eq. (10.18), the measured count rate R is propor-
tional to the total sum of the detected descendants, which originate from the ancestor
neutrons emitted by the external source and gradually decrease by the factor of keff
per generation.
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The subcriticality measurement technique based on the above-mentioned prin-
ciple is known as the “neutron source multiplication method [1].” The detailed
measurement method in the actual experiment is explained below. First, a refer-
ence subcriticality −ρref is measured in advance by some kind of method. Then,
an external neutron source and a neutron detector are inserted into this reference
subcritical core, and the steady-state count rate Rref is measured. Thereby, based on
the fundamental mode approximation shown in Eq. (10.16), the unknown εS1 can be
calibrated as follows:

εS1 = −ρrefRref. (10.19)

Next, the subcriticality changes from the reference value of −ρref to an unknown
value of −ρtarget due to some kind of state change. Note that the positions of the
external neutron source and the neutron detector remain the same and the funda-
mentalmode of the eigenfunction	1(r) is also unchanged after the reactivity change.
Namely, the calibrated value of εS1 is approximated to be constant before and after
the subcriticality change. Then, since the measured count rate Rtarget for the steady-
state target core is inversely proportional to the target subcriticality −ρtarget, Rtarget

increases as the target core approaches the critical state, and vice versa:

Rtarget ≈ εS1

−ρtarget
. (10.20)

Finally, based on Eqs. (10.19) and (10.20), the unknown target subcriticality
−ρtarget can be easily estimated by the steady-state count rate ratio of Rref/Rtarget

between the reference and target states:

−ρtarget ≈ −ρref
Rref

Rtarget
. (10.21)

Note that, in the neutron source multiplication method, the product of the detec-
tion efficiency and the external neutron source strength εS1 in the target state is
approximated to be the same as in the reference state. For example, if the detec-
tion efficiency or the external neutron source is significantly changed after the state
change, this approximation results in the systematic error of the estimated−ρtarget. In
addition, since the neutron source multiplication method based on the fundamental
mode approximation neglects the higher-order mode effect,−ρtarget is expected to be
well estimatedwhen the subcriticality is relatively shallow.Conversely, as the subcrit-
icality becomes deeper, the higher-order mode effect on the spatial distribution of
the neutron flux increases, resulting in the larger systematic error of −ρtarget. As can
be seen from the explanation of this subsection, since the neutron source multipli-
cation method is the static method using the steady-state count rate measurements,
the subcriticality cannot be accurately estimated when the count rate is measured in
the time-dependent transient situation.
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10.2.2 Measurement Procedure

In order to carry out the experiment of the neutron source multiplication method, the
excess reactivity ρexcess and the control rod worth for the ith control rod ρrod,i < 0
are measured in advance according to the procedures as explained in Chaps. 3 and
4. Then, a reference subcritical core, whose reference subcriticality −ρref is already
known, is configured by inserting and/or withdrawing the control rods. Furthermore,
a target subcritical core with the unknown subcriticality −ρtarget is also designed
by changing the combination of the inserted and/or withdrawn control rods. In this
case, the procedure for measuring −ρtarget by the neutron source multiplication
method is described below:

(1) Based on the previously measured excess reactivity ρexcess and negative reac-
tivity of the control rod ρrod,i < 0, the negative reactivity of the reference core
is evaluated according to the control rod pattern of the reference core. Namely,
ρref = ρexcess + ∑

i ρrod,i < 0. The absolute value of |ρref| = −ρref corresponds
to the subcriticality for the reference core.

(2) An external neutron source (e.g., americium-berylium (Am-Be) startup neutron
source or californium-252 (252Cf) spontaneous fission source) is inserted into
the reference core with the known subcriticality. Let us allow sufficient time for
the neutron counting in the source-driven subcritical core to reach the steady
state.

(3) The reference value of the steady-state count rate Rref is measured by a neutron
detector installed in the reference core, e.g., the fission chamber (FC) for the
startup channel and another inserted detector such as boron-trifluoride (BF3) or
helium-3 (3He) proportional counter. For example, the measurement of neutron
counts during the detection time width T = 100 s is repeated with the sample
size of N = 5 to estimate the sample mean and the standard error of the mean
for Rref. Note that T and N should be set appropriately according to the desired
measurement precision and the operation time available for the measurement.

(4) While the spatial positions of the external neutron source and the neutron detec-
tors remain the same, the subcritical core is changed from the reference core
to the target subcritical core by inserting (or withdrawing) control rods. After
the reactivity transient, let us allow sufficient time for the neutron count rate to
reach the steady state of the target core.

(5) In the steady-state target core, the sample mean and standard error of the mean
for the neutron count rateRtarget are estimated in the samemanner as the reference
core.

(6) By substituting the reference subcriticality −ρref and two measured count rates
Rref and Rtarget into Eq. (10.21), the unknown subcriticality −ρtarget can be
estimated.
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10.2.3 Discussions

Let us discuss the measurement results of subcriticality −ρtarget using the neutron
source multiplication method, from the following viewpoints:

(1) For comparison, estimate the reference value of the subcriticality in the targe
core, −ρtarget, based on the control rod pattern with the known values of the
excess reactivity and the control rod worth, which were previously measured in
advance.

(2) Comparing −ρtarget estimated by the neutron source multiplication method
with the reference value obtained in the previous discussion (1), investigate
the measurement accuracy (or the relative difference from the reference value)
to quantitatively discuss the agreement of the neutron source multiplication
method. If there is a significant difference between these results, discuss the
main cause of the difference based on the approximation conditions assumed in
the principle of the neutron source multiplication method.

• Based on Eq. (10.15), discuss whether the subcriticality of the reference core
can be considered as a near-critical system.

• Discuss the differences in the measurement results using some detectors
installed at the different positions, by focusing on the positional relation
among the detector, the external neutron source, and the fuel region.

(3) Discuss whether there are differences in the measured subcriticality values of
−ρtarget between the neutron source multiplication method (the static method)
and other measurement methods (e.g., the kinetic method and the reactor noise
analysis method as explained in Sects. 10.3 through 10.5).

(4) Based on the measured neutron count rates in the approach-to-criticality exper-
iment as explained in Chap. 3, try to estimate the subcriticality value for each
subcritical state using the neutron source multiplication method.

10.3 Inverse Kinetics Method

10.3.1 Principle of Measurement

In a critical or subcritical core, if the reactivity is changed by operating a control
rod, the number of neutrons in the core will increase or decrease with respect to
time, followed by the corresponding increase or decrease in the neutron count rate
measured by a neutron detector. Using such information on the time variation of the
neutron count rate R(t) as an input value, the time variation of the reactivity ρ(t) can
be estimated. This experimental method is known as the “inverse kinetics method.”
The inverse kinetics method is one of the kinetic methods and can be utilized to
monitor the reactivity change ρ(t) in a target core where the strength of the external
neutron source is constant.
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Let us assume that a constant external neutron source S is present in a target core
and the reactivity ρ(t) changes with respect to time due to the control rod operation.
Similar to Eq. (10.5), the time-dependent neutron flux φ(r, t) can be expanded by the
following sum of the products of the keff-eigenfunction 	n(r) and the corresponding
time-dependent expansion coefficient fn(t):

φ(r, t) =
∞∑

n=1

fn(t)	n(r). (10.22)

By substituting Eq. (10.22) into Eqs. (10.1) and (10.2), multiplying both sides by
the self-adjoint eigenfunction of the fundamental mode 	

†
1(r), and integrating over

all space, the point kinetics equation for the expansion coefficient of the fundamental
mode f1(t) can be derived from the relations of Eqs. (10.6) through (10.9) and (10.22).
Furthermore, if the target core is close to the critical state and the fundamental
mode approximation is reasonably applicable, the neutron count rate R(t) can be
approximated as follows:

R(t) =
∫

V

�d(r)φ(r, t)dV ≈ f1(t)
∫

V

�d(r)	1(r)dV = D1f1(t), (10.23)

D1 ≡ εF1 =
∫

V

�d(r)	1(r)dV . (10.24)

Consequently, the following point kinetics equation can be derived, which
describes the time dependency of the measured count rate R(t):

dR

dt
= ρ(t) − βeff



R(t) +

6∑

i=1

λiCi(t) + S, (10.25)

dCi

dt
= −λiCi(t) + aiβeff



R(t), (10.26)

where
 andβeff denote the neutron generation time and the effective delayed neutron
fraction; and λi and ai are the decay constant and the relative abundance for the ith
precursor group, respectively. For example, based on the neutron diffusion theory
with the one-energy group, each symbol in Eqs. (10.25) and (10.26) corresponds to
the following quantity:

Ci(t) = D1

∫
V 	

†
1(r)Ci(r, t)dV∫

V 	
†
1(r)

1
v	1(r)dV

, (10.27)

S = D1

∫
V 	

†
1(r)S(r)dV

∫
V 	

†
1(r)

1
v	1(r)dV

, (10.28)
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 =
∫
V 	

†
1(r)

1
v	1(r)dV∫

V 	
†
1(r)ν�f(r)	1(r)dV

. (10.29)

If the time-dependent reactivity ρ(t) and the point kinetics parameters (
 and
βeff) are given as the input values for Eqs. (10.25) and (10.26), the numerical solver
for the first-order differential equation such as the Euler and Runge–Kutta methods
can be utilized to numerically predict the time variation of the count rate R(t). By
inverting this relationship, the time variation of the reactivity ρ(t) can be estimated
from the time dependence of increase or decrease in the count rate R(t) as shown
in Fig. 10.1. This estimation method is called the “inverse kinetics method” and is
often utilized as the principle of measurement for real-time reactivity monitoring in
actual nuclear reactors [3].

For example, to estimate the reactivity ρ(t) by the inverse kinetics method, the
following equation can be derived from Eqs. (10.25) and (10.26):

ρ(t) = βeff + 


R(t)

(
dR

dt
−

6∑

i=1

λiCi(t) − S

)
, (10.30)

Ci(t) = aiβeff




t∫

−∞
R
(
t′
)
e−λi(t−t′)dt′. (10.31)

Based on Eqs. (10.30) and (10.31) with the time series data of the count rate R(t)
measured by a neutron detector installed in the target core, the reactivity ρ(t) can be
successively estimated. Compared with the neutron source multiplication method,
the inverse kinetics method enables us to estimate the time-dependent ρ(t) during
the transient condition of the count rate R(t) under not only a subcritical state but
also critical and supercritical states ρ(t) ≥ 0. Note that the target core should be in
a near-critical state to reasonably apply the fundamental mode approximation.

Fig. 10.1 Example of
reactivity estimation using
the inverse kinetics method
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10.3.1.1 Simplest Reactivity Estimator (SRE)

Although the point kinetics parameters (
 and βeff) are necessary in the basic prin-
ciple of the measurement, these parameters may be unknown in advance for the
target core. To estimate the reactivity ρ(t)/βeff in dollar units for such a case, an
improved method of the Simplest Reactivity Estimator (SRE) [11], which applies
the prompt jump approximation, is useful. The principle of measurement for the
improvedmethod is explained below. First, both sides of the point kinetics Eq. (10.25)
are divided by βeff/
 which corresponds to the prompt neutron decay constant αc at
the critical state. Similarly, both sides of Eq. (10.26) aremultiplied by (λi
)/(aiβeff).
Then, by applying the prompt jump approximation (dR/dt ≈ 0), the following
transformed equations are obtained:

0 =
(

ρ(t)

βeff
− 1

)
R(t) + D(t) + Q, (10.32)

dDi

dt
= −λiDi(t) + λiR(t), (10.33)

Di(t) ≡ λi
Ci(t)

aiβeff
, (10.34)

D(t) ≡
∑

i

aiDi(t), (10.35)

Q ≡ 
S

βeff
. (10.36)

Based on Eqs. (10.32) through (10.36), the following procedure enables us to
successively estimate the subcriticality in dollar units without explicitly using the
point kinetics parameters from the time series data of neutron count rate, which are
continuouslymeasured during a certain counting gatewidth�t,Rn (n = 0, 1, 2, · · · ):
(1) Assume that the initial condition (n = 0) is a steady state (dDi/dt = 0) and the

initial value of ρref/βeff is already known. Based on Eqs. (10.32) and (10.33),
the following initial values of the ith delayed neutron termDi,0 and the effective
neutron source Q defined by Eqs. (10.34) and (10.36) are set depending on the
initial steady-state neutron count rate R0, respectively:

Di,0 = R0, (10.37)

Q = −ρref

βeff
R0. (10.38)

(2) Thenumerical solutionofDi,n canbe successively calculated using the following
recurrence Eq. (10.39) with the delayed neutron parameters (the decay constant
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λi and the relative abundance ai for the ith precursor group [12]). Note that
Eq. (10.39) can be obtained by analytically solving the first-order differential
equation of Eq. (10.33) based on the linear approximation for the time variation
in the neutron count rate R(t) during the time width �t.

Di,n = Di,n−1e
−λi�t +

(
1 − e−λi�t

λi�t
− e−λi�t

)
Rn−1 +

(
1 − 1 − e−λi�t

λi�t

)
Rn.

(10.39)

(3) Based on Eq. (10.32), the reactivity in dollar units ρn/βeff at the nth time step can
be inversely estimated using the measured neutron count rate Rn and the numer-
ical results of the average value of the delayed neutron terms Dn = ∑

i aiDi,n

as follows:

ρn

βeff
= 1 − Dn + Q

Rn
. (10.40)

However, similar to the neutron source multiplication method, note that the prin-
ciple of the inverse kinetics method also relies on the fundamental mode approxima-
tion to derive the point kinetics equation. Therefore, if the spatial distribution of the
neutron flux in the target state changes significantly from the reference state used to
calibrate the effective source strength, the excitation of the spatial higher-order mode
components of neutron fluxwill result in a large systematic error in the reactivity esti-
mated by the inverse kinetics method. In addition, if there is signal noise in the time
series data of the count rate Rn due to some kind of reason (e.g., an electronic circuit
for the neutron measurement), the outlier will appear in the reactivity estimated by
the inverse kinetics method. In such a case, a noise filtering method (e.g., the median
filter [13]) is helpful for robust estimation against the outlier in the measured Rn.

10.3.1.2 Least-Squares Inverse Kinetics Method

As can be seen from the above explanation, the effective external neutron source
strength Q should be appropriately calibrated to estimate the reactivity in dollar
units ρn/βeff by the inverse kinetics method. For a critical core without the external
neutron source, setting Q = 0 is sufficient. On the other hand, if the target system is
a source-driven subcritical core and the initial subcriticality −ρref/βeff is known, the
value of Q can be calibrated based on Eq. (10.38) using the initial steady-state count
rate R0.

Alternatively, if the time series data of the neutron count rate Rn after the stepwise
reactivity transient can bemeasured with sufficiently small statistical uncertainty, the
source strengthQ can be estimated by the least-squares inverse kinetics method [14].
For example, let us assume that the reactivity of the target core is quickly changed
from the initial value to a certain value of ρ(t) = ρafter and that the reactivity ρafter is
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kept constant after the transient.At themth time step after such the reactivity transient,
the calculated average value Dm = ∑

i aiDi,m and the measured value of the count
rate Rm are plotted on the coordinates

(
Dm,Rm

)
. Then, Q can be estimated by the

least-squares fitting of Eq. (10.41) which is a transformed expression of Eq. (10.32):

Rm = (
Dm + Q

)
/

(
1 − ρafter

βeff

)
. (10.41)

10.3.2 Measurement Procedure

In order to measure the subcriticality using the inverse kinetics method, a signal
processing circuit system should be configured for the continuous measurement of
the time series data of the neutron count rate, e.g., the list mode data measurement
using a digital MCA as explained in Sect. 9.2. For a target core in a critical state
or in a subcritical state with an external neutron source, where the initial condition
is the steady state, the measurement procedure using the inverse kinetics method is
described below.

(1) If the target system is a critical core, the criticality is achieved by adjusting
the control rod positions. In this case, the initial condition of the reactivity is
ρref = 0.

• Alternatively, if the target system is a source-driven subcritical system, the
initial subcritical core is configured by inserting and/or withdrawing the
six control rods (three control rods and three safety rods) in an arbitrary
pattern, and an external neutron source is inserted into the target core. In
this case, the initial condition of the reactivity in dollar units ρref/βeff can be
obtained based on the excess reactivity and the control rod worth in advance
through the stable period method and control rod calibration experiments,
respectively.

(2) The initial value of the constant count rate R0 is measured by a neutron detector
(e.g., BF3 or 3He proportional counter) installed in the steady-state target core.
For example, the neutron counts are measured for a sufficiently long time, and
R0 is estimated from the time average of the neutron counts.

(3) The effective external neutron source strengthQ is calibrated using Eq. (10.38).
(4) The time series data of the neutron count rate Rn are continuously measured per

a certain time width �t, which is appropriately set according to the conditions,
e.g., �t = 0.5 s, etc.

(5) The reactivity of the target core is changed by inserting or withdrawing the
control rod while measuring the neutron count rate Rn. Then, the information
on the insertion or withdrawal time of the control rod is also recorded.
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(6) The reactivity in dollar units ρn/βeff is inversely estimated based on Eqs. (10.39)
and (10.40) with the measured count rate Rn. If the effective delayed neutron
fraction βeff is known for the target core, the reactivity in dollar units can be
converted to the reactivity ρn.

10.3.3 Discussions

Let us discuss the measurement results of reactivity ρ(t) by the inverse kinetics
method, from the following viewpoints:

(1) Discuss the relationship between the time dependence of the measured count
rate R(t) (e.g., magnitude and sign for the slope) and the reactivity ρ(t) using
the inverse kinetics method. For example, how is ρ(t) inversely estimated for
the following change of R(t)?

(a) R(t) is constant.
(b) R(t) increases with time.
(c) R(t) decreases with time.

(2) Discuss how to reduce the statistical uncertainty of the reactivity ρ(t) using the
inverse kinetics method.

(3) What is the difference in the estimated reactivity ρ(t) between the inverse
kinetics method and the neutron source multiplication method described in
Sect. 10.2? For example, discuss how the differences in ρ(t) between these
methods are (a) during the transient state of the count rate due to the control rod
operation and (b) at steady state after sufficient time has elapsed following the
control rod operation.

(4) By carrying out a transient experiment towhich the least-squares inverse kinetics
method is applicable, estimate the effective external neutron source strength
Q and the reactivity in dollar units ρafter/βeff after the transient, based on
Eq. (10.41). For these results of Q and ρafter/βeff estimated by the least-squares
inverse kinetics method, compare them with the source strength Q calibrated
by Eq. (10.38) using the reference subcriticality (e.g., ρref evaluated by the
excess reactivity and the control rod worth) and the reactivity estimated by the
inverse kinetics method with such calibrated Q. Then, discuss the reasons for
the differences between them, if any.
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10.4 Pulsed Neutron Source Method

10.4.1 Principle of Measurement

A charged particle accelerator is utilized to generate a pulsed neutron source, e.g., a
deuterium–tritium (D-T) neutron source can be generated by irradiating a deuterium
(2H) ion beam onto a 3H target. Thanks to such a pulsed neutron source, the integral
experiment can be carried out tomeasure core characteristic parameters (e.g., prompt
neutron decay constant α and subcriticality in dollar units −ρ/βeff) by analyzing the
time variation in the neutron count rate after injecting the pulsed neutron source into
a target system. This experimental technique is known as the “pulsed neutron source
method,” which is one of the kinetic methods. In a typical experiment of the pulsed
neutron source method, a delta function-like neutron source is periodically injected
into the target core, whose subcriticality −ρ is kept constant.

As an example, let us assume that a single shot of pulsed fast neutrons is injected
into a target subcritical system (keff < 1) to qualitatively explain the time variation
of the thermal neutron flux in the target system. Figure 10.2 shows a typical example
of the thermal neutron flux change after injecting the pulsed fast neutrons.

In Fig. 10.2, Region I is the time region where the injected fast neutrons diffuse
and are thermalized. Region II is the time region where the energy spectrum of the
neutron flux reaches the equilibrium state and the higher-order mode components in
the spatial distribution of the neutron flux gradually decrease. Region III is the time
region where the thermal neutron flux exponentially decreases with respect to the
time by a specific decay constant. This decay constant due to the prompt neutron is
known as the “prompt neutron decay constant.” InRegion IV, the thermal neutron flux
is low and decreasesmore slowly than in Region III. The time variation of the thermal
neutron flux in Region IV is mainly due to the delayed neutron component. The order
of the decay constant roughly corresponds to the average of the decay constants for

the delayed neutron precursors, e.g., λ ≈ 1/
(∑6

i=1 (ai/λi)
)
. The amplitude of the
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Fig. 10.2 Time variation example of thermal neutron flux after injecting pulsed fast neutrons
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delayed neutron component is inversely proportional to the subcriticality in dollar
units in the target system.

The following explanation focuses on the timevariation of the thermal neutronflux
in Regions III and IV to derive the theoretical relationship between the subcriticality
and the exponential decrease of the neutron count rate measured by a thermal neutron
detector. For simplicity, the fundamental mode approximation is applied in the same
way as the inverse kinetics method described in Sect. 10.3. Then, the time variation
of the neutron count rate R(t) after injecting a pulsed neutron source at the time t = 0
is described by the following point kinetics equation:

dR

dt
= ρ − βeff



R(t) +

6∑

i=1

λiCi(t) + Sδ(t), (10.42)

dCi

dt
= −λiCi(t) + aiβeff



R(t), (10.43)

where δ(t) represents the delta function and the count rate R(t) and the delayed
neutron precursor density term Ci(t) are zero before the injection of the pulsed
neutron source. Since the target core is in a subcritical state (ρ < 0), the family of
neutrons due to the fission chain reaction originating from the ancestor of the pulsed
neutron gradually terminates so that the limit values of R(t) and Ci(t) at t → ∞ are
zero.

For further theoretical derivation, let us decompose R(t) into the prompt and
delayed neutron components of Rp(t) and Rd(t), respectively, as follows:

R(t) = Rp(t) + Rd(t). (10.44)

The two components Rp(t) and Rd(t) follow the time differential equations shown
in Eqs. (10.45) and (10.46), respectively. The sum of Eqs. (10.45) and (10.46)
corresponds to the original point kinetics Eq. (10.42).

dRp

dt
= −αRp(t) + Sδ(t), (10.45)

dRd

dt
= −αRd(t) +

6∑

i=1

λiCi(t), (10.46)

α = βeff − ρ



, (10.47)

where α represents the prompt neutron decay constant and is proportional to the
negative reactivity due to prompt neutrons only, i.e.,βeff−ρ. The analytical solutionof
the prompt neutron component Rp(t) can be obtained by solving the time differential
Eq. (10.45) with the initial condition of Rp(0) = 0:
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Rp(t) = Se−αt . (10.48)

For the delayed neutron component Rd(t), instead of rigorously solving the
analytical solution, let us consider the total count Ad over the time range of
0 ≤ t ≤ ∞:

Ad ≡
∞∫

0

Rd(t)dt. (10.49)

Since Rd(t) and Ci(t) are zero at t = 0 and ∞, the following relationship is
obtained by integrating both sides of Eq. (10.46) over 0 ≤ t ≤ ∞:

αAd =
6∑

i=1

λi

∞∫

0

Ci(t)dt. (10.50)

Similarly, the following equation can be obtained by integrating both sides of
Eq. (10.43) over 0 ≤ t ≤ ∞ and summing over all delayed neutron precursor groups
i:

6∑

i=1

λi

∞∫

0

Ci(t)dt = βeff




(
Ap + Ad

)
, (10.51)

Ap ≡
∞∫

0

Rp(t)dt = S

α
, (10.52)

where Ap denotes the total count of the prompt neutron component. By substituting
Eq. (10.51) into Eq. (10.50) and rearranging using Eqs. (10.47) and (10.52), the total
count of the delayed neutron component Ad can be derived as follows:

Ad = βeff

−ρ
Ap = βeff

−ρ

S

α
. (10.53)

In an actual experiment using thepulsedneutron sourcemethod, the delta function-
like pulsed neutron sources are continuously injected per a certain constant period
τ to improve the statistical precision of the count rate. When one shot of the pulsed
neutrons is injected into the target core at each time of t = −jτ (j = 0, 1, 2, · · · ),
the measured count rate Rτ (t) during 0 ≤ t < τ can be expressed by the following
sum of R(t + jτ) due to each of the pulsed neutron shots:

Rτ (t) =
∞∑

j=0

R(t + jτ) =
∞∑

j=0

(
Rp(t + jτ) + Rd(t + jτ)

)
. (10.54)
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In Eq. (10.54), using Eq. (10.48), the count rate due to the prompt neutron
component during 0 ≤ t < τ can be solved as follows:

∞∑

j=0

Rp(t + jτ) = Se−αt
∞∑

j=0

e−jατ = Se−αt

1 − e−ατ
. (10.55)

On the other hand, if the experimental condition of the pulsed neutron period τ

is much shorter than the average lifetime of the delayed neutron precursor (i.e., the
inverse of the average decay constant), the count rate due to the delayed neutron
component during 0 ≤ t < τ can be regarded as a constant value within the time
range. Therefore, using the time integral over the time range of 0 ≤ t < τ , the
constant count rate can be approximately obtained as follows:

∞∑

j=0

Rd(t + jτ) ≈
∞∑

j=0

1

τ

τ∫

0

Rd(t + jτ)dt

= 1

τ

∞∫

0

Rd(t)dt = Ad

τ
= S

ατ

βeff

−ρ
. (10.56)

Consequently, when the pulsed neutron sources are continuously injected with the
constant period, the time variation of the count rate Rτ (t) during 0 ≤ t < τ can be
expressed by summing the exponential decay term of the prompt neutron component
and the constant term of the delayed neutron component:

Rτ (t) = R0e
−αt + RBG, (10.57)

R0 = S

1 − e−ατ
, (10.58)

RBG = S

ατ

βeff

−ρ
. (10.59)

Figure 10.3 shows a typical example of the count rate Rτ (t) measured by the
pulsed neutron source method. Based on Eq. (10.57) derived above, the following
two measurement principles of the subcriticality measurement method are explained
in the next sections: the Simmons-King method [5] and the area ratio method [4].

Note, however, that the principle of the pulsed neutron sourcemethod is also based
on the point kinetics approximation which applies the fundamental mode approxi-
mation similar to the inverse kinetics method. For example, when themeasurement is
carried out by installing neutron detectors at multiple locations in the target subcrit-
ical core, the contribution of the higher-order mode component to the time variation
of the count rate Rτ (t) depends on the spatial relationship between the core, the
pulsed neutron source, and the neutron detector, as shown in Fig. 10.4 [15, 16].
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Fig. 10.3 Example of neutron count rate measured by the pulsed neutron source method
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Fig. 10.4 Differences in experimental results of the pulsed neutron source method depending on
the neutron detector position in the KUCA-A core

Namely, the measurement results of the Simmons-King and area ratio methods (i.e.,
the prompt neutron decay constant α and the area ratio Ap/Ad) are spatially depen-
dent due to the detector position. In addition, as the subcriticality in the target core
becomes deeper, the measurement result of the pulsed neutron source method may
have a larger systematic bias because the larger neutron decay constant of the funda-
mental mode component makes it more difficult to extract only the fundamental
mode component.

10.4.1.1 Simmons-King Method

As explained in Figs. 10.2 and 10.4, the higher-order mode component is included
in the time variation of the neutron count rate Rτ (t) just after injecting the pulsed
neutron source. By excluding the time range of 0 ≤ t < tmask where the higher-order
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modes exist, only the time variation of Rτ (t) during tmask ≤ t < τ is focused in order
to extract as much of the exponential decay of the fundamental mode component as
possible. Namely, the least-squares fitting method with Eq. (10.57) is applied only
to the appropriate time range without the higher-order modes, to estimate the three
fitting parameters α, R0, and RBG. Here, the fitting result of α corresponds to the
prompt neutron decay constant of the fundamental mode component. Therefore, if
the point kinetics parameters 
 and βeff are known in advance for the target core,
then the subcriticality −ρ can be converted from α by the following relationship
based on Eq. (10.47):

−ρ = α
 − βeff. (10.60)

On the other hand, if
 and βeff are unknown for the target core, a different way is
used to convert from the measured α into the subcriticality. First, the value of βeff/


can be estimated bymeasuring the prompt neutron decay constant αref for a reference
subcritical state where the subcriticality in dollar units −ρref/βeff is already known
from another measurement:

αc = βeff



= αref

1 − ρref/βeff
, (10.61)

where βeff/
 is a core characteristic parameter and called “prompt neutron decay
constant at criticality αc” because βeff/
 corresponds to the specific α value when
the reference state is near the delayed criticality condition, −ρref/βeff ≈ 0. In actual
measurement, since it is not easy to directly measure αc at the just critical state,
the value of αc is often estimated by the limit value of α when −ρ → 0, e.g.,
by extrapolating the α values for different subcritical states of which subcriticality
values can be evaluated by the excess reactivity and the control rod worth.

Consequently, if the αc value can be estimated and the neutron generation time

 can be regarded as a constant value for the target core in a near-critical state, the
subcriticality in dollar units −ρtarget/βeff can be obtained by the relative difference
between the measured prompt neutron decay constant of αtarget and αc:

−ρtarget

βeff
= αtarget

αc
− 1. (10.62)

As explained above, the subcriticality measurement method based on the prompt
neutron decay constant is called the Simmons-King method [5].

10.4.1.2 Area Ratio Method

The Simmons-King method is a subcriticality measurement method that focuses
on the fundamental mode of the prompt neutron decay constant. Sjöstrand proposed
another pulsed neutron sourcemethod [4], which focuses on the ratio of the following
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two neutron counts: the exponential decay component due to the prompt neutrons
and the background component of the neutron count rate due to delayed neutrons by
periodically injecting the pulsed neutrons. For example, as shown in Fig. 10.3, let
us consider the total neutron counts integrated over the time interval of the pulsed
neutron period (0 ≤ t < τ ) for the prompt neutron component R0 exp(−αt) and
the delayed neutron component RBG, respectively, in the measured count rate Rτ (t).
As explained in the derivation process of Eq. (10.57), these two total counts are
equivalent to Ap and Ad, which represent the integrals of the count rates Rp(t) and
Rp(t), respectively, due to a shot of the pulsed neutron source over 0 ≤ t ≤ ∞.
Thus, using Eq. (10.53), the following relationship can be derived for the ratio of the
prompt and delayed neutron components Ap/Ad:

Ap

Ad
=

∫ ∞
0 Rp(t)dt∫ ∞
0 Rd(t)dt

=
∫ τ

0 R0e−αtdt
∫ τ

0 RBGdt
= −ρ

βeff
. (10.63)

Alternatively, using a heuristic method based on the reactor physics, Eq. (10.63)
can be derived as follows. The total neutron counts of both components Ap + Ad is
inversely proportional to (1 − keff) because a pulsed neutron source S is amplified
by infinite geometric series with the effective multiplication factor keff:

Ap + Ad ∝ S
(
1 + keff + k2eff + · · ·) = S

1 − keff
. (10.64)

Similarly, the total neutron count of the prompt neutron component Ap is inversely
proportional to {1 − (1 − βeff)keff} by considering the prompt neutron multiplication
factor (1 − βeff)keff without the delayed neutrons:

Ap ∝ S

1 − (1 − βeff)keff
. (10.65)

By taking the ratio of both sides of Eqs. (10.64) and (10.65), the following
relationship can be obtained, which is equivalent to Eq. (10.63):

Ap + Ad

Ap
= 1 + Ad

Ap
= 1 − (1 − βeff)keff

1 − keff
= 1 − βeff

ρ
. (10.66)

As explained above, since the absolute value of the subcriticality in dollar units
can be measured by analyzing the ratio of the total neutron counts (or the areas of
the time integrals of the measured count rates) of the prompt to the delayed neutron
components Ap/Ad, this measurement method is called the “area ratio method” [4].
The area ratio method is one of the few methods to measure the absolute value of
the subcriticality from the experimental result for the target system only, without any
calibration measurement in a reference system with the known subcriticality. In an
actual experiment of the area ratio method, the following two methodologies can be
utilized to measure Ap and Ad:
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(1) Direct measurement for Ap and Ad: For example, the background component of
the count rate RBG is measured within the time range of tcut ≤ t < τ , where
the delayed neutron component is dominant by setting tcut so that the prompt
neutron component decreases negligibly, e.g., tcut > 5/α since e−5 < 0.01.
Then, Ad can be estimated by RBGτ , i.e., the product of the background count
rate RBG and the pulsed neutron period τ . In addition, the total count of Ap +Ad

can be directly measured within the time range of the pulsed neutron period,
0 ≤ t < τ . Thus, Ap can be obtained by subtracting Ad from Ap + Ad.

(2) The least-squares fitting method for Rτ (t): The time variation of the count rate
Rτ (t) is successively measured with a certain counting gate width �t. Then,
the parameters α, R0, and RBG can be estimated by fitting Eq. (10.57) for the
measured Rτ (t) during the appropriate time interval of tmask ≤ t < τ where the
exponential decay of the fundamental mode component is dominant after the
decay of the higher-order mode components. Based on Eq. (10.57), the areas
of Ap and Ad can be obtained by integrating the fitting result of Rτ (t) over the
time range of 0 ≤ t < τ . As illustrated in Fig. 10.3, this method is also called
the “extrapolated area ratio method” [17], because the area ratio is evaluated by
extrapolating the prompt neutron component in the time domain that includes
the higher-order mode effect, to extract the fundamental mode.

10.4.1.3 Dynamic Mode Decomposition (DMD)

When multiple detectors are installed in a target core, various techniques [18, 19]
have been proposed to robustly estimate the prompt neutron decay constant α and
the area ratio Ap/Ad corresponding to the fundamental mode component. Recently,
“dynamic mode decomposition (DMD)” [15, 16, 20] has been applied to the pulsed
neutron source method as a data-driven analysis method. An overview of the analysis
method using DMD is explained below.

(1) M neutron detectors are installed at different positions in the target core to
observe the different higher-order mode effects in the measured neutron count
rates at these detector positions. The experimentwith the pulsed neutron source
method is carried out to obtain the time series data of neutron counts Rm,n with
N time steps of a certain interval�t, where 1 ≤ m ≤ M , 1 ≤ n ≤ N , andM <

N . To easily separate the background components due to the delayedneutrons, a
stationary signal RM+1,n = 1 is additionally considered. Then, the data matrix
X ≡ ( �R1 �R2 · · · �RN

) ∈ R
(M+1)×N is prepared by arranging the elements

Rm,n, where �Rn = (
R1,n R2,n · · · RM+1,n

)T
is the (M + 1) dimensional column

vector at the nth time step.
(2) The following two slicingmatrices are obtained by taking the first or the second

through the (N − 1)th or the N th time series data from the original matrix X,
i.e., X1:N−1 ≡ ( �R1 �R2 · · · �RN−1

)
and X2:N ≡ ( �R2 �R3 · · · �RN

)
.

(3) The relationship betweenX1:N−1 andX2:N is assumed using the time evolution
matrix A ∈ R

(M+1)×(M+1) as follows:
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X2:N = AX1:N−1. (10.67)

(4) The slicing matrix X1:N−1 can be expressed by the following singular value
decomposition:

X1:N−1 = U�V∗, (10.68)

where U ∈ R
(M+1)×r and V ∈ R

(N−1)×r are semi-unitary matrices consisting
of left and right singular vectors; � ∈ R

r×r is the diagonal matrix whose
elements correspond to the singular values; r ≤ (M + 1) is the rank of the
matrix X1:N−1; and the superscript * denotes the conjugate transpose.

(5) To estimate the eigenvalue of the time evolution matrixA, the projected matrix
Ã ∈ R

r×r is calculated using U as follows:

Ã = U∗AU = U∗X2:NV�−1, (10.69)

where �−1 represents the inverse matrix of �.
(6) By the eigenvalue decomposition for Ã, the eigenvaluesμi and the eigenvectors

�wi are obtained (1 ≤ i ≤ r), where the order i of μi and �wi is arranged in
descending order of the magnitude of ln(|μi|)/�t.

(7) The matrix of the eigenvectors for the time evolution matrix A, 	 =( �φ1 �φ2 · · · �φr

) ∈ R
(M+1)×r , can be obtained by the following matrix

operation:

	 = X2:NV�−1Wdiag(1/μi), (10.70)

where W = ( �w1 �w2 · · · �wr

) ∈ R
r×r is the matrix of the eigenvectors for

the projected matrix Ã; and diag(1/μi) is the diagonal matrix whose element
corresponds to the inverse of the eigenvalue 1/μi.

(8) Using the estimated μi and �φi, the column vector of the measured neutron
count rate �R(t) at the time t can be expanded as follows:

�R(t) =
r∑

i=1

Ci �φi exp(ωi(t − ts)), (10.71)

�C = (
C1 C2 · · · Cr

)T = 	+�R1, (10.72)

ωi = ln(μi)

�t
, (10.73)

where 	+ is the pseudo-inverse matrix of 	; and �R1 represents the neutron
count rate at the initial time ts which corresponds to the masking time from
the injection time of the pulsed neutron source t = 0
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(9) Note that the modes of i = 1 and 2 in Eq. (10.71) correspond to the constant
term e0(t−ts) = 1 (i.e., the zero decay constant ω1 = 0) and the exponential
decay term exp(−α(t − ts)) (i.e., the prompt neutron decay constant of the
fundamental mode ω2 = −α), respectively. Therefore, the higher-order mode
components in Eq. (10.71) can be filtered by eliminating the terms of i ≥ 3:

�R(t) ≈ C2 �φ2 exp(ω2(t − ts)) + C1 �φ1. (10.74)

(10) Finally, by applying DMD to the experimental results of the pulsed neutron
sour method using theM neutron detectors, the prompt neutron decay constant
α and the area ratio can be analyzed as follows:

αDMD = −ω2 = − ln(μ2)

�t
, (10.75)

(
Ap

Ad

)

DMD

=
∥∥∥
∫ τ

0 C2 �φ2e−α(t′−ts)dt′
∥∥∥

∥∥∥
∫ τ

0 C1 �φ1dt′
∥∥∥

=
∣∣∣∣
C2eαts

αC1τ

∣∣∣∣. (10.76)

10.4.2 Measurement Procedure

In order to carry out the experiment of the pulsed neutron source method, an
accelerator-driven neutron source is required to periodically inject pulsed neutrons
with a constant period into a target subcritical core. For example, the experiments
using the pulsed neutron source were previously carried out at KUCA by utilizing
the following accelerator-driven neutron sources [21]:

(1) D-T neutron source: By irradiating a tritium (3H) target with a deuteron (2H
or d), a 14 MeV neutron is produced due to the 3H(d,n)4He reaction. The D-T
neutron generator system consists of a duoplasmatron-type ion source, a high-
voltage generator (maximumacceleration voltage 300 kV), an acceleration tube,
a beam pulsing system, and a tritium target. Using the beam pulsing system, the
accelerated deuterium ion beam is shaped into a pulsed shape and injected onto
the tritium target to obtain the pulsed neutron source.

(2) Spallation neutron source: By irradiating a heavy metal target (lead–bismuth,
tungsten, etc.) with a high-energy (100 MeV) proton beam by an FFAG (Fixed-
Field Alternating Gradient) accelerator [22–24], a spallation reaction occurs.
The spallation reaction can produce high-energy neutrons whose energy spec-
trum has a peak at ~ 2 MeV and a unique distribution from 10 to 100 MeV
[25]. By injecting the pulsed proton beam onto the target, the pulsed spallation
neutron source can also be generated.
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In the subcriticalitymeasurement using the pulsed neutron sourcemethod, a signal
processing circuit system should be configured to continuously measure time series
data of neutron count rate, e.g., the list mode data measurement using a high-speed
digitalmulti-channel analyzer (MCA)as described inSect. 9.2. In addition, the trigger
signal to generate the pulsed neutron is also branched and measured simultaneously
using another channel of theMCA. Thereby, the generation time information on each
pulsed neutron source can also be measured as the list mode data.

Using the configured signal processing circuit system as described above, the
prompt neutron decay constantα and the area ratioAp/Ad can bemeasured as follows:

(1) By installing neutron detectors (e.g., BF3 or 3He proportional counter) in the
target subcritical core, the signal processing circuit system is configured to carry
out the pulsed neutron source method.

(2) The target subcritical system is configured by inserting and/or withdrawing six
control rods (three control rods and three safety rods) in an arbitrary pattern. If
possible, the neutron count rate without the pulsed neutron source is measured
to confirm that the background count rate due to factors other than the pulsed
neutron source is negligibly small.

(3) The accelerator operation is started to generate the pulsed neutron sources. The
pulse-repetition frequency (or the pulse period τ ) is appropriately set depending
on the magnitude of the prompt neutron constant α in the target system (e.g.,
τ ≈ 10/α). After sufficient time has passed since the pulsed neutron sources
have been periodically injected, the moving average of the neutron count rate
is checked to confirm the steady state of the target system.

(4) Using the digital MCA for the list mode measurement, the time series data
of the trigger signal of the pulsed neutron source (or the pulsed neutron source
generation time) and the neutron detection time are continuously measured. The
measurement time of the pulsed neutron sourcemethod is determined according
to the required statistical precision of the neutron count rate.

(5) Based on the measured list mode data, the time series data of the neutron count
rate per �t are analyzed over the time range between the jth and the next
(j + 1)th trigger signal time (i.e., tj ≤ t < tj+1). By summing (or averaging) the
neutron count rates for 1 ≤ j ≤ N where N is the total number of the pulsed
neutron shots, the time variation of the count rate R(t) in the pulsed neutron
source experiment can be obtained.

(6) By fitting Eq. (10.57) to the measured R(t) over the time range excluding the
higher-order mode component, the prompt neutron decay constant α and the
area ratio Ap/Ad can be evaluated.

(7) By procedures (3) through (6) for different subcritical cores by changing the
control rod pattern, αi and

(
Ap/Ad

)
i are measured for the ith subcritical system.

(8) If the point kinetics parameters can be given, the subcriticality −ρ can be
estimated by Eq. (10.60) with the measurement result of α.
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10.4.3 Discussions

Let us discuss the measurement results by the pulsed neutron source method, the
prompt neutron decay constant α and the area ratio Ap/Ad, from the following
viewpoints.

(1) Evaluate the reference value of subcriticality −ρref,i for the ith subcritical core,
based on the experimental results of the excess reactivity and the control rod
worth. Make a scatter plot of the measured αi against−ρref,i. Then, estimate the
prompt neutron decay constant at criticality αc by extrapolating the α value at
the critical state (or −ρ = 0).

• Or estimate αc using the area ratio
(
Ap/Ad

)
i as the subcriticality in dollar

units in Eq. (10.61).

(2) Check how well the subcriticality obtained by (i) the Simmons-King method
of Eq. (10.62) agrees with that of (ii) the area ratio method (or the extrapolated
area ratio method). If there is a difference between these methods, discuss the
cause of the difference by changing the masking time in the fitting process of
the pulsed neutron method.

(3) Calculate the reactivity ρ by substituting −α for ω (i.e., ω = −α) in the reac-
tivity equation of Eq. (2.62) using the point kinetics parameters (prompt neutron
lifetime � or neutron generation time 
 and effective delayed neutron frac-
tion βeff) and the delayed neutron parameters. Then, compare the calculated ρ

with the subcriticality estimated by the Simmons-King method of Eq. (10.62).
Through this comparison, discuss the relationship between the prompt neutron
decay constant α and the solution for ωj of Eq. (2.62).

(4) Based on (i) the spatial relationship between the core, the pulsed neutron source,
and the neutron detector and (ii) the magnitude of the subcriticality of the target
core, investigate whether the experimental results of the pulsed neutron source
method (time variation of the count rate Rτ (t), prompt neutron decay constant
α, and the area ratio Ap/Ad) differ depending on the neutron detector position.
Then, discuss the reasons for these differences.

• By comparing the measured subcriticality with the reference value −ρref

based on the excess reactivity and the control rod worth, discuss what kind
of the condition for (i) the detector position and (ii) the magnitude of the
subcriticality is suitable for applying the fundamental mode approximation.
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10.5 Feynman-α Method

10.5.1 Principle of Measurement

Let us assume that the neutron counts are successivelymeasured during a certain gate
width T in a steady-state subcritical core with an external neutron source. Note that
the thermal feedback effect is negligible because the thermal power due to the fission
reaction is close to zero (i.e., zero-power). In this case, the measured neutron counts
statistically fluctuate around a mean value, as shown in Fig. 10.5. The subcriticality
measurementmethod based on themean value of the neutron count is called the static
method such as the neutron source multiplication method as explained in Sect. 10.2.
The amount of the statistical fluctuation (or “reactor noise”), which corresponds
to the random increase and decrease around the mean, is related to the statistical
precision in the static method, and sometimes seems to be undesirable to measure
the experimental result with the high precision. However, the reactor noise also
includes useful information relating to the subcriticality, i.e., the temporal decay of
the neutron family due to the fission chain reaction. As explained in detail later in
this section, the reason is derived from the physical phenomenon that the reactor
noise increases as the target subcritical core approaches the critical state, as shown
in Fig. 10.5. Based on this unique physical phenomenon, the technique of measuring
subcriticality by analyzing the statistical fluctuation of the neutron count is known
as the “reactor noise analysis method.”

Although various techniques of the reactor noise analysis methods [7, 8] have
been proposed, this section explains the Feynman-α method [9]. Using the reactor
noise measurement under the steady state without time variations in the subcriticality
and the external neutron source strength, the Feynman-α method can be utilized to
analyze the prompt neutron decay constant α. Then, the measured α value can be
converted into the subcriticality −ρ by the Simmons-King method [5], which is
explained in Sect. 10.4 as the pulsed neutron source method. The theoretical formula
of the Feynman-αmethod can be obtained by various derivationmethods proposed so
far, e.g., the Kolmogorov forward equation [26], the Pál-Bell backward equation [27,
28], and so on. In this section, the theoretical derivation of the Feynman-α method is
explained using the pair detection probability, which can be derived by the heuristic
method [29].

For simplicity, let us derive the theoretical formula based on the one-neutron
energy group approximation for an infinite homogeneous system with an external
neutron source. Here, the external neutron source is assumed to be an (α,n) source
(e.g., Am-Be) or a spontaneous fission source (e.g., 252Cf), which emits one or more
neutrons, respectively, due to the radioactive decay. In the theoretical derivation
process, the following probabilities are defined:

• S is the probability of the radioactive decay of the external neutron source per
unit time. In addition, ps(q) is the probability that q neutrons are simultaneously
emitted per decay.
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Fig. 10.5 Example of
statistical fluctuations in
neutron counts (reactor
noise)

(a) Deep subcritical system

(b) Shallow subcritical system

• λf = v�f is the probability of a fission reaction per unit time when one neutron
flies at the speed of v in the target system,where�f is themacroscopic fission cross
section. In addition, pf(ν) is the probability that ν fission neutrons are simultane-
ously produced per fission reaction. For example, Fig. 10.6 shows the probability
distribution pf(ν) of the thermal fission of 235U [30]. Using the quantities defined
above, the neutron generation time 
 is approximately expressed as follows:


 ≈ 1

〈ν〉λf
, (10.77)

where the bracket < > means the expected value.
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Fig. 10.6 Probability
distribution of the number of
prompt neutrons per thermal
fission reaction of 235U
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• λd = v�d is the probability of a neutron detection reaction per unit time when one
neutron flies in the target system, where �d is the macroscopic detection cross
section.

10.5.1.1 Green’s Function

To derive the theoretical formula by the heuristic method, the Green’s function
PG(t|t0) is utilized. Here, PG(t|t0) represents the expected value of the descendant
neutrons surviving at the time t, after one ancestor neutron is injected into the target
system at the time t0.

To solve the approximated solution PG(t|t0), let us assume that the ancestor
neutron is born like a pulsed neutron source at t = t0, i.e., the delta function of
δ(t − t0) and that the prompt neutron component is dominant by focusing on the
time scale of the prompt neutron lifetime. Thus, by solving the point kinetics equa-
tion of Eq. (10.78) without the delayed neutron component, the analytical solution
of PG(t|t0) can be approximated by Eq. (10.79):

dPG

dt
≈ −αPG(t|t0) + δ(t − t0), (10.78)

PG(t|t0) ≈ e−α(t−t0). (10.79)

As can be seen from Eq. (10.79), the neutron family due to the fission chain reac-
tion originates from one ancestor neutron and decreases exponentially with respect
to time. As the subcriticality of the target system becomes shallower, the neutron
family persists longer. Namely, the exponential decay constant corresponds to the
prompt neutron decay constant α which is proportional to the subcriticality −ρ.

In the theoretical derivation ofPG(t|t0), the contribution due to the delayed neutron
can also be considered by adding the simultaneous time differential equations of the
delayed neutron precursors to the point kinetics equation of Eq. (10.78). Although the
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detailed derivation process is omitted, the following analytical solution of PG(t|t0)
can be obtained using the Laplace transform:

PG(t|t0) = 


7∑

j=1

Aje
−αj(t−t0), (10.80)

where αj is the jth root, which can be solved by considering the condition that the
denominator of the following function G(s) of Eq. (10.81) satisfies zero (i.e., the
solution of the reactivity equation of Eq. (2.62), ωj = −αj, 1 ≤ j ≤ 7); and Aj is the
jth coefficient of the partial fraction decomposition for G(s):

G(s) = 1

s
(

 + βeff

∑6
i=1

ai
s+λi

)
− ρ

=
7∑

j=1

Aj

s + αj
, (10.81)

where G(s) is known as the zero-power transfer function. Based on Eq. (10.81), the
relationships of Eqs. (10.82) through (10.84) can be derived to help the theoretical
derivation of the Feynman-α method as explained later:

G(0) = 1

−ρ
=

7∑

j=1

Aj

αj
=

7∑

j=1

∞∫

0

Aje
−αj t′dt′, (10.82)

G(αk) =
7∑

j=1

Aj

αj + αk
=

7∑

j=1

∞∫

0

Aje
−(αj+αk)t′dt′, (10.83)

Aj = lim
s→−αj

(
s + αj

)
G(s) = αj

−ρ + βeff
∑6

i=1 ai
(

αj

λi−αj

)2 . (10.84)

10.5.1.2 Single Detection Probability

First, let us derive the “single detection probability” P1(t1)dt1 that one neutron is
detected within the time range from t1 to t1 + dt1 when the external neutron source
has been emitting neutrons since an infinite past. As shown in Fig. 10.7, the proba-
bility P1(t1)dt1 can be obtained by taking the product of the following probabilities,
followed by the summation over 0 ≤ q ≤ qmax and the integral over the time interval
of −∞ ≤ ts ≤ t1:

(1) Sdts is the probability that the external neutron source decay within the time
range from ts to ts + dts.

(2) q neutrons are emitted by this external neutron source decay with the probability
ps(q).
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Fig. 10.7 Single detection
probability

 

source decay detection

(3) The expected number of the descendant neutrons is qPG(t1|ts) at the time t1.
(4) λddt1 is the probability that the descendant neutron is detected within the time

range from t1 to t1 + dt1.

P1(t1)dt1 =
t1∫

−∞
dtsS

qmax∑

q=0

ps(q)qPG(t1|ts)λddt1 = λd〈q〉S


−ρ
dt1,

∵
7∑

j=1

t1∫

−∞
Aje

−αj(t1−ts)dts =
7∑

j=1

∞∫

0

Aje
−αj t′dt′ =

7∑

j=1

Aj

αj
= G(0). (10.85)

10.5.1.3 Pair Detection Probability

Similarly, let us derive the “pair detection probability” P2(t1, t2)dt1dt2 that one
neutron is detected within the time range from t1 to t1 + dt1 and another neutron
is detected within the next time range t2 and between t2 + dt2, as shown in Fig. 10.8.
The probability P2(t1, t2)dt1dt2 is decomposed into the sum of the following three
components:

P2(t1, t2)dt1dt2 = P2,2(t1, t2)dt1dt2
+ P2,f(t1, t2)dt1dt2 + P2,s(t1, t2)dt1dt2. (10.86)

First, P2,2(t1, t2)dt1dt2 represents the component that each of a pair of neutrons
belongs to two independent neutron families with different ancestor neutrons. The
probability P2,2(t1, t2)dt1dt2 can be obtained by the product of two single detection
probabilities P1(t1)dt1 and P2(t2)dt2 using Eq. (10.85) as follows:

c) one neutron family branched
by external source decay

source decay
detection

b) one neutron family branched
by fission reaction

fission

a) two independent neutron families

Fig. 10.8 Pair detection probability
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P2,2(t1, t2)dt1dt2 = P1(t1)P1(t2)dt1dt2 =
(

λd〈q〉S


−ρ

)2

dt1dt2. (10.87)

Next, P2,f(t1, t2)dt1dt2 means the component that a pair of neutrons belongs to
the same neutron family and is detected after the branching process due to a fission
reaction event. The probabilityP2,f(t1, t2)dt1dt2 can be obtained by taking the product
of the following probabilities, followed by the summation over 0 ≤ q ≤ qmax and
0 ≤ ν ≤ νmax, and by the integral over the time intervals of −∞ ≤ ts < tf and
−∞ ≤ tf ≤ t1:

(1) Sdts is the probability of the decay of the external neutron source.
(2) ps(q) is the probability of emitting q neutrons per the external source decay.
(3) qPG(tf|ts) is the expected number of descendant neutrons at the time tf.
(4) λfdtf is the probability that the one neutron causes a fission reaction within the

time range from tf to tf + dtf.
(5) pf(ν) is the probability of producing ν neutrons per the fission event.
(6) νPG(t1|tf) is the expected number of descendant neutrons at the time t1.
(7) λddt1 is the probability that one descendant neutron is detected within the time

range from t1 to t1 + dt1.
(8) On the other hand, (ν − 1)PG(t2|tf) is the expected number of the descendant

neutrons, excluding one neutron detected in steps (6) and (7), at the time t2
(t1 < t2).

(9) λddt2 is the probability that another descendant neutron is detected within the
time range from t2 to t2 + dt2.

P2,f(t1, t2)dt1dt2 =
t1∫

−∞
dtf

tf∫

−∞
dtsS

qmax∑

q=0

ps(q)qPG(tf|ts)

× λf

νmax∑

ν=0

pf(ν)νPG(t1|tf)λddt1(ν − 1)PG(t2|tf)λddt2

= λ2
d〈q〉S〈ν(ν − 1)〉λf


3

−ρ

7∑

j=1

AjG
(
αj

)
e−αj(t2−t1),

∵
7∑

j=1

7∑

k=1

7∑

l=1

tf∫

−∞
Ale

−αl (tf−ts)dts

t1∫

−∞
Ake

−αk (t1−tf)Aje
−αj(t2−tf)dtf

=
7∑

j=1

(
7∑

k=1

Ak

αk + αj

)(
7∑

l=1

Al

αl

)
Aje

−αj(t2−t1)

= G(0)
7∑

j=1

AjG
(
αj

)
e−αj(t2−t1). (10.88)
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Third,P2,s(t1, t2)dt1dt2 means the component that a pair of neutrons belongs to the
same neutron family and is detected after the branching process due to the first event
of the external neutron source decay. Based on the same procedure as the derivation
of Eq. (10.88), the probability P2,s(t1, t2)dt1dt2 can be obtained as follows:

P2,s(t1, t2)dt1dt2 =
t1∫

−∞
dtsS

qmax∑

q=0

ps(q)qPG(t1|ts)λddt1

× (q − 1)PG(t2|ts)λddt2

= λ2
dS〈q(q − 1)〉
2

7∑

j=1

AjG
(
αj

)
e−αj(t2−t1). (10.89)

Finally, using Eqs. (10.77) and (10.87) through (10.89), the following analytical
solution for the pair detection probability P2(t1, t2)dt1dt2 can be obtained:

P2(t1, t2)dt1dt2 =
⎧
⎨

⎩

(
λd〈q〉S


−ρ

)2

+ 1

2

(
λd〈q〉S


−ρ

) 7∑

j=1

Y∞,jαje
−αj(t2−t1)

⎫
⎬

⎭dt1dt2,

(10.90)

Y∞,j ≡ 2ε
〈ν(ν − 1)〉

〈ν〉2
(
1 + 〈ν〉〈q(q − 1)〉

〈q〉〈ν(ν − 1)〉 (−ρ)

)
AjG

(
αj

)

αj
, (10.91)

ε ≡ λd

λf
= �d

�f
. (10.92)

As a supplementary explanation, P2(t1, t2)dt1dt2 closely related to the principle
of the Rossi-α method [10] and can also be utilized as the theoretical formula.

10.5.1.4 Neutron Correlation Factor Y

The single and pair detection probabilities P1(t1)dt1 and P2(t1, t2)dt1dt2 are utilized
to derive the first- and second-order moments of the neutron count C(T ) during a
certain counting gate width T . First, the first-order moment (or mean) 〈C(T )〉 can
be obtained by integrating P1(t1)dt1 over the time interval of 0 ≤ t1 ≤ T :

〈C(T )〉 =
T∫

0

P1(t1)dt1 = λd〈q〉S


−ρ
T . (10.93)
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Similarly, by integrating P2(t1, t2)dt1dt2 over the time intervals of 0 ≤ t1 < t2
and 0 ≤ t2 ≤ T and using Eq. (10.93), the second-order factorial moment of C(T )

(or the expected value of the neutron pair measured during T ) can be obtained as
follows:

〈C(T )(C(T ) − 1)〉
2

=
T∫

0

dt2

t2∫

0

dt1P2(t1, t2)

= 1

2
〈C(T )〉

⎧
⎨

⎩〈C(T )〉 +
7∑

j=1

Y∞,j

(
1 − 1 − e−αjT

αjT

)⎫
⎬

⎭. (10.94)

Based on the results derived above, the measurement principle of the Feynman-α
method is explained below.When there is no fission chain reaction in a target system,
the probability distribution of the randomly detected neutronsC(T ) follows a Poisson
distribution. Then, the mean 〈C(T )〉 and the variance σ 2(T ) are equal to each other.
On the other hand, as shown in Fig. 10.5, as the number of the fission chain reaction
reactions in the target core increases, the statistical fluctuation of C(T ) becomes
larger so that the variance σ 2(T ) is larger than the mean 〈C(T )〉. In the Feynman-α
method, based on the statistical characteristics of the reactor noise described above,
the relative difference between the variance and the mean in the measured neutron
counts is quantified to investigate how much the probability distribution of C(T )

differs from the Poisson distribution. Namely, the neutron correlation coefficient
factor Y (T ) is evaluated as follows:

Y (T ) ≡ σ 2(T )

〈C(T )〉 − 1 = 〈C(T )(C(T ) − 1)〉 − 〈C(T )〉2
〈C(T )〉 , (10.95)

where the final expression of Eq. (10.95) is derived by the following definition of the
variance σ 2(T ) (i.e., the mean of the square

〈
C2(T )

〉
minus the square of the mean

〈C(T )〉2):

σ 2(T ) = 〈
(C(T ) − 〈C(T )〉)2〉 = 〈

C2(T )
〉 − 〈C(T )〉2. (10.96)

Finally, by substituting Eqs. (10.93) and (10.94) into Eq. (10.95), the theoretical
formula for the neutron correlation factor Y (T ) can be obtained as follows:

Y (T ) =
7∑

j=1

Y∞,j

(
1 − 1 − e−αjT

αjT

)
, (10.97)

whereαj = −ωj, andωj is the negative solution of the reactivity equation ofEq. (2.62)
shown in Fig. 2.7 (ω7 � ω6 < · · · < ω2 < ω1). Therefore, in the right-hand side of
Eq. (10.97), the j = 7th term corresponds to the prompt neutron component, and the
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other terms of 1 ≤ j ≤ 6 correspond to the delayed neutron components, respectively
(α7 � α6 > · · · > α2 > α1). By focusing on the time region where the contributions
of the delayed neutron components are sufficiently small (e.g., T � 1/α6 ≈ 0.3 s),
the theoretical formula of Eq. (10.97) can be simplified as follows:

Y (T ) ≈ Y∞,p

(
1 − 1 − e−αT

αT

)
+ c1T , (10.98)

Y∞,p ≈ ε
〈ν(ν − 1)〉

〈ν〉2
1

(βeff − ρ)2

(
1 + 〈ν〉〈q(q − 1)〉

〈q〉〈ν(ν − 1)〉 (−ρ)

)
, (10.99)

c1 ≈ 1

2

6∑

j=1

Y∞,jαj, (10.100)

where Y∞,p represents the saturation value for the prompt neutron component of the
Y value, and c1 is the correction term due to the delayed neutron components. In
the theoretical formula of Eq. (10.99) for Y∞,p, 〈ν(ν − 1)〉/〈ν〉2 is the nuclear data
known as the Diven factor [31], e.g., 〈ν(ν − 1)〉/〈ν〉2 = 0.796 ± 0.003 when the
thermal fission reaction of 235U is dominant [30]. Note that the underestimation term
due to the dead time effect of the neutron detection process [32] is neglected in the
theoretical derivation for Eq. (10.98).

Based on the theoretical formula derived above, the subcriticality can be obtained
from the reactor noise measurement result with the bunching technique shown in
Fig. 10.9. The procedure of the Feynman-α method is described below:

(1) As shown in Fig. 10.9, the time series data of neutron countsCi are successively
measured per a certain counting gate width T0 (1 ≤ i ≤ N ), where N is the total
number of count data.

(2) The sample mean C and the unbiased sample variance s2 are estimated from the
measured time series data:

C = 1

N

N∑

i=1

Ci, (10.101)

Fig. 10.9 Bunching technique for neutron counts
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Fig. 10.10 Variation of Y
with respect to counting gate
width T

s2 = 1

N − 1

N∑

i=1

(
Ci − C

)2
. (10.102)

(3) Using C and s2 as the mean 〈C〉 and the variance σ 2 in Eq. (10.95), the neutron
correlation factor Y is evaluated.

(4) Using the bunching technique (i.e., by combining the adjacent neutron counts
such as Ci and Ci+1 as shown in Fig. 10.9), other time series data with
different counting gate widths (2T0, 4T0, · · · ) can be obtained from the original
time series data. Then, the corresponding Y values (Y (2T0),Y (4T0), · · · ) are
evaluated to analyze the variation of Y (T ) with respect to T .

(5) By the nonlinear least-squares method using the fitting formula of Eq. (10.98)
for the measured Y (T ) shown in Fig. 10.10, the prompt neutron decay constant
α and the saturation value Y∞,p are obtained, respectively.

(6) If the point kinetics parameters (
 and βeff) are known, the measured α value
can be converted into the subcriticality −ρ based on Eq. (10.60).

(7) Alternatively, when the reactor noise measurements are carried out for multiple
subcritical cores by changing control rod patterns while the external neutron
source positions and strength are kept constant, the prompt neutron decay
constant at the critical state, αc, can be estimated. Then, the subcriticality
in dollar units −ρ/βeff can be obtained by the Simmons-King method of
Eq. (10.62).

10.5.1.5 Saturation Value of Y

By substituting −ρ = 0 into the theoretical formula of Eq. (10.99), the saturation
value for the prompt component of the Y value at the delayed critical state, Y∞,p,c,
can be derived as follows:
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Y∞,p,c = ε
〈ν(ν − 1)〉

〈ν〉2
1

β2
eff

. (10.103)

As can be seen fromEq. (10.99), if the target core is a relatively shallow subcritical
system (|−ρ| � 1) and/or the external neutron source simultaneously emits only one
neutron per decay (e.g., Am-Be source, 〈q(q − 1)〉 = 0), the correlation term due
to 〈q(q − 1)〉 in the saturation value Y∞,p is negligible. Consequently, in a similar
way to the Simmons-King method, the ratio of the saturation values at the critical
state and the target subcritical state, Y∞,p,c and Y∞,p, can be used to estimate the
subcriticality in dollar units as follows:

Y∞,p,c

Y∞,p
=

(
1 − ρ

βeff

)2

. (10.104)

In order to simplify the theoretical derivation process, this section assumes that
the target system is an infinite homogeneous system so that the spatial effect on
the Y value can be neglected. If the subcriticality of the target system is relatively
shallow, the spatial effect due to the higher-order mode component becomes small.
Then, it is possible to derive the theoretical formula for the Y value considering only
the fundamental mode [33, 34]. Note that, if the spatial distribution of the funda-
mental mode can be approximated to be unchanged, the spatial correction term in the
ratio of Y∞,p,c/Y∞,p can be eliminated by taking the ratio of the fundamental mode
components of the Y values. Consequently, when the fundamental mode approxima-
tion is applied to the ratio of Y∞,p,c/Y∞,p, the theoretical expression is equivalent to
Eq. (10.104).

10.5.1.6 Statistical Uncertainty of Y

In an actual reactor noise measurement, the total number of count dataN is finite due
to the limited total measurement time. Consequently, the Y value based on the sample
estimates by Eqs. (10.101) and (10.102) inevitably has the statistical uncertainty σY .
Recently, various methods have been proposed to quantify the statistical uncertainty
σY , e.g., (1) the analytical method based on the uncertainty propagation and (2) the
resampling methods such as the moving block bootstrap method [35]. For example,
if the subcriticality −ρ in a target core is approximately less than 10%�k/k, the
statistical uncertainty σY can be easily estimated using the following formula with
the total number of count data N , the mean of neutron counts C, and the neutron
correlation factor Y [35]:

σY ≈ (Y + 1)

√
Y (2Y + 1)(5Y + 2)

N (Y + 1)2C
+ 2

N − 1
. (10.105)
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10.5.2 Measurement Procedure

To carry out the reactor noise measurement, it is necessary to configure a steady-
state subcritical core with an external neutron source. For example, a primary neutron
source such as an Am-Be neutron source or a 252Cf spontaneous neutron source is
inserted into the target core as an external neutron source. Alternatively, in the case
of uranium-aluminum (U-Al) alloy fuel previously used at KUCA, there is a weak
inherent neutron source due to the (α,n) reaction of 27Al induced by the α-decay of
U in the nuclear fuel [36]. The weak inherent neutron source can also be used as
an external neutron source for the reactor noise measurement, e.g., the long-time
measurement under a shutdown condition [33–35].

The measurement of the reactor noise with high statistical precision requires a
neutron detector (e.g., 3He or BF3 proportional counter) having as high detection
efficiency as possible. Then, a signal processing circuit system should be configured
to continuouslymeasure the time series data of neutron counts. For example, a digital
MCA as described in Sect. 9.2 can be used to obtain the list-mode data relating to the
neutron detection time for each detector. The list-mode data measurement enables
various reactor noise analysis methods such as the Feynman-α method, the Rossi-α
method [10], and so on.

10.5.2.1 Histogram of Neutron Counts Following Poisson Distribution

As a preliminary experiment for a Poisson source that emits one neutron per decay,
the procedure for measuring a histogram of neutron counts is described as follows:

(1) A neutron detector (3He or BF3 proportional counter, etc.) is placed near
the storage of the Am-Be neutron source surrounded by paraffin. The signal
processing circuit system is configured to carry out the reactor noise measure-
ment so that the list-mode data of neutron detection time can be measured using
the digital MCA.

(2) The reactor noise measurement is carried out over a total measurement time
of approximately 100 s. The measured list mode data relating to neutron
detection time is processed with a basic counting gate width T0 and the total
number of count data N to obtain the time series data of neutron counts
�C = (C1,C2, · · · ,CN ).

(3) By illustrating the histogram (or frequency distribution) of �C, the neutron
correlation factor Y value is evaluated.

10.5.2.2 Reactor Noise Measurements in Subcritical Systems

For a target subcritical core with an external neutron source, the procedure for
measuring the prompt neutron decay constant using the Feynman-α method is
described as follows:
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(1) A neutron detector (3He or BF3 proportional counter) is installed into the target
subcritical core. The signal processing circuit system is configured to carry out
the reactor noise measurement.

(2) To configure the target subcritical system, six control rods (three control rods
and three safety rods) are inserted and/or withdrawn in an arbitrary pattern i.

(3) After sufficient time has passed for the source-driven subcritical system, where
some kind of external neutron source exists, the neutron count rate is checked
to confirm the steady state of the target system.

(4) The digital MCA is used for the list-mode measurement. By processing with
a basic counting gate width T0 and the total number of count data N , the time
series data of neutron counts �C = (C1,C2, · · · ,CN ) are obtained. Here, T0 is
determined according to the magnitude of the prompt neutron decay constant α
(e.g., T0 = 0.1 ms = 10−4 s).

(5) Themeasured time series is input to a processing tool for the Feynman-αmethod
prepared in advance, to evaluate the prompt neutron decay constant α and the
saturation value Y∞,p.

(6) For the ith control rod pattern of the subcritical system with the same external
neutron source, the following parameters are summarized: the count rate Ri,
the prompt neutron decay constant αi, and the saturation value Y∞,p,i. In the
same manner as the experiment of the approach-to-criticality, the inverse count
rate R0/Ri is estimated using the measured count rate Ri, where R0 corresponds
to the count rate measured at the deepest subcritical core. After plotting the
measured αi and Y∞,p,i with respect to R0/Ri, the αc and Y∞,p,c values at the
critical state are estimated by extrapolating αi and Y∞,p,i at R0/Ri → 0.

(7) If the point kinetics parameters (
 and βeff) are known, the subcriticality−ρ can
be converted from the measurement result of α using Eq. (10.60). Alternatively,
if αc and Y∞,p,c at the critical state can be estimated, the subcriticality in dollar
units is obtained based on Eqs. (10.62) and (10.104).

10.5.3 Discussions

Let us discuss the measurement results of the Feynman-α method from the following
viewpoints:

(1) From the time series data of neutron counts �C = (C1,C2, · · · ,CN )measured for
a non-neutron multiplication system with an Am-Be neutron source, calculate
the sample mean C and the unbiased sample variance s2. Check whether the
histogram of �C follows a Poisson distribution Pλ(C), where the population
parameter (or the expectation of C) λ is set to λ = C.

(2) In a similar manner to the discussion point (1), based on the time series
data of neutron counts �C measured for a source-driven subcritical system,
check whether the histogram of �C follows a Poisson distribution Pλ(C). Espe-
cially, investigate how much the difference from the Poisson distribution Pλ(C)
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changes when the counting gate width T = kT0 is increased or decreased using
the bunching techniques.

(3) Depending on the magnitude of the subcriticality −ρ, how does the varia-
tion of Y (T ) (or the magnitudes of the prompt neutron decay constant α and
the saturation value Y∞,p) change? Discuss the physical reasons for the above
observations.

(4) For each subcritical system with the ith control rod pattern, evaluate the refer-
ence value of subcriticality −ρref,i based on the measurement results of the
excess reactivity and the control rod worth. Then, compare the subcriticality
−ρi measured by the Feynman-α method with the reference value −ρref,i, and
discuss the main cause for the difference from −ρref,i.

(5) As explained in Sect. 10.5.1.6, there is statistical uncertainty in the measured
neutron correlation factor Y . How can the statistical uncertainty of the neutron
correlation factor Y be reduced? For example, based on Eq. (10.105), discuss
how to reduce the relative statistical uncertainty σY /Y .
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Appendix
Discussions

A.1 Approach-to-Criticality Experiment

The report of this experiment should be clearly written and should be easy to under-
stand for readers who have possibility to use the measurement data obtained through
the experiment. It is desirable that the readers can reproduce the measurement results
with the same procedure and they can understand which conclusions can be drawn
from the results. Based on this consideration, the following should be summarized
as measurement results:

• Locations of the fuel frames, the control rods, the safety rods, the neutron
detectors, and the external neutron source in the reference core.

• Fuel loading information in the reference core and the other cores.
• Prediction of the number of the fuel plates to achieve the criticality at each

measurement step.
• Explanations of how to determine the number of the added fuel plates.
• Table of data of the neutron count rates measured by the experimental group

participants are belonging to.
• Figure of the inverse count rates for each neutron detector.
• Figure presenting the relation between the water level of the core tank and the

neutron count rate of the detector.
• Operation log when a critical state is attained.
• Measurement results of the excess reactivity.
• Minimum number of fuel plates to attain the criticality. After the control rod

calibration experiment, the reactivity worth of one fuel plate αplate is derived, and
the minimum number of fuel plates to achieve the criticality is calculated.

© The Editor(s) (if applicable) and The Author(s) 2025
C. H. Pyeon et al., Reactor Laboratory Experiments at Kyoto University
Critical Assembly, https://doi.org/10.1007/978-981-97-8070-9
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A.1.1 Inverse Count Rate

It is expected that various curves of the inverse count rates dependent on the detector
positions are obtained. Discuss this dependence of the shape of the curves on the
detector positions by considering the relation in spatial positions among a reactor
core, detectors, external source, and the direction of the fuel plate addition. It is also
beneficial to compare the curves with those obtained numerically in the preliminary
exercises described in Sect. 3.4.2.

A.1.2 Light Water Reflector Thickness Equivalent
to the Infinite Thickness

Let us remember the change in the neutron count rate when decreasing the water
level of the reactor tank from the fully-flooded state through the measurement in
Sect. 3.2.1 (5). This change in the neutron count rate is caused by the change in
the thickness of the top reflectors; reduction of the reflector thickness reduces the
capability of neutron reflection of the water around the top of the reactor core.

Some of neutrons leaked from the reactor core are returned by the reflector and
again contribute to thefission chain reaction.When the reflector thickness is increased
from zero, this effect is expected to be enhanced. Qualitatively, if the reflector thick-
ness becomes a certain value, the probability of leaked neutrons to reach the reflector
with this thickness becomes negligible, and the neutron reflection capability would
be saturated. The reflector having this thickness can be regarded as the infinite-
thickness reflector. If such phenomena are observed during this experiment, estimate
the reflector thickness which is equivalent to the infinite thickness. Furthermore,
discusswhether the qualitative explanations on this are possible or not by considering
the spatial shapes of neutron flux obtained by the preliminary exercises.

A.1.3 The Number of Fuel Plates to Achieve Criticality

From the difference in the number of the fuel plates to attain the criticality between
the predicted value in the preliminary exercises and the actual value obtained through
the experiment �N , calculate the difference in the unit of reactivity �ρ. It can be
obtained as

�ρ = �N × αplate, (3.12)

where αplate is the reactivity worth of one fuel plate.
The number of the fuel plates to achieve the criticality predicted from the curves

of the inverse count rate is different among the control rod insertion patterns j = 1, 2,
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and 3. This difference in the prediction comes from the difference in the control rod
insertion pattern. For example, the prediction at j = 2 is for the reactor core in which
one control rod is fully inserted and the other two are fully withdrawn, and that at
j = 3 is for the core in which all these three control rods are fully withdrawn. This
difference in the prediction can be explained by the difference in keff dependent on
the control rod insertion pattern. Convert the difference in the predicted number of
the fuel plates to achieve the criticality between j = 1 or 2 and j = 3 to the reactivity
by using αplate. Furthermore, compare these reactivities with those obtained through
the actual measurement in the control rod calibration experiment considering the
detector positions.

A.2 Control Rod Calibration Experiment

Items for the exercise are as follows:

(1) In the measurement of the stable period method, derive the reactivity ρ by
hands from the stable period T measured with stopwatches and Eq. (4.3), and
summarize the resultswith the table inwhich the contributions of the group-wise
delayed neutrons to the reactivity are clearly described. Please ask instructors
which measurement is concerned.

(2) Obtain the control rod reactivity worth from the measurement results with the
stable period method and the rod drop method (the extrapolation method and
the integral method).

(3) Obtain the integral and differential reactivity curves for the control rod to which
the measurement is carried out with the stable period method.

(4) Derive the shutdown margin.
(5) Derive the excess reactivity.
(6) Derive the reactivity worth per one fuel plate from the result in the exercise

(5) and the excess reactivity of the reactor core in the approach-to-criticality
experiment.

The items for discussions are as follows:

(1) Based on the results of the exercise (2), discuss the difference in the reactivity
worth among different control rods qualitatively and quantitatively. The control
rod reactivity worth derived from the assumption of the cosine-shaped neutron
flux distribution discussed in Sect. 4.6 would be useful if it is applied to the
radial x–y plane of the core.

(2) Compare the reactivity worth deduced from the stable period method with that
from the rod drop method. If there is a difference, discuss its reason.

(3) Compare the reactivity worth deduced from the integral method with that from
the extrapolation method. If there is a difference, discuss its reason.

(4) Let ρ(H ) be the control rod worth deduced from the stable period method
and plot a semi-analytical control rod (integral) worth curve using Eq. (4.20)
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in Sect. 4.5 with the measurement-based results obtained in the exercise (3).
Please be careful that the measurement results are on the “withdrawal length”
and the results with Eq. (4.20) are on the “insertion length”.

(5) Compare the two curves obtained in the item (4) with each other, and if
there is a difference, discuss the reason. Please be careful on the following;
Eq. (4.20) is derived for a bare reactor in which neutron flux spatial distribution
is approximated by the sine/cosine function, so the parameters H and x should
be carefully examined. Results obtainedwith the experiment for the neutron flux
spatial distribution would be also useful. The axial geometric configurations of
the control rod and the fuel plate in the KUCA-C core can be found in Fig. 4.3.

(6) Let us assume that the C2 control rod is calibrated by the stable period method
and the C3 control rod is used for the reactivity compensation. When the C2
reactivity worth is slightly larger than the C3 reactivity worth, the reactor core
does not reach a critical statewhenC2 is fullywithdrawn andC3 is fully inserted.
Describe how to terminate the C3 calibration over an entire stroke in such a case.

(7) Control rod calibration is generally performed with the positive stable period,
and the negative stable period is generally not used. Discuss the reason.

A.3 Measurements of Reaction Rates

A.3.1 Experimental Reports

(1) Purpose of experiment.
(2) Experimental procedures.
(3) Experimental settings.

• Name of core, core configuration and irradiation positions of Au wires (refer to
relevant documents),

• Operation number (Run No.) during irradiation, positions of control rods and
safety rods, water level, core temperature, indicated values of linear power meter
and γ -ray area monitor, start time, and end time of Au wire irradiation,

• Type of γ -ray detector used to measure radioactivity.

A.3.2 Reaction Rate Distributions by Gold Wires

(1) Measured data of radioactivity

For the results of the radioactivity measurements of Au wires, consider the following
items for each of bare and Cd-tubed Au wires:

• Number of Au wires,
• Locations of Au wires in the core,
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• Start time of radioactivity measurement,
• Irradiation time,
• Waiting time,
• Measurement time,
• Counts and count rates for the γ -ray at 411.8 keV of all Au wire samples obtained

by cutting,
• Background counts and count rates without any Au wire sample,
• Net count rates of the γ -ray at 411.8 keV (γ -ray count rates—background count

rates) of all Au wire samples,
• Masses of all Au wire samples,
• Relative value of activation reaction rate shown in Eq. (5.17) of all Au wire

samples.

(2) Discussions

• Compare the reaction rate distributions by the bare Au wires in directions x, y,
and z (Fig. 1.9 in Chap. 1), and discuss the differences in shape and the peaks in
the reflector regions relative to the core center.

• Describe reasons of the difference between the shapes of reaction rate distributions
by bare and Cd-tubed Au wires in the direction z.

• Using the reaction rate distributions by bare and Cd-tubed Au wires in the direc-
tion z, show the relative spatial distributions of reaction rates corresponding to
total and epi-thermal neutron fluxes in the fuel region in the direction z. Also,
approximate the activation reaction rate corresponding to thermal neutron flux
from the difference between the two reaction rate distributions.

• Using the reaction rate distributions by bare and Cd-tubed Au wires in the direc-
tion z, determine the Cd ratio of reaction rate distributions at the fuel region in
the direction z with the use of Eq. (5.18). Also, from the viewpoint of neutron
spectrum, discuss the differences in positions using the Cd ratio results in fuel
and light-water reflector regions.

A.4 Determination of Neutron Flux

A.4.1 Experimental Reports

(1) Purpose of experiment.
(2) Experimental procedures.
(3) Experimental settings.

• Name of core, core layout and irradiation position of Au wire (refer to relevant
documents),
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• Operation number (Run No.) during irradiation, positions of control rods and
safety rods, water level, core temperature, indicated values of linear power meter
and γ -ray area monitor, start time, and end time of Au wire irradiation,

• Type of γ -ray detector used to measure radioactivity.

A.4.2 Determination of Thermal Neutron Flux and Reactor
Power Using Gold Foils

(1) Measured data of radioactivity

For the results of the radioactivity measurements of Au foils, obtain the following
items for each of the bare and Cd-covered Au foils:

• Locations of Au foils in the core,
• Start time of radioactivity measurement,
• Irradiation time,
• Waiting time,
• Measurement time,
• Counts and count rates for the γ -ray at 411.8 keV,
• Background counts and count rates,
• Net count rates of the γ -ray at 411.8 keV (γ -ray count rates - background count

rates),
• Data on radioactivity measurements using standard sources,
• Detection efficiency of the γ -ray at 411.8 keV,
• Saturated activity in Eq. (5.15),
• Mass of Au foil samples,
• Reaction rate per mass in Eq. (5.16).

(2) Discussions

• Based on the results of the radioactivity measurements of Au foils, determine
the absolute values of thermal neutron flux and reactor power at the irradiation
location according to the item (3) in Sect. 6.7.2. Also include the Cd ratio obtained
by the Au foils and the various other factors used in the correction.

• Using the results of the relative reaction rate distributions from the Au wires in
directions x and z obtained in Chap. 5, evaluate quantitatively the relationship
between the irradiation position and the center of the fuel region with respect to
the reaction rates, and determine the absolute values of thermal neutron flux and
reactor power at the core center (centers in directions x, y, and z).
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A.5 Exponential Experiments with Natural Uranium

A.5.1 Experimental Reports

(1) From the results of steps (4) through (9) in Sect. 7.6.1, obtain the reaction rate
distributions measured from 3He#1 and 3He#2 at the number of fuel assemblies,
10, 14, 19, and 24. Using the results, the findings are the spatial decay constants
μ
He - 3 # 1, # 2
10 , μ

He - 3 # 1, # 2
14 , μ

He - 3 # 1, # 2
19 , and μ

He - 3 # 1, # 2
24 for 10, 14, 19, and 24

fuel assemblies, respectively, by the least-squaresmethod. In terms of this, make
discussions about the relationship between the number of fuel assemblies and
the spatial decay constant.

(2) Using the results obtained from step (10) in Sect. 7.6.1, the findings are the
inverse multiplication curves by 3He#1 and 3He#2. Here, make discussions
about the shape of the curves obtained.

(3) When the count rate Ci, detection efficiency ε, neutron source strength S,
and multiplication factor ks, i of the system are obtained by steps (4)–(9) in
Sect. 7.6.1, Eq. (7.43) is approximated by the neutron source multiplication
method (Chap. 10) as follows:

Ci = εS

1 − ks,i
. (7.43)

The detection efficiency ε and neutron source strength S are then assumed to be
constant. Also, assuming that the multiplication factor ks, 3 for the system with
24 fuel assemblies (i = 3) is 0.50, obtain the multiplication factors ks, 0, ks, 1 and
ks, 2 for systems with 10 (i = 0), 14 (i = 1), and 19 (i = 2) fuel rods, using the
count rate Ci

(4) The values of ks,0, ks,1, and ks,2 are obtained from two neutron detectors (3He#1
and 3He#2), and make discussions about the difference between the results of
3He#1 and 3He#2.

(5) Using the spatial decay constants obtained from the results of inverse multipli-
cation and reaction rate distribution (steps (1) and (2) in Sect. 7.6.3), μHe - 3 #1

24 ,
μHe - 3 #2
24 , andμIn

24 for 24 fuel assemblies, make discussions about the differences
between the results of spatial decay constants obtained from the 3He detectors
(#1 and #2) and the In wire.

A.5.2 Reactor Physics Discussion

(1) Using the spatial decay constant obtained from the In reaction rate distribution
for 24 fuel assemblies (step (2) in Sect. 7.6.3) μIn

24, obtain the material buckling
B2
m from Eq. (7.16).
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(2) For the In reaction rate distribution corresponding to the thermal neutron flux
distribution (φIn

24(z)) in the estimation of the spatial decay constant (step (2) in
Sect. 7.6.3), obtain the diffusion distance LIn24 by the In wire using Eq. (7.27) by
the least-squares method.

(3) Giving the material buckling B2
m and diffusion distance LIn24 obtained in discus-

sions (1) and (2) in Sect. 7.7.2, respectively and the Fermi age τ (see Table 7.
1), the infinite multiplication factor k∞ can then be obtained. Make discus-
sions about the criticality of the experimental system made with NU fuel and
polyethylene reflectors.

(4) When the system is in a critical steady state, using the diffusion equation with
one-energy group, the material buckling B2

m can be expressed as follows:

B2
m = ν

∑
f − ∑

a

D
, (7.44)

where ν is the average number of neutrons produced per fission,
∑

f the fission
cross sections, and

∑
a the absorption cross sections. Here, discuss the possi-

bility that the system is reached at a critical state, considering the composition
of NU fuel and polyethylene moderator in the fuel assembly shown in Fig. 7.3.

A.6 Measurement of Uranium Enrichment

(1) Compare the results of ENCaseA and ENCase B obtained by steps (2) and (3) in
Sect. 8.4.4 with the theoretical enrichment (Case A: 46.6 wt%; Case B: 32.1
wt%) calculated from the combination of Cases A and B. Moreover, when
observing a discrepancy between the results of experiments and references,
discuss the reason of the discrepancy.

(2) Perform the γ -ray spectrum measurements on 232Th samples using a NaI(Tl)
detector (or HPGe detector) and compare them to the results of γ -ray spectrum
measurements on U samples, and discuss any differences (this is an optional
piece of homework).

A.7 Neutron Measurements

A.7.1 Observation of Signals from Neutron Detectors
and Signal Processing Devices

(1) Compare the output signals from the preamplifier the shaping amplifier, and
observe and measure the time width of each signal pulse. Describe the
characteristics of each signal.
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(2) Compare the output of a photomultiplier tube terminated in 50 
 and that
terminated in 1 M
, and describe the characteristics of each signal.

(3) Record how the time width of the signal pulse and the pulse height change
when the time constant of the shaping amplifier is changed, and describe the
characteristics.

(4) Compare the preamplifier output signals among various neutron detectors and
describe the differences.

A.7.2 Measurement of Signal Pulse Height Spectra
in Various Neutron Detectors

(1) Compare the signal pulse height spectra obtained fromvarious neutron detectors
when irradiated by thermal neutrons, and describe their characteristics, focusing
on the differences between them.

(2) Compare the signal pulse height spectra obtained fromvarious neutron detectors
when irradiated by gamma rays, and describe their characteristics, focusing on
the differences between them.

(3) Based on the signal pulse height spectra obtained when irradiated by thermal
neutrons and gamma rays, set the signal discrimination level. The signals with
pulse heights above this level is considered to be neutron signal. And state the
criteria for determining the level.

(4) If possible, change the voltage applied to the detector, observe how the signal
pulse height spectrum changes, and discuss the reasons.

(5) If you have more time, analyze the list-mode data and create the signal pulse
height spectra.

A.7.3 Observation of Effect of Moderator

(1) Change the moderator geometry, record the change in the neutron signal count
rate, compare how the response of each neutron detector changes, and discuss
the reasons.

(2) Simulate the moderator geometry and neutron detectors using the Monte Carlo
simulation code PHITS, and calculate the detector reaction rates. Compare the
obtained results with the experimental results and discuss the results.
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A.8 Subcriticality Measurements

A.8.1 Neutron Source Multiplication Method

(1) For comparison, estimate the reference value of the subcriticality in the targe
core, −ρtarget, based on the control rod pattern with the known values of the
excess reactivity and the control rod worth, which were previously measured in
advance.

(2) Comparing −ρtarget estimated by the neutron source multiplication method
with the reference value obtained in the previous discussion (1), investigate
the measurement accuracy (or the relative difference from the reference value)
to quantitatively discuss the agreement of the neutron source multiplication
method. If there is a significant difference between these results, discuss the
main cause of the difference based on the approximation conditions assumed in
the principle of the neutron source multiplication method.

• Based on Eq. (10.15), discuss whether the subcriticality of the reference core
can be considered as a near-critical system.

• Discuss the differences in the measurement results using some detectors
installed at the different positions, by focusing on the positional relation
among the detector, the external neutron source, and the fuel region.

(3) Discuss whether there are differences in the measured subcriticality values of
−ρtarget between the neutron source multiplication method (the static method)
and other measurement methods (e.g., the kinetic method and the reactor noise
analysis method as explained in Sects. 10.3 through 10.5).

(4) Based on the measured neutron count rates in the approach-to-criticality exper-
iment as explained in Chap. 3, try to estimate the subcriticality value for each
subcritical state using the neutron source multiplication method.

A.8.2 Inverse Kinetics Method

(1) Discuss the relationship between the time dependence of the measured count
rate R(t) (e.g., magnitude and sign for the slope) and the reactivity ρ(t) using
the inverse kinetics method. For example, how is ρ(t) inversely estimated for
the following change of R(t)?

(a) R(t) is constant.
(b) R(t) increases with time.
(c) R(t) decreases with time.

(2) Discuss how to reduce the statistical uncertainty of the reactivity ρ(t) using the
inverse kinetics method.
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(3) What is the difference in the estimated reactivity ρ(t) between the inverse
kinetics method and the neutron source multiplication method described in
Sect. 10.2? For example, discuss how the differences in ρ(t) between these
methods are (a) during the transient state of the count rate due to the control rod
operation and (b) at steady state after sufficient time has elapsed following the
control rod operation.

(4) By carrying out a transient experiment towhich the least-squares inverse kinetics
method is applicable, estimate the effective external neutron source strength
Q and the reactivity in dollar units ρafter/βeff after the transient, based on
Eq. (10.41). For these results of Q and ρafter/βeff estimated by the least-squares
inverse kinetics method, compare them with the source strength Q calibrated
by Eq. (10.38) using the reference subcriticality (e.g., ρref evaluated by the
excess reactivity and the control rod worth) and the reactivity estimated by the
inverse kinetics method with such calibrated Q. Then, discuss the reasons for
the differences between them, if any.

A.8.3 Pulsed Neutron Source Method

(1) Evaluate the reference value of subcriticality −ρref,i for the ith subcritical core,
based on the experimental results of the excess reactivity and the control rod
worth. Make a scatter plot of the measured αi against−ρref,i. Then, estimate the
prompt neutron decay constant at criticality αc by extrapolating the α value at
the critical state (or −ρ = 0).

• Or estimate αc using the area ratio
(
Ap/Ad

)
i
as the subcriticality in dollar

units in Eq. (10.61).

(2) Check how well the subcriticality obtained by (i) the Simmons-King method
of Eq. (10.62) agrees with that of (ii) the area ratio method (or the extrapolated
area ratio method). If there is a difference between these methods, discuss the
cause of the difference by changing the masking time in the fitting process of
the pulsed neutron method.

(3) Calculate the reactivity ρ by substituting −α for ω (i.e., ω = −α) in the reac-
tivity equation of Eq. (2.62) using the point kinetics parameters (prompt neutron
lifetime 
 or neutron generation time � and effective delayed neutron frac-
tion βeff) and the delayed neutron parameters. Then, compare the calculated ρ

with the subcriticality estimated by the Simmons-King method of Eq. (10.62).
Through this comparison, discuss the relationship between the prompt neutron
decay constant α and the solution for ωj of Eq. (2.62).

(4) Based on (i) the spatial relationship between the core, the pulsed neutron source,
and the neutron detector and (ii) the magnitude of the subcriticality of the target
core, investigate whether the experimental results of the pulsed neutron source
method (time variation of the count rate Rτ (t), prompt neutron decay constant
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α, and the area ratio Ap/Ad) differ depending on the neutron detector position.
Then, discuss the reasons for these differences.

• By comparing the measured subcriticality with the reference value −ρref

based on the excess reactivity and the control rod worth, discuss what kind
of the condition for (i) the detector position and (ii) the magnitude of the
subcriticality is suitable for applying the fundamental mode approximation.

A.8.4 Feynman-α Method

(1) From the time series data of neutron counts �C = (C1,C2, · · · ,CN )measured for
a non-neutron multiplication system with an Am-Be neutron source, calculate
the sample mean C and the unbiased sample variance s2. Check whether the
histogram of �C follows a Poisson distribution Pλ(C), , where the population
parameter (or the expectation of C) λ is set to λ = C.

(2) In a similar manner to the discussion point (1), based on the time series
data of neutron counts �C measured for a source-driven subcritical system,
check whether the histogram of �C follows a Poisson distribution Pλ(C). Espe-
cially, investigate how much the difference from the Poisson distribution Pλ(C)

changes when the counting gate width T = kT0 is increased or decreased using
the bunching techniques.

(3) Depending on the magnitude of the subcriticality −ρ, how does the varia-
tion of Y (T ) (or the magnitudes of the prompt neutron decay constant α and
the saturation value Y∞,p) change? Discuss the physical reasons for the above
observations.

(4) For each subcritical system with the ith control rod pattern, evaluate the refer-
ence value of subcriticality −ρref,i based on the measurement results of the
excess reactivity and the control rod worth. Then, compare the subcriticality
−ρi measured by the Feynman-α method with the reference value −ρref,i, and
discuss the main cause for the difference from −ρref,i.

(5) As explained in Sect. 10.5.1.6, there is statistical uncertainty in the measured
neutron correlation factor Y . How can the statistical uncertainty of the neutron
correlation factor Y be reduced? For example, based on Eq. (10.105), discuss
how to reduce the relative statistical uncertainty σY /Y .



Index

A
Absorption reaction, 18
Activation detector, 97
Activation foil, 156
Activation materials, 99
Americium (Am)-Beryllium (Be), 10
Angular neutron flux, 29
Area ratio method, 216, 219
Auto run-down, 6

B
Benchmark experiment, 5
Boltzmann constant, 118

C
Cadmium ratio, 128
Californium-252, 150
Cd cover, 126
Cd difference method, 103
Cd ratio, 105
Cd tube, 106
Charged-particle emission reaction, 18
Compensation method, 77
Complementary access, 164
Control rod, 6
Control rod calibration, 76
Control rod worth, 4
Core tank, 2
Core temperature, 7
Coupling function, 119
CP-1, 139
Critical state, 24

D
Decay constant, 38, 98, 157
Decay rate, 115
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Standard radiation sources, 116
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T
Temperature coefficient, 4
Thermal limit, 4
Thermal neutron, 19
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Thermal neutron non-leakage probability,
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Thermal neutron transmittance, 123
Thermal neutron utilization factor, 27
Thermal power, 4
Thermal spectrum cut-off energy, 104
Thermal utilization factor, 148
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U enrichment, 166
Uncompensated Ionization Chambers
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Zero-power reactor, 3
Zero-power transfer function, 228
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